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PREFACE /3

Strength research is coordinated in our country by 12 divisions. One of
them is the division'Concentration of Stresses". The leadership of this divi-
sion was entrusted to the Institute of Mechanics of the Academy of Sciences of
the USSR.

Plans were made to hold yearly symposia devoted to separate branches of the
problem. The first symposium convened on May 26-29, 1964, in Kiev. The
following principal goals were formulated: (1) determination of the principal
directions to be followed by research on the problem;(2) analysis and approval
of a "List of Problems" in research on the concentration of stresses.

The proceedings of the symposium were conducted in plenary sessions and
two sections: section of plates and shells, and section of plane problems.
The delegates listened to 46 reports devoted to an investigation of the concen-
tration of stresses near various holes, both free and reinforced. In the
reports, the following important problems of stress concentration were covered:
formulation of the basic equations of the problem of stress concentration
around holes in plates and shells under simplifying assumptions, differing from
the Kirchoff-Love hypothesis; concentrations of stresses around holes in a non-
linear arrangement for an elastic plastic problem of deformations; concentrations
of stresses around holes in glass plastics; dynamic problems of a concentration
of stresses; an investigation of the influence of cracks, macro- and micro-
impurities on the concentration of stresses; experimental methods of investigating
stress concentration.

During the symposium particular emphasis was given to the following require-
ments: 1) development of methods for investigating stress concentration in
structural elements and parts of machines made of new synthetic materials, which
change their physico-mechanical characteristics in the course of time; 2) a
considerable intensification of experimental work designed to determine the
physico-mechanical characteristics of these materials; 3) the development of
effective methods for solving the problems of stress concentration, and a more
rapid incorporation of the research results into engineering practice.
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\g THE CONCENTRATION OF STRESSES AROUND CURVILINEAR
HOLES IN PLATES AND SHELLS#*

é G. N. Savinf;(léieV) N 6 7 " 24 5 0 2

Plates and shells are the basic elements of modern construction which, for /5
various reasons —- most often in order to decrease the weight of the construc-
tion -- are weakened by various holes. Therefore, a study of the distribution
of stresses near holes is a very important problem, both from the theoretical
and engineering point of view.

For the first time, a solution of the plane problem of the theory of elas-
ticity regarding the distribution of stresses near a circular hole was published
in 1898 by G. Kirsch (Ref. 163). The solution of this problem for a plate
weakened by an elliptic hole —- where the hole was extended along the major axis
of the ellipse -- was given for the first time in 1909 by G.V. Kolosov**

* A summary of this survey was presented by the author during the meeting of
the Elasticity Theory Subsection of the Solid State Mechanics Section at
the Second All-Union Conference on Theoretical and Applied Mechanics,
convening in Moscow from January 29 till February 5, 1964,

** It can be seen from the words of Academician S. A. Chaplygin (Ref. 135) that
the basic relations of the plane problem of the mathematical theory of
elasticity were known to S. A. Chaplygin as early as in 1900. They have not
been published, however, and therefore were not known. Consequently, they
could not possibly influence the further development of the plane problem of
the theory of elasticity.




(Refs. 61, 62). This work is remarkable in that it opened up a new era in the
development of the plane problem of the mathematical theory of elasticity. This
was due to the fact that G.V. Kolosov proposed formulating the plane problem of
the theory of elasticity by using the methods of functions of a complex variable,
He derived the basic relations for the plane problem of the theory of elasticity
in terms of complex variables, thereby predeterming the further development of
the problem for several decades in advance. In the further development of the /6
plane problem of the mathematical theory of elasticity, a basic contribution

was made by Academician N.I. Muskhelishvili (Ref. 77) and his students [for
summaries of their works, see (Refs. 20 and 142)]. Not wishing to repeat our-
selves, we shall only point out that the work of the Soviet scientists, D. I.
Sherman, S. G. Mikhlin, S. G. Lekhnitskiy (Ref. 67), G. N. Savin (Ref. 92),

A. S. Kosmodamianskiy (Ref. 63), et al, was the most important factor in the
development of methods for solving the plane problem in both isotropic and an-
isotropic media -~ namely, in the creation of both exact and approximate methods
for its solution.

Concentration of stresses around a curvilinear hole. 1In the investigation
of stresses around any curvilinear hole, an especially effective method is that
of N. I. Muskhelishvili (Ref. 77), based on the application of conformal map-
ping of the exterior of a given hole onto the exterior (or interior) of a unit
circle.

As is known, by this method the solution of the problem amounts to finding
two analytical functions ¢(z) and ¢(z) from the functional equations
1 ¢ e(0) o 45 4o,
?(()'*'WS m? ,(o).___"t A(C)’
y .
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(1)

where w(z) is the function specifying the conformal mapﬁing of the exterior of
unit circle y onto the exterior of the hole under study bounded by outline T
(Figure 1)

Figure 1

After the appearance in 1933 of the first edition of N.I. Muskhelishvili's
famous monograph (Ref. 77) a vast number of problems on stress concentration ——
besides different kinds of holes -- were solved by this method. In this process,
a number of fundamental data were obtained on the nature of stress distribution
around holes and, in particular, the effect on stress concentration exerted by
such factors as the rounding of hole outlines, positioning of the hole with
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respect to stress field caused by an imposed load, anisotropy of the material,
plastic zones, rigidity of reinforcing rings, etc. was demonstrated.

As a result, there has in the last thirty years been an accumulation of
numerous works on this question, which include the solution of a great number
of problems which are important from the viewpoint both of theory and, in
particular, of practice. The list of these papers at present contains more
than five hundred items. Therefore, without giving a complete list of the
works, we will restrict ourselves merely to indicating the monographs (Refs.
15, 67, 92, 141) and surveys (Ref. 20, 118, 142, 154) which examine the results
of the abovementioned papers or point out the sources where they are published.
It should be noted that similar works are also appearing at present and will
appear in the future, since a developing technology is continuously posing 17
ever new problems (Refs. 3 16).

As is easily seen from functional equations (1), the solution of the stated
problem essentially amounts to finding the function w(g). It is therefore not
surprising that this method has engendered a huge amount of literature on the
formulation of the function w(g)which conformally maps the exterior (or interior)
of the unit circle onto the exterior of the hole under study, as well as liter-
ature on the development of methods — at first purely analytical methods
(Ref. 24), graphical numerical methods (Ref. 9), but later experimental and
analytical methods -~ using electromodeling of conformal mapping (Ref. 112).
Recently the function w(z) has been determined by means of computers (Ref. 45).
All of these matters are set forth in more detail in P. F. Fil'chakov's
monograph (Ref. 117), which gives an extensive bibliography.

Therefore we have at our disposal powerful means of formulating conformal
mapping functions for an extensive class of problems for holes whose boundaries
have no corner points. In many cases, these methods give the function w(Z)
which effects an accurate (or very nearly accurate) mapping of the investigated
region onto a unit circle -- e.g., increasing the number of terms in the
mapping function successfully indicates the effect of hole outline curvature
at any of its characteristic points -- usually in a corner point with a small
radius of curvature -- on the coefficient of stress concentration. S. M.
Belonosov (Ref. 8), however, using the integral transformations of Fourier and
Mellin in conjunction with integrals of the Cauchy type, demonstrated that in
some cases for regions with corner cusp points on their boundaries an increase
in the number of terms in the polynomial mapping function may not always give
the same picture of the stress state at the corner point near the hole as
follows from a linear statement of the problem. Many plane problems in elas-
ticity theory for doubly-connected regions have been solved by A. G. Ugodchikov
(Ref. 112) and V. I. Makhovikov et al (Ref. 16) by mapping an annulus onto the
given region. /8

Effect of material anisotropy. The effect of material anisotropy on stress
concentration near an elliptical (in a particular case, a round) hole was first
studied by S. G. Lekhnitskiy (Ref. 67). Later G. N. Savin (Ref. 92) examined
this and other problems by a different method. Up till now, no accurate solu-
tion has been given for the other hole shapes. Applying the "perturbation
method' (Ref. 75) to holes nearly elliptical or round in shape, S. G.



Lekhnitskiy (Ref. 67) has given an approximate solution to this problem for
an anisotropic plate weakened by a square, triangular with rounded corners, or
oval hole under various conditions "at infinity" (tension, pure flexure, etc.).

A. S. Kosmodamianskiy (Ref. 63) extended these solutions to encompass
holes having other shapes -~ rectangular, trapezoidal, arched, and isosceles
triangular shapes. The problems which he solved made it possible for him to
discover laws reflecting the effect of plate material amisotropy on the stress
state occurring in the plate under uniaxial tension, in the case both of a
free hole and of a hole which is reinforced by a rigid ring or which is filled
with an elastic core.

Multiple-connected regions. Periodic problems. Studies of the stress
state in plates and shells, which are both isotropic and anisotropic, weakened
by several equal or unequal holes and, on the whole, are weakened by a finite
or infinite series of holes, are of great interest in engineering.

The elastic equilibrium of shells having positive Gaussian curvature which
are weakened by a series of curvilinear holes has been investigated by I. N.
Vekua (Ref. 20).

A general solution of the plane problem of elasticity theory, both for
an isotropic and for an anisotropic medium for any multiply-connected region
has been given by D. I. Sherman (Ref. 142).

G. N. Savin (Ref. 92) has provided a solution for the periodic problem
of elasticity theory in an isotropic medium for an infinite series of congruent
holes which are equally loaded. G. N. Bukharin (Ref. 92) was the first ome to
inquire into the problem of stress distribution in a plate which is weakened
by a large number of round holes. The plate which is weakened by a square grid
containing round holes has been investigated by Ya. Dvorzhak (Ref. 41).

We encounter an additional development in the formulation of approximate
solutions to these problems in the studies of A. S. Kosmodamianskiy (Ref. 63).
In these studies, he investigates multiply-connected and periodic problems for
holes having congruent shape, both for isotropic and anisotropic material of
a plate which is weakened by one or more series of equal and equally-loaded
holes.

Aiming at deriving efficient approximate solutions for specific hole shapes, /9
A. S. Kosmodamianskiy (Ref. 63) introduces certain simplifications into the
general solutions of D. I. Sherman (Ref. 142). This makes it possible for him
to propose a number of efficient approximate solutions for a plate weakened by
a finite number of curvilinear holes. He has, -in particular, studied problems
of stress distribution beside two square holes with rounded corners; beside
two unequal holes, one elliptical and the other square with rounded corners;
and beside three round holes under uniaxial, as well as biaxial plate tension.
Cases are examined of tension in an anisotropic plate with two or three round



holes; one, two, or three infinite series of equal elliptical holes; and a
plate weakened by two unequal holes, one of which is elliptical and the other
round.

A study of the solutions mentioned has made it possible to draw a number
of interesting conclusions of a general nature: the picture of the stress state
in a plate weakened by two, three, or an infinite number of round holes and
under tension in one or two directions has enabled us to ascertain the effect
exerted on stress concentration by the number of holes, their mutual disposition,
plate material anisotropy, etc. The final formulas thus derived are suffi-
ciently simple and therefore easy to use. The accuracy of these approximate
solutions was estimated from the precision with which the boundary conditions
found fulfill the conditions of the problem under study.

Dynamic problems of stress concentration and of the propagation of elastic
waves from holes. Kromm's paper (Ref. 169) is devoted to the propagation of
elastic perturbations in an infinite plate under uniform pressure suddenly
applied to the edge of a round hole, orfor the sudden generation of radial
velocity at its boundary points. It was subsequently found that the corres-
ponding problem of tangential perturbation is quite similar to the one de-
scribed, as in the static case (Goodier and Johnsman [Ref. 158]).

These investigations indicate that the propagation of perturbations is of
a wave nature, and that the displacements on the wave front are discontinuous,
while the stresses and displacement velocity have a discontinuity acquiring
values proportional to 1/ Vr. As time passes, the stress state in the plate
behind the wave front asympotically approaches the static state in which
stresses are proportional to 1/r?. Miklowitz (Ref. 174) has dealt with the
problem of a suddenly rupturing plate under tension in all directioms. He
showed that the relief wave propagating in this case gives an 11.57% increase /10
in stress concentration on the edge of the punctured hole, in comparison to the
static case. The annular stresses which are generated may be conducive to
formation and development of radial cracks.

M. M. Sidlyar (Ref. 105, 106) examined the problem of stress concentration
near a round hole in a plate under the influence of longitudinal forces tran-
sient in time applied to its edges. The problem of stress propagation on the
edge of a hole as the result of a decreasing potential, harmonic elastic ex-
pansion wave has been examined by Pao Yi-Hsin (Ref. 82). He demonstrated that,
for certain wavelengtls and Poisson coefficient values, a rise in stress con-
centration beside the hole is detected. This solution, however, evokes some
doubt, because the stress concentration coefficient obtained as the limiting
case in the static problem proves to be dependent on the elastic constants
of the medium.

R. D. Mindlin (Ref. 72) points out that the theory of generalized plane
stress gives a sufficiently good definition of the wave process in a plate only
for waves whose wavelength is considerably greater than the plate thickness.

Plane deformation, which is mathematically quite similar to the generalized
plane stress state, is the subject of several more studies. We may mention



papers by Baron and Mattews (Ref. 146), Baron (Ref. 6), and Baron and Parnes
(Ref. 7), in which the cavity is defined as a right circular cylinder of a
plane shock wave (wave front parallel to cavity axis). 1In the case of a de-
creasing expansion wave, the coefficient of stress concentration proves to be
greater than the static one, k=3.28 (instead of 3) when 6 = 7/2.

Durelli and Riley (Refs. 151-153) employed photoelastic methods to in- -
vestigate stress distribution on the edge of round and elliptical holes when
stress waves of long and short duration pass through the plate. They reached
the conclusion that dynamic imposition of a load causes no great change in the
magnitude (only 10-11%) of the stress or its distribution from the static case.

_ Elastie-plastic problems. Holes with cracks. 1In the increased stress
region, either plastic zones may appear near the holes, which at first partially
encompass the hole edge (Figure 2a, cross-hatching) and may completely encompass
it only when the external load reaches the proper values, or cracks may appear
which arise from embrittlement of the material (Ref. 113) at points of in-
creased stress on the edge of the hole (Figure 2b), proceeding into the plate.
The corresponding stress components located at the ends of these cracks, and
found from theoretical solutions of the plane problem of elasticity theory,
become infinite. This shows that when such cracks are present the plate
weakened by a hole in which they have appeared must be destroyed under any ex-
ternal force.

L_.-.f;ii
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Figure 2

Numerous experiments, however, indicate that by no means all cracks are
dangerous, i.e., they result in immediate destruction of one portion. This
is also corroborated by the theoretical studies of G. I. Barenmblat and of his
numerous successors (Refs. 4, 5, 113), M. Ya. Leonov (Ref. 66), V. V. Panasyuk
(Ref. 80), and their collaborators. This particular research area of determin-
ing stress concentration coefficients around circular cracks is, in the last
analysis, aimed at establishing the bearing capacity of solid bodies weakened
by cracking.

G. I. Barenblat (Refs. 4 and 5) has formulated a theory which makes it
possible to define the ultimate load in brittle fracture of a body with rather
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well developed microscopic cracks. The author of the works mentioned demon-
strated that the ultimate equilibrium state of a cracked plate appears when the
coefficient of stress concentration located in proximity to the point of the
crack, and found by methods of classical elasticity theory, reaches a certain
limiting value. Therefore the determination of stress concentration coeffi-
cients near the end region (extreme end) of the crack takes on particular in-
terest.

(Ref. 66, 80) propose a new model of an ideally brittle body which makes
it feasible to study the stress state in brittle fracture of a body with acicu-
lar stress concentrators, and to find the limiting equilibrium of this body in
the case of arbitrary initial large and small cracks. Taking advantage of this
model, M. Ya. Leonov (Ref. 66), V. V. Panasyuk (Ref. 80), and P. M. Vitvitskiy
(Ref. 23) gave a generalized solution of Griffiths' problem and Sack's problem.

0. L. Bowie (Ref. 147) and H. F. Bueckner (Ref. 149) have also studied
brittle fracture in the case where radial cracks go out from the surface of a
round hole in a plate.

(Ref. 147) deals with the problem of brittle fracture of an infinite body
in the case where n equal radial cracks go out on the free surface of a cir-
cular cavity, while constant tensile forces are applied at infinity. Stress
distribution in the examined region is found by N. I. Muskhelishvili's method.
The critical loads necessary for crack development to start are determined by
means of Griffiths' energy method. The computations are carried through to
the end only for one or two cracks. It has been shown that the local stress

field around the hole has an insignificant effect on development of sufficiently

large cracks even when 2/rh > 1, where % is crack length and r, is hole radius.

h
For small cracks, the critical load ratio for cases of multifold and uniaxial
tension tends toward 2/3 -- i.e., toward the ratio of stress concentration

coefficients for these cases of loading. This indicates the appreciable effect
of the local stress field in development of small cracks.

(Ref. 23) handles the problem of tension exerted on an infinite plate

with a round hole and two equal cracks by constant forces "at infinity" directed

normal to the crack surface. 1In the solution, it was presupposed that fracture
proceeds in accord with M. Ya. Leonov's simplified model of a brittle body
(Ref. 66). The critical load was found from the conditions given in (Ref. 71).

It is theoretically demonstrated in the work by Ya. D. Fridman and Ye. M.
Morozov (Ref. 12) that a plate with a round hole under uniform pressure applied
to the edge of the hole is fractured with the formation of radial cracks.

If plastic deformations occur at several points on the hole, they will
gradually develop into the region and along the hole edge as the external load
grows larger. Boundary L (Fig. 2a) separating the plastic from the elastic
zone is not known in advance; it must be determined by solving the problem.

This class of so-called elastic-plastic problems of stress concentration
around holes is of great interest both in theory and in practice. We will not
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dwell on an analysis of the problems comprising the monograph (Ref. 92),
noting only that these problems are discussed in papers by L. A. Galin, O.S.
Parasyuk, G. N. Savin, and A. P. Sokolov. Let us also point out that the
paper by L. A. Galin is the first in this direction for the case of plane de-
formation, and that of A. P. Sokolov the first for the case of a thin plate.

Let us now pause on the basic research in this class of problem which has
been made in recent decades.

We find investigations of elastic-plastic problems for plates with a
round hole completely enveloped in a plastic zone in works by G. Yu.Dzhanelidze
(Ref. 42), K. N. Shevchenko (Ref. 140), B. V. Zaslavskiy (Ref. 44), I. Yu. Khoma
(Ref. 123), B. Budyanskiy (Ref. 148), and O. L. Mangasarian (Ref. 172).

Non-circular, for the most part elliptical, hole problems are treated in
papers by V. M. Panferov (Ref. 81), D. D. Ivlev (Refs. 46, 47), V. S. Sazhin
(Ref. 104), and P. I. Perlin (Refs. 84, 85).

Let us briefly indicate the methods employed in the above-mentioned works.
Panerov (Ref. 81) uses A. A. Il'yushin's method of plastic solutions; Ivlev
(Refs. 46-47) employs the method of the small parameter characterizing de-
viation of the shape of the hole under investigation from the round shape.
Perlin (Refs. 84-85) and Sazhin (Ref. 104) suggest an inverse formulation of
the problem. This formulation assumes that the position of any two points on
the boundary separating the elastic from the plastic zone is known and requires
that the whole boundary between these zones be defined, as well as the stress
"at infinity" causing the given elastic-plastic deformation beside the hole in
question.

In connection with these problems, we must mention the studies of G. P.
Cherepanov (Refs. 136-138), which expand upon the class of problems stipulating
that the region in which their solution is sought is not known in advance and
must be ascertained while they are being solved. Such problems include:

(1) The previously mentioned elastic-plastic problem (G. P. Cherepanov
has proposed a new approach to solving this problem for the case of a round
hole completely surrounded by a plastic zone);

(2) Local plate buckling around holes under tension because of loss of
‘'plate stability in these zones;

(3) The problem in elasticity theory which seeks the boundary of a body
(or a part of this boundary) from conditions imposed on the stress distribution
in this body.

A reverse problem in elasticity theory, as applied to the problem of
stress concentration around holes, leads to a pragmatically very interesting
‘problem involving calculation of the boundary of a hole in a plate with a
given principal stress state in which stress concentration near this hole will
be minimum or nonexistent.

10



This hole, as G. P. Cherepanov has shown in (Ref. 138), proves to be an /14
ellipse in a plate under tension in a single direction.

The case of partial envelopment of the hole by the plastic zone is treated
by P. I. Perlin (Refs. 84, 85) and I. I. Fayerberg (Ref. 115). Works by A. S.
Kosmodamianskiy (Ref. 64) and I. Yu. Khoma (Ref. 124) deal with elastic-plastic
problems with an infinite series of identical round holes.

Ring reinforcement of holes. Optimum rings. The first studies on re-
inforcement of holes in thin plates are those of S. P. Timoshenko (see Ref. 92),
in whose work methods of material resistance based on the curved beam theory
were used to inquire into problems of reinforcing round holes and square holes
with rounded corners.

The methods of the elasticity theory were first applied by V. L. Fedorov
[see (Ref. 92)] to the problem of subjecting an elastic plane with a circular
hole to tension when an elastic ring has been soldered to this hole.

A great deal of attention has been paid during the last fifteen years to
investigating the effect of reinforcing rings on stress distribution near
holes. This was favored at the beginning of this period by development of
powerful and efficient methods of solving the plane problem in elasticity
theory (Ref. 77) making it possible not only to formulate this contact problem
in the most general form, but also in many other cases -- i.e., for many
particular types of holes -- to obtain an effective solution to it.

Owing to the resemblance between mathematical formulations of the plane
problem in elasticity theory and the problem of thin plate bending, the
above-indicated methods were also successfully transferred by A. I. Lur'ye the
(Ref. 68) and S. G. Lekhnitskiy (Ref. 67) to bending problems for both iso-
tropic and anisotropic plates.

The basis for extensive studies of stress concentration beside holes re-
inforced with elastic rings by application of complex-variable function methods
was provided by S. G. Mikhlin's work (Ref. 73) which examines the elastic
equilibrium of an inhomogeneous ring consisting of a series of concentric rings.

Using complex-variable function methods, G. N. Savin (Ref. 92), D. V.
Vaynberg (Ref. 15), M. P. Sheremet'yev (Ref. 141), and other scientists have
investigated an extensive class of contact problems of the elastic equilibrium
of thin plates and slabs weakened by holes of circular and other shapes, with
edges reinforced by elastic rings. They have also discussed contact boundary
- .problems in the plane theory of elasticity and the theory of thin-plate bending
' 'for regions of different rigidity consisting of concentric zones. This made
it possible to obtain solutions for a broad class of problems of importance
for engineering.

The three cited works by Savin, Vaynberg, and Sheremet'yev (Ref. 15, 92, /15
141) give an extensive bibliography on this problem. A rather detailed survey
of works by Soviet and foreign authors on this problem is also contained in
J. G. Goodier's article (Ref. 28). There is therefore no need to repeat these
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reviews, but it is more advisable to pause briefly on general statements of
contact problems involving reinforcement of holes in thin plates and slabs,
i.e., the possible variant schematizations of these problems in their math-
ematical formulation.

The early studies assumed that the elastic ring was rather wide and that
its stress state was described by equations of the plane theory of elasticity,
or else by the theory of plane plate bending. As thus stated, it was quite
simple to solve problems for a simple or compound circular ring.

The problem of reinforcing non-circular holes is considerably more complex
and may be simplified to render a more or less acceptable, but still approxi-
mate, solution possible by substantial restrictions on the shape of the ring.
Such a simplification [e. g., (Ref. 141)] is possible for rings whose external
and internal boundaries are represented by two coordinate lines derived from
mappings of the function depending on the shape of the hole in question.

transverse

For thin reinforced rings or rings having a shaped/cross-section, the
reinforcement ring chosen was a thin curvilinear elastic rod of constant or
varying cross-section and having an elastic behavior described by the theory of
small deformations of thin curvilinear rods. This simplification of the con-
tact problem made it possible for N. P. Fleyshman (Ref. 92) to study the effect
of a round reinforcing ring for many particular cases and to find its para-
meters which are optimum (in a certain sense). This statement of the problem
for reinforcing holes in the shape of ellipses, squares with rounded corners,
etc. proved to be rather complex, and could only be solved [see (Ref. 14)] by
the method of successive approximations.

Relaxation of the boundary conditions led to further simplification of the
contact problem of reinforcing a plate or thin plate with a sufficiently thin
curvilinear rib. Thus, for the plate it is assumed that the reinforcing rib
reacts only to tension and compression in the case of the plane problem, while
in thin plate bending it reacts to the deflection from its surface. With such
a computational system, G. N. Savin and N. P, Fleyshman (Ref. 93) obtained a
solution in quadratures to the combined contact problem for the exterior of an

elliptical hole with a reinforced rim -- a ring of constant transverse cross-
section. This solution permits generalization to the case of any smooth hale,
i.e., holes whose outlines contain no corner points.

There are thus three alternate versions of stating contact problems in-
volving reinforcement of hole edges by elastic rings. The precise determination
of the limits of applicability of each of the three varieties of computational
systems is the object of the subsequent investigations. This determination
may obviously be realized only on the basis of adequate experimental data and
accurate solutions of a number of elasticity theory problems involving the
joint effect of either a plate or a shell with a hollow cylinder sealed into
its hole.

The ring for which there is no concentration of stresses around the hole

in the plate or shell is commonly regarded as the optimum ring for reinforcing
such a hole. This stress concentration will obviously always be absent when

12
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the rigidity of the reinforcing ring exactly equals that of the flat disk cut
from the plate in question and having the shape of the hole outline. It is,
however, not always possible to select this optimum ring under other conditions
which restrict either its shape or the material from which it is made. 1In
these cases, we may virtually speak of an approximate solution in which further

assumptions -- for example, in regard to the stressed state in the ring -- may
be made to simplify the problem.
optimum

In determining the/parameters of a ring reinforcing a circular hole in an
extensible plate Mansfield (Ref. 173) assumed that the stressed state in the
ring is momentless, since the ring works only during extension and compression.

Identifying the outline of the seal with the axis of the reinforcing
ring, which he treats as an elastic thread which is only subjected to extension
and bending, M. P. Sheremet'yev (Ref. 141) examined the problem of reinforcing
a round hole in an isotropic plate under both unixial tension and under pure
flexure. V. I. Tul'chiy (Ref. 111) regarded the reinforcing ring as a curved
bar of variable rigidity, here assuming that ring thickness equals plate
thickness, and demonstrated that in this case the width of the optimum rein-
forcing ring should satisfy an ordinary Abelian differential equation of the
second kind. Hence, it follows that in this statement of the problem the
optimum ring cannot always be realized.

If, however, the stresses in the ring due to bending moments are neg-
lected ~- i.e., if it is considered as without moment -~ then, as Tul'chiy
demonstrated (Ref. 111), it is always possible to determine the rigidity of
the optimum ring both for an isotropic and an anisotropic plate. With these
simplifications we may go one step farther, i.e., we may assume that ring
rigidity under tension varies by the same law as does the stress component
having the largest absolute value around an unreinforced hole of the shape 17
under consideration.

If, then, we assume for a plate with a round hole subjected to uniaxial
tension by forces o, = P (Fig. 3) that the reinforcing ring rigidity EF for

tension changes according to the law EF = (EF)1 + (EF)2 cos 26, with a steel

ring having be = 1.24 cm and b = 0.114 cm, the stresses in a copper plate
= q

2

are reduced 207 over the case of a cross-section of the same weight. It is
easy to ascertain that, with a given coefficient of stress concentration in a
plate, reinforcing rings constructed in the manner mentioned above, which we
will call quasi-optimum rings, will be lighter than rings of constant cross-
section.

6=0

Since in practice any stresses (if the proper material is chosen) may be
assumed in the ring, the choice of quasi-optimum ring may also vary in many
ways. Of all modes, the best will be that in which the ring has the least
weight.

Further development of the theory of optimum hole reinforcement is
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advisably directed toward solution of
the following problems.

1. TFor a plate with a given hole
and under the effect of a given system

- —— of external forces, let us select the
. J— p optimum or quasi-optimum reinforcing
ring which has the least weight.
P a—i

Let us find the arrangement of a
given number of holes of given shape,
so that the optimum or quasi-optimum
system of reinforcing rings will have
the least weight.

Figure 3

Non-1linear problems of stress concentration around holes in plates. 1In
many areas of elasticity, non-linear problems are at present becoming urgent,
both in statics and in dynamics. Among these problems are non-linear ones
dealing with stress concentration along various holes. Therefore, serious
efforts are being made to formulate and to solve problems of this sort under
various assumptions with regard to type of non-linear stress—-deformation
relationship and geometric non-linearity of the problem.

No unified approach to these problems in the general case, however, has
yet been worked out. The situation is a little better, in our opinion, with
regard to the plane non-linear problem in elasticity theory. In the study of
stress concentration near holes, several directions to be taken by research in
such problems in elasticity theory have been proposed [see survey, (Ref. 96)].

1. General, geometrically plane and physically non-linear problem.
2. Physically non-linear, but geometrically linear plane problem.
3. Geometrically non-linear, but physically linear plane problem.

In each of the above directions, an approach has already been devised as
well as mathematical methods of solving the pertinent problems.

Thus, the first direction includes the joint works of A. E. Green, J. E.
Adkins, G. G. Nicholas, and R. T. Shield (Refs. 143-145, 159). Under the most
general assumptions as to physical and geometrical non-linearity, they derived,
using complex variables, a system of equations for plane non-linear theory,
both for plane deformation and for the generalized stress state as well as in-
compressible and compressible materials.

An approximate method has been proposed -- the method of the small para-
meter, which for terms of the first order leads to the basic relationships of
plane linear elasticity theory in complex form -- i.e., to the familiar Kolosov-

Muskhelishvili ratios. For the successive approximations, it leads to the
classic problems of linear elastic theory with their right sides depending on
the terms of the preceding approximations. A system has been found for

14



determining terms of the second order both for plane deformation and for a

} thin plate. An approximate solution is first given (accurate to terms of the
second order) of the problem of stress concentration near a round hole, either
free or with a rigid core sealed in, with the plate in the uniaxial stressed
state "at infinity."

Subsequently, the paper by Yu. I. Koyfman and the author (Ref. 94) based

on correlations of plane non-linear theory (Refs. 144, 145, 169) used the
i theory of complex variable functions to study certain correlations between
terms of the second order and to formulate a statement of the different versions
of the basic boundary value problems of the plane theory when the boundary of
the region in the deformed or undeformed state is given. This paper has
shown that finding the complex second order potentials determining the second-
order stress functions in different versions of the first and second boundary /19
value problems may be reduced to solving boundary value problems in the theory
of complex variable functions with the boundary conditions

my® (1) + £ @)+ §V —F (1, Fy, ) =P2(t) pn T )

where f(z)(t) is the given function of external influences; F(t, E, v, 8) is
the known function of first order terms, where the type of this function and
the parameters Yy, § entering into it depend on the type of the basic boundary
problem and its version; T is the boundary of the region in the deformed or
undeformed state, depending on the type of problem; and m = 1 for the first
basic problem, m = k for the second basic problem. In the same article (Ref.
94) an approximate solution, accurate to terms of the second order, is derived
for the problem of stress concentration near a round hole in a thin plate
whose edge is reinforced by a wide ring which is sealed in.

Yu. I. Koyfman's papers (Refs. 56-60) continued the study of the second
approximation (terms of the second order) (Ref. 94) for certain problems on
stress concentration around free and reinforced circular and elliptical holes
in a sheet in a state of uniform stress at infinity. He investigated the
stressed state near a round hole reinforced with a thin, linearly elastic
ring and near round and elliptical holes into which absolutely rigid cores are
sealed.

(Ref. 56-60 and 94) have demonstrated that in the general case of the
general plane non-linear problem in elasticity theory the coefficient of stress
concentration, found with an accuracy to terms of the second order, depends on
the following factors: (a) initial and final hole shape, (b) degrees and
type of external forces (tension or compression) at infinity, (c) elastic
properties of the plate materials and (if the opening is reinforced) of the
ring material, and (d) type of elastic equilibrium (plane deformation, gener-
alized stress state).

The survey in (Ref. 96) gives a detailed analysis of the results of these
and other papers with tables of the concentration coefficient values for
round and elliptical holes. We shall therefore not pause to analyze these
works, but shall merely point out that L. A. Tolokonikov (Refs. 109, 110) and
V. G. Gromov and L. A. Tolokonnikov (Ref. 25) also give versions of the approach
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to solving problems of stress concentration near a round hole (plane deforma-
tion) when an incompressible medium is greatly deformed. There is also a
somewhat different solution to the same displacement problem in the work of
I. N. Slezinger and S. D. Barskaya (Ref. 107).

The physically non-linear (but geometrically linear) plane problem (plane /20
deformation or generalized plane stress state) may be derived as a partial
case from the general one indicated above, but there is no known work on the
subject. This direction is at present encompassed by the papers of G. Kauderer
(Ref. 52), who has given an equation for the solution of a certain type of non-
linear elasticity ratios which are characteristic of many metals, in which the
tension-compression curve deviates from a straight line even under comparatively
small stresses (Fig. 4), and are characteristic of many materials (nonferrous
metals, certain plastics, etc.) in which this curve is already seen to deviate
perceptibly from Hooke's straight line. The small parameter method was used to
solve this equation.
¢ Based on this theory Yindr (Ref.
52) and I. A. Tsurpal (Refs. 127-134)
made an approximate study (accurate
to the second and third approximations)
of stress concentration near a circular
hole in a plate with several particular
types of plate loading at infinity
0 2 (tension, compression, pure shear, ex-
P ’ o tension in all directions). 1I. A.
Figure 4 Tsurpal has, in his papers (Refs. 132-
134) formulated boundary conditions and
coupling conditions, and solved several
physically non-linear problems on the reinforcement of a circular hole in a
plate with concentric, linearly elastic rings of different materials for a
given force at infinity. From these studies it follows that calculation of
the physical non-linearity of the material (in the indicated approximation)
leads to a decrease -- in comparison to the classic case -- in stress con-
centration near the hole. 1In the case of a physically non-~linear plate
material, the stresses near the opening are more smoothly distributed than in
the case of a physically linear material.

The author (Ref. 95), by using conformal mapping of the region outside of
the hole in question to the exterior of a unit circle and by introducing
Kolosov-Muskhelishvili complex potentials, gave a solution for the problem of
stress concentration around curvilinear holes in a physically non-linear plate
with non-linear elasticity ratios (Ref. 47). For the desired stress function
represented as an expansion with respect to the small parameter, the differ-
ential equations and boundary conditions were obtained for each of the
successive approximations in curvilinear coordinates given by the mapping
funciton. Because of the cumbersome nature of the right sides of the differ-
ential equations obtained, however, this method results in very complex
computations for a non-circular hole. Therefore, the work of A. N. Guz',

G. N. Savin, and I. A. Tsurpal (Ref. 29) with the same non-linear law of
elasticity (Ref. 47) proposes a new approach to solving the problem stated. /21
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The theoretical basis of this approach may be found in the work of F. Stopelli
(Ref. 177), who proved the theorem that a singular solution exists to the
general equations of the three-dimensional non-linear theory of elasticity.

He substantiated the feasibility of expanding displacement components in
absolutely converging series with respect to the small parameter ¢ with a non-
zero convergence radius, under the condition that there is a sufficiently
smooth solution of the analogous problem in linear elasticity theory. This
smooth solution is basic in the method of solution proposed by Guz' et al.
(Ref. 29).

The ?ssence of the method is that for the holes obtained from the mapping
function,

2* = Rolc + ‘f (c)lv (3)

when p = 1, where ¢ < 1 is a . small parameter; R a constant describing the

0’
size of the hole and its position relative to the coordinate axes; and
a il
FOQ=F+%+ -+ |
*=r%® r*=Ry; z=re*;, [ =pe?, a, =const.

The stress function U(r, ¢, u, €) satisfies the non-linear fourth order
partial differential equation:

1 1
AU % [EX/Z SR YR & + UTr)—

r 2 2

1 (U, T U, T\ 1

— (T — U T+ D) = L U,T, 40, T — )
—1a (TAU)] -0,
where A is the harmonic operator, while the brackets include the non-linear
portion of this equation; T is a known function U(r, ¢, u, €) of the stress de-
Kg? |

rivative functions; B’==zﬁ§Ri15 '!is a constant characterizing the elastic
properties of the physically non-linear plate material; and 89 is a large

dimensionless quantity characterizing the deviation of the assumed non-linear
law of elasticity (Ref. 52) form Hooke's law.

Stress function U(r, ¢, u, €) and displacement components u(r, ¢, u, €)
and v(r, ¢, u, €) are represented as expansions in terms of the small parameters
eand p =1 . ‘
& - -

U, o0 8)=Hy ¥, Eop"e"U"‘-"(r. ?h (5)

K=o j=

L e.g., for square and triangular holes (with rounded corners), this function

had the respective form

(9 =(l,.(for . =-;——:—%)mdf(c) =c_l’.(fort =_:_)_ ]
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ulr, ¢ poe) = Hokgo /go pteut N (r, 9),

v(r @, B ¢) =Hoki 5, wheiot r, ?).‘: )

=0 je=0
- where HO is a constant characterizing the elastic properties of the plate

material. In some non-ferrous metals and their alloys, this value is on the
order of 10°-106,

Substituting function U(r, ¢, u, €) from expression (5) into equation (4)
and equatini the coefficients of the same powers ekuJ, we will for every
function U( aJ)(k,j =1, 2, 3, ..., n) derive an equation

AAU™ 1 (r, ¢) = L, ; (UOD, UOY, .., Uk=1i=n) | (6)

where Lk is the non-linear operator containing functions U(O’O), U(Osl),

U(O’z), ‘oo k-1, 3-1) of the preceding approximations.

Integrating these equations with the pertinent boundary conditions also
representing the solutions as expansions in terms of the powers of the para-
meters, cKuj, we will find* functions U(k,j)(r, ¢). By the nth approximation,
we mean the function

kt-jempn |
Ua(ro9) =Ho X JBEUED (@, g). (7)
o =

Let us examine the simplest example taken from (Ref. 29) involving uni-
idirectional, uniform extension to infinity by forces p = const of a physically
‘non-linear plate with the above indicated non-linearity (Ref. 52);and an

elliptical hole with semiaxes a and b (Figure 5).

The stresses 0g On the edge of the hole, which are found with an accuracy

of the second approximation, are
6y = 2p [l — 1,500Ap? + 10,605A%p¢ + (8)
+ 2¢ (cos 20 + ¢ cos 40 — 5,33Ap3 cos 20)). }

Og
From expression (8) we see that coefficient K = ;;-of stress concentration in

the given version of the physical non-linearity of the plate material depends
non-Linearly both on the magnitude of tensile forces p (Fig. 5), on parameter
A = up2 characterizing the elastic properties of the plate material, and on
the ellipticity of the hole characterized by the parameter ¢ = éi% .
a

In expression (8), after setting € equal to zero, we derive the value of
k for a round hole, and when A = 0, the value of k for an elliptical hole if
the plate material follows Hooke's law. In the latter case, however, there is
an exact solution to this problem (Ref. 77). Comparing the corresponding
values of k from the exact and approximate solution to expression (8) when

* The components of the stressed and deformed state in the curvilinear system
of coordinates (p, 0) are determined just as in (Ref. 30 and 102).
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A = 0, we obtain a clear idea of the rate of convergence of the approximate
method of solution proposed by Guz' et al. (Ref. 29).

1

" ’ ] The table gives such a comparison.

From the data presented in this table,
we see that the second approximation
i even for a greatly elongated ellipse

R
gbv§ <

L1
N
._'\\\\H\H

(% = 1.6) gives a k value which agrees

very well with the exact value (no more
than 3.0% discrepancy). The table
gives k values at two points (see Fig.
5): A (numerator) and B (denominator)
for various values of p, & , and

Vo,

Figure 5
different materials -~- aluminum bronze
(A = 0.055-10=6 _1_ ) and open-hearth
bar2

steel (A, = 0.033-1076 _L_).
bar
It is of great theoretical and practical interest to study the stress
states near holes in plates and shells when they are supercritically and
plastically deformed, but there are extremely few such studies.

Ya. F. Kayuk (Refs. 53-55) examines the stress state near a circular hole
when a plate is bent with large deflections which a plate undergoes when it
loses its stability and passes into the region of post-critical elastic de-
formations. Von Karman's equations underlie the investigations, and the
axisymmetrical case of plate buckling is examined. The equations are solved by
the small parameter method with improved convergence. The results obtained
indicate that ~- if the internal contour of the hole is free and the external
one is rigidly restrained -- then, as the load on the internal contour becomes
larger, the stress concentration also becomes larger because of increased
annular force and moment.

In case the external contour is hinged to the internal ome there is a rise
in stress concentration because of the increase in annular moments and, a
decrease in this concentration because of annular forces.

Shells weakened by holes. The first work studying the stress state
around holes in shells was A. I. Lur'ye's work published in 1946 (Ref. 69) in
which he proposed an approximate method of determining the stress state on
the boundary of a small circular hole in the lateral surface of a circular
cylindrical shell. This work served as the point of departure for Yu. A. Shev-
lyakov, I. M. Pirogov, and N. P. Fleishman, who examined a number of interest-
ing and pragmatically important problems for a cylindrical shell weakened by a
small round hole under different external loads and with different hole rein-
forcements. It should be noted that the solutions obtained by A. I. Lur'ye's
method permit the stress state to be determined only on the boundary of a
circular hole, and under the condition that this hole be of small size.
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A survey of the papers published up to November, 1961, on the use of varia-
tional methods, finite difference methods, and various experimental methods em-
ployed in studying stress concentration near holes in shells may be found in
the author's paper (Ref. 98).

Let us discuss papers which have appeared recently.

I. M. Pirogov (Refs. 86-90) has continued with Lur'ye's method to inves-
tigate the stress state in a cylindrical shell around a small circular hole.
He has studied (Refs. 86, 87) the effect of reinforcement ring rigidity and
(Ref. 89) the effect of press-fitting an elastic ring in the stressed state at
the boundary of a small circular hole. From these and preceding works by
I. M. Pirogov, certain conclusions may be drawn as to the stress distribution
on the boundary of a small circular hole in a cylindrical shell. These con-
clusions are as follows:

1. If the basic stress state of the shell (panel) is determined by com-
ponents of the momentless group, the stress state on the boundary of the hole
at its most dangerous points is determined by the forces of this group. The
effect of flexure stresses at those boundary points may be neglected in the case
of free holes; in the case of reinforced holes, the effect of flexure stresses
must be taken into consideration.

2, 1If the basic stress state in the shell is determined by components of
the moment group, these components will also be fundamental in determining the
stress state on the boundary of the hole at points of maximum stress. In the
case of free holes, the stresses may be neglected which are uniformly distribu-
ted over the thickness of the shell; these stresses must be taken into account
in reinforced holes.

3. With increased rigidity of the reinforcing ring, the stress concentra- /26
tion diminishes, and does so to an increasing degree as the reinforcing ring
becomes wider.

We would like to note that the first and second conclusions result from
the fact that by A. I. Lur'ye's method a correction is introduced to the plane
stress state in the first case. In the second, this occurs when the plane
plate is bent. This correction is less, respectively, than the plane stress
and the stress state in plane plate bending. The third conclusion coincides
with the inference derived when studying the corresponding plane problems.

Pirogin (Ref. 88) has presented a complete solution in the polar system of
coordinates for a small round hole. In (Ref. 90) he has studied the stress
state around a hole in the case where the basic stress state in the shell is
determined by hydrostatic pressure.

The author (Ref. 97) has formulated the problem of stress concentration
near openings of arbitrary form in shells with positive and zero(1) Gaussian

(1) Further experimental research conducted in the Dynamic Strength Laboratory
of the Institute of Mechanics, Academy of Sciences, Ukrainian SSR, and in
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curvature. He presents boundary conditions and basic equations of the problem
in both differential and integral forms (Refs. 98, 176). These works have pro-
posed several approaches to solving problems of stress concentration around
curvilinear holes in shells. Common to all these approaches is the fact that
the basic equations and boundary conditions of the problems stated are written
in a curvilinear system of coordinates, in which one of the coordinate curves
on the shell surface coincides with the profile of the hole.

Hole nomenclature -- circular, square, triangular, etc. -- is determined
by the type of curve given by the mapping function w(z) when p = const for the
plane variables to which the shell is referred. The basic equation of the prob-
lem with boundary conditions and conditions at infinity may also be referred to
the same plane. Generally speaking, when we follow this approach, we come to
problems with nonseparable variables, and the variables may be separated only
for a spherical shell weakened by an elliptical and, in particular, a circular
hole, and for a cylindrical shell with a small round hole.

A paper by G. A. Van Fo Fy, V. N. Buyvol, and the author (Ref. 100), study-
ing the stress state in spherical shells weakened by several circular holes
proposed a method of successive approximations. This was employed by a later
work (Ref. 99) to examine the stress state in a spherical shell weakened by /27
two unequally reinforced holes. From the examples given in (Refs. 99, 100),
the conclusion was drawn that in the case of a spherical shell weakened by
circular holes, the hole effect is practically imperceptible at the distance of
one radius (between hole profiles) of the larger hole. This conclusion was
also confirmed by Buyvol in (Refs. 10-12).

It should be noted that because of the difficulties entailed, the authors
restricted themselves merely tothe first approximation; this afforded no oppor-
tunity to investigate reliably the reciprocal effect of holes as they came
closer together. Using the method pointed out above, V. N, Buyvol (Refs. 10,
11) in the same (first) approximation studied the stress state in a spherical
shell weakened by several symmetrically distributed round holes and by a single
eccentric round hole (Ref. 12). In the present author's work (Ref. 98), he
has indicated the feasibility of reducing the problem of stress concentration
around a curvilinear hole in a shell to a finite-difference problem for a rec-
tangle in a plane with variables p, 6. I. O. Guberman (Ref. 27) has pointed
out this feasibility for a spherical shell weakened by an elliptical and square
hole with rounded corners.

A. N. Guz' proceeded from the problem of stress concentration near curvi-
linear holes expressed in differential form, which (Ref. 97) may be reduced to
finding the complex stress function

Q@ 0= le w(p-0)+t?(p.0) (9)
-from the differential equation
v+ Y20 G g (10)

(1) (cont.) the Photoelasticity Laboratory of the T. G. Shevchenko State Univer-

sity in Kiev has demonstrated that the principal system of equations estab-
lished for shells of positive and zero Gaussian curvature also remains valid
for shells of negative Gaussian curvature.
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where

Vi-hln e+ am) (A + A 3)]

under corresponding boundary conditions on the profile of the hole and under
conditions at infinity p = LY He (Refs. 30, 33, 34) successfully applied the

1 "perturbation theory" method which makes it possible to compute stresses not

‘ only along the edge of the hole, but also in the region near it. This method
which is conveniently called the "method of boundary shape perturbation", was
applied by him to holes for which the mapping function has the form

z=w<o=Ro[c+c—‘,7], (11)
where N is a whole (positive) number. A

He extended this approach (Ref. 32) to the case of doubly-connected regioms /28
and (Ref. 38) to the case of a cylindrical shell weakened by a small curvilinear
hole.

A. N. Guz' and the author (Ref. 102) have extended this "boundary form
perturbation" method to holes of arbitrary shape whose profiles have no corner
points and whose mapping function looks like equation (3).

The basic system of equations is integrated by the small parameter method.
Specifically, all magnitudes (stresses, displacements, given boundary conditions)
are represented as a series with respect to the small parameter € which enters
into mapping function (3). Substituting these expansions into both the basic
differential equation and the boundary conditions, and comparing the coeffi-
cients of terms with like powers of e, we derive boundary value problems for
each of the successive approximations for a shell weakened by a round hole.

Employing this method (Refs. 30, 32-39, 101, 102), A. N. Guz', S. A.
Goloborod'ko, and the author have investigated the stress state around the
above-mentioned holes in spherical and cylindrical shells.

These papers derived solutions to the following problems with accuracy to
terms of the second order, i.e., to terms up to e~.

A spherical shell under internal pressure and weakened by elliptical
(Refs. 30, 101), square (Ref. 36), and triangular holes with rounded corners.

T
. . s 9
Let us give values of the concentration coefficients k = for the
0)
Té

second approximation for a spherical shell of radius R = 200 cm, R, = 10 cm,

0
h =0.2 cm, v = 0.3; in the case of an elliptical hole (Ref. 101) (see Figure 5)

G=a—b:Ro=£%%-




k = 5,30+ €19,44 cos 20 - € (16,93 2,49 cos 20 - 10,96 cos 48)), (12)
km'x = 5,30 + 19,445 + 25,40&’; '

in the case of a square hole (Ref. 36) (see Figure 6) {[,;%; d=Ro(I+c)] ‘

'k = 5,85 - 3,22 cos 40 + 1,01 cos 80; | (13)
Emax = 10,08; '

in th f a tri lar hole (Fi 7 _1. 1
in the case of a mmuuaf<>e(lgﬂe) F=7ﬁd=RdL+ﬂ
k = 6,50 + 6,37 cos 30 + 2,48 cos 66;

kmu=15.35-

For a round hole of radius R0 = 10 cm, the concentration coefficient of /29

the same forces at the hole profile will be

k = 5,30, (14)
From a comparison of the values of k from equations (11) and (12) with its

value in expression (14), we see that hole shape strongly affects the value of
the coefficient of force concentration.

S
4 X

Figure 6 Figure 7

Stress distribution in a cylindrical shell weakened by an elliptical hole
under uniform internal pressure is given in (Ref. 102), for uniaxial tension
(of a panel) in (Ref. 35), and for the same shell weakened by a square hole
under uniform internal pressure in (Ref. 39).

Let us discuss the paper by A. N. Guz' (Ref. 40) in which he examines the
stress state beside a small round hole in a shell of revolution with a very
gently sloping meridian arc.

It is assumed that this shell differs little from the circular cylindrical
one, and -- introducing the small parameter characteristic of this deviation --
the author presents the solution in the form of series with respect to this
parameter. Just as before, a sequence of boundary value problems is obtained
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for a small round hole in a circular cylindrical shell. Solution of these
problems gives the concentration coefficient at the three most charactaristic

points 6 = 0, © =-§, situated respectively at the intersection of the Ox, Oy
axes (Figure 8) with the hole profile, i.e., at points A, B. Let us give these
values.

Coefficients of stress concentra-
tion around the circular hole in a
doubly curved shell (Figure 8) are:

For the uniaxial principal

stress state (tension) /30
o= —1-F (34 2ap); O
ko-..——3+ =t +e(l +_xp=)

(16)
_R n_ YIT=

“RiPvRE T
where Rl is the radius of shell curvature in the cross section along axis 0x,
and R2 is the same radius in the cross section along the Oy-axis; k is the

concentration coefficient of forces T, in terms of stresses T0 in the non-

0 0
1 0
weakened shell at the center of the hole; and v = 0.3; € = =3 ————— = 0.6.
’ 6° Joh

From equations (15) and (16) it
follows that under uniaxial tension

J the value of ke=0 is 56% greater, and

the value of ke= - is 7% greater, as

2
canpared with a circular cylindrical
ghell of radius RZ'

Figure 9
The stress state around a circular hole in a conical shell (Figure 9)
under uniaxial tension with g = R tan a = 0.15 is characterized by con-
1
centration coefficient values of ke_o = -0.85, k8=ﬂ = -1.47.

Computations made for the conical shell (Figure 9) with tan o < 1.2, R1 =

R
- - =9 i
= 100 cm, Ry = 10 cm, e < 0.12 <; "R tan o] demonstrate that k _ for this
case differs negligibly from its value for a round hole of radius Ry = 10 cm
T
in a cylindrical shell of radius R1 = 100 cm. Moreover, k = (0), where Te
Tg
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is the force at the corresponding point of the round hole profile, and Téo) is
the same force in the unweakened conical shell with the same basic stress state
at the point where the hole center is located.

Investigation of the stress state near a hole in a conical shell and in a
doubly curved shell leads to the following conclusions:

1. The warped state of the meridian in uniaxial tension along the meri-
dian raises kmax’ but under uniform internal pressure it lowers kmax'

2. Shell conicity raises the concentration coefficient k for half the
hole profile in the part of the profile which is located closer to the apex of /31
the cone, and lowers the value of k for the other half of the hole profile.

Heretofore, in all problems of a cylindrical shell weakened by a curvilin-
ear hole, it was assumed that the hole was small. This resulted from the

assumption that Ve «<1,

Recently a solution has been derived (Ref. 103) for the cylindrical shell
in the polar coordinate system as a double Fourier series for which the re-
R

| -

striction that <« 1 is eliminated. This makes it possible to obtain
e .

a solution to the above-examined stress concentration problems for large
holes.

Papers dealing with stress concentration near curvilinear holes in <so-
tropic shells have been considered up to this point. For anistropic shells,
there are no such solutions. Only the single work by A. N. Guz' (Ref. 31) is
known, in which Ritz's method is used to study the problem of a stress state
around a circular hole reinforced with an absolutely rigid sleeve in an
orthotropic cylindrical shell under internal hydrostatic pressure.

All the above—considered methods and problems involve investigation of
stress concentration around holes in shells under elastic deformation. There
are scarcely any studies of similar problems under elastic-plastic deforma-
tion; there is only a restricted number of works on this subject. Thus,

(Refs. 17-19) investigate the elastic-plastic problem for a shell of revolu-
tion weakened by a round hole whose edge is reinforced by an elastic ring of
unlike rigidity. A. A. Il'yushin's method of elastic solutions using the
method of finite differences underlies this study. A review (Ref. 98) analyzes
these papers; therefore, we will not dwell on them here, but will go on to
later works.

Thus, I. Yu. Khoma (Ref. 126), on the basis of equations which he derived

(Ref. 124) and of Mises's plasticity condition represented in forces and mo-
ments, examines the elastic-plastic problem for a flat spherical shell
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weakened by a round hole and under internal hydrostatic pressure. The hole is
covered with a 1lid transmitting to its edge only a transverse force of constant
magnitude. In this work, it is presupposed that there is no elastic-plastic
zone (over the thickness of the shell), since the elastic part of the shell is
in direct contact with its plastic portion. The problem is solved by a semi-
inverse method using successive approximations.

It is of great interest to continue studies in this direction. The solu-
tion of the problem may be continued by introducing an elastic ring in the form
of a sleeve of unequal rigidity between shell and cover. The investigation /32
should result in obtaining rigidities of optimum or quasi-optimum reinforcement
for a circular hole in a spherical shell.

Based on the above, we may arrive at the conclusion that very little, or
almost nothing, has been done in such directions of research as:

1. Stress state in shells of zero and positive, as well as negative,
Gaussian curvature around several holes; and reciprical effect of these holes
when they are drawn closer together, i.e., in the case of multiply-connected
regions.

2, Effect of hole size on the state of shells of zero Gaussian curvature
and, in particular, shells of negative Gaussian curvature.

3. Effect of geometrical and physical non-linearity of shell material on
stress concentration near curvilinear holes.

4. Stress concentration near narrow holes and slits. Development of a
shell slit and crack theory, like the crack theory developed for the plane
problem of elasticity theory by G. I. Barenblat, M. Ya. Leonov, V. V. Panasyuk,
et al.

5. Application of modern computer technology to solving problems of
stress concentration beside holes in shells.

6. Investigation of effects on stress concentration around corner point
holes.

Very few works are devoted to experimental stress concentrations around
holes both under elastic and under elastic-plastic deformation; to the search
for optimum reinforcements for holes in plates, and particularly in shells;
as well as to the inverse problem -- i.e., the problem in which, from a given
basic stress state in the shell, the shape of the hole must be determined,
near which there would be no stress concentration or the coefficient of
stress concentration would not exceed a given value.

Temperature problems of stress concentration around holes. At present,
greater and greater attention is being devoted to studying temperature stresses
in machine and structural elements. A systematic development of the
initial equations in the temperature problem of elasticity theory, as well
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as the solution of certain other problems, may be found in many monographs on
this problem. Let us indicate one of them (Ref. 79) which is the most exten-
sive and the most recent.

It is known that a determination of the temperature field must precede a
study of the stress state in thermoelastic problems.

Most of the studies of the hole effect on distribution of temperature
stresses deal with the case of plane deformation where the temperature is
assumed to depend on two coordinates. The solution is found in the same way as
when solving an ordinary two-dimensional boundary value problem of thermal con- /33
ductivity.

Investigations of stresses caused by holes (Refs. 2, 114) pertain to prob-
lems of this type.

(Ref. 2) thus solves the problem (stationary) for a strip with a thermally -
insulated round hole under the condition that the edges of the strip have con-
stant, but different, temperatures. (Ref. 76) investigates temperature stresses
in the proximity of an infinite sequence of round holes in a plate with uniform
heat flux. It is assumed that the plate is thermally insulated on the edges of -
the holes. (Ref. 122) considers the solution to the temperature problem where
the temperature distribution is given in the form of trigonometric series in an
infinite plate with an elliptical hole. (Ref. 155) examines the solution to
the temperature problem for a medium with a spherical or cylindrical cavity with
a given uniform heat flux at infinity. Distribution of temperatures and of
the stresses caused by them is computed. (Ref. 156) finds temperature distribu-
tion in a plate with a thermally insulated oval hole under the effect of a uni-
form heat flux. The exterior of the hole is mapped onto the exterior of a unit
circle by the function

® ,
o) =at+++5.
TTE
(Ref. 49) is a generalization of (Ref. 156) for the case where the exterior
of the hole is mapped onto the exterior of a unit circle by the function

O =af+2+% 4 ...+

(Ref. 165) analyzes the effect of a plane heat source which is periodic in
time and which encounters a cylindrical or spherical cavity impenetrable to
heat and load-free in an infinite elastic body.

(Refs. 70 and 171) inquire into questions of stress around holes with
given temperature values on the edges of these holes. Thus, (Ref. 70) solves
the problem for stationary temperature distribution in the case where the heat
fields for a group of round holes are identical, and the temperature along the
edges of these holes is the same -- more exactly, constant. (Ref. 171) exam-
ines the solution to the stationary temperature problem for an infinite plane
with two round holes of the same radius whose boundaries are kept at tempera-
tures of (4+T) and (-T).
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The results obtained in the above papers are directly transferred to the
case of a generalized plane stress state, only on condition that the surfaces
of the plates are heat insulated, since computing heat emission from the plate /34
surfaces essentially alters the problem of thermal conductivity.

There are almost no publications investigating stresses around holes for
plates and shells weakened by holes taking into account heat emission from
their surfaces either for stationary or for unstationary regimes. For the case
of bending of plates with holes (Ref. 71 and 157) have solved only a few prob-
lems under the condition that the temperature varies across the thickness of
the slab, remaining unchanged in its central plane. (Ref. 71) investigates
thermal stresses in an elastic plate with an infinite number of symmetrically
arranged round holes where temperature varies over plate thickmess. (Ref. 157)
presents formulas and graphs for deflections, moments, and transverse forces in
circular plates with round holes with a linear temperature gradient over the
thickness and different boundary conditions assigned to the edges.
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/M3
2 THEORY OF EQUILIBRIUM CRACKS IN AN ELASTIC LAYER ¢

i

é . . .'ff £ 4 - . -
" No7-c4503

Let us investigate the plane and three-dimensional problems of stable
cracks in a halfspace and in a layer having the thickness 2 h.

Stable cracks in an elastic band. Let a longitudinal stable crack having
the length 2a -- where a is the diameter halflength of the region & occupied
by the crack in the plane --arise in an infinite, elastic band having the width
2h under the influence of the pressure q(x) which is variable over the length
and which pushes the crack apart.

We shall assume that the crack is located symmetrically with respect to
the band edges, and the relative band thickness which is determined by the
dimensionless parameter A = b is quite large. We must determine the form of

a
the crack y(x) and its dimensions for a given pressure q(x).

The boundary conditions of the problem on the band axis of symmetry y = 0
have the following form

t,=0;, =0 for|x|>a; o, =¢(x) for |x|<a. o))
- The boundary conditions on the band edges y = + h may be as follows:

(1) The band is squeezed between two absolutely rigid bases; there is no
friction force between the bases and the band:

"ty =0; v=0;
i rigid
(2) The band is squeezed between two absolutely/bases; there is complete
adhesion between the bases and band:

u=0;v=0; (3)
(3) The band edges are free of stress:
t,=0;0,=0 | (4)

All three problems of the theory of elasticity may be reduced by opera-
tional calculus methods determining the function y(x) characterizing the form
of the crack, from the following integral equation;1

[rom{)a=Low zi<a), (5)

where
E

b ==’

1 The kernel M(t) is used in the sense of generalized functions.
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where E and o are the elastic band constants;

M(t)=—-6s‘uL(u)cos(ut)dz.1 (t=‘7*).5 (6)

the functions L(u) for the problems under consideration have the following

form :
) Lw=02t2, . -

2) L(u)= h¢§$5i1u+ L (% = 3 — 4o);

’ \ 7y | (8)

As may be readily noted, they all have the following property:
L)1+ 0( ™) for g oo, (10)

It is known that one requisite condition for the existence of stable
cracks is the stipulation that the function y(x) and its first derivative
vanish at the points x = + a (Ref. 3, 4). This provides for smooth closing of
the crack edges and the finite nature of stress at its edges.

Thus, we must find the solution of equation (5) under the following
conditions

1(ta)=1'(1a)=0. (11)
Let us find the function K(t) which satisfies the following equation:

Kim=M(). (12)

Within an accuracy of the linear term, we obtain

K(t)=—-;ln|l]+j‘[l—L(u)]ll—cos(ut)d—:].. (13)
0

Let us now rewrite equation (5), employing (12), in the following form

[ro%E(5) =200 <a. -

Integrating by parts twice and taking (11) into account, we may reduce the
problem to solving the following integral differential equation:

[rox(F2)a=5i0 ax1<a (15)
under the boundary cdnditions (11).

of
For large values/the parameter A (which corresponds to small t) the

fkernel K(t) of equation (15) may be represented as follows

K(t)=—ln|tl+2a,t" (0<t<.§.), (16)
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where the constants a, are determined by the following relationships

(—I)H»lhguu_i l—L (1)) du. ; 17)

&= @
It may be shown that the series in formula (16) has a convergence radius

p = 2, from which it follows that all of the results based on formula (16) may
be reliably employed in the case of A > 1.

The constants ai(i = 1,2) determined by numerical integration have the
following form for the problems under conmsideration

1) a, = —1,233; a,=0, 172;
2) a1 = —1,738; a, =0,312; 0=03);
3) a= 1,143; a:= —0,429. o _" ):
Let us now make a detailed investigation of the case when q(x) = q - AxZ,
We find v"(x) from equation (15), with a kernel of the type (16), according
to formulas (2.9) and (2.10) given in (Ref. 1). Then, integrating the expres-
sion obtained twice over x and satisfying the boundary condition (11), we may
determine the following within an accuracy of _%
A

' 1 2 -t (18)
T(x)——-—i'—;’(?—;x-‘)(l—%i’_?;‘}) (0’-—.!’)"&;_
under the additional condition
Aty _a 28 19
o= 51— 5-%). (19

Condition (19) serves to determine the halflength of the cracks a.

Let us find the expression for the total stress acting upon a crack edge:

P =__§'_4 (x.) dx = 2qa [(1 — %.l' — 2%:1)"]'. (20)

The numerical utilization of formulas (18) - (20) in the case of X > 2
reveals the following. With a decrease in the band thickness h and for un-
changed parameters of the pressure q and A, in the first and second problems
there is a decrease in the crack dimensions (longitudinal and transverse), the
zone of negative pressures at the ends of the crack -- which are requisite for
maintaining the crack in an equilibrium state -- decreases, and the total
stress at the crack edge increases. 1In the case of the third problem, the
situation is different. The crack dimensions increase, the zone of negative

pressures at the crack ends increases, and the total stress P decreases.

Stable cracks in an elastic layer. Investigating the problems given above
in the three-dimensional’version’we are led to determine the function y(x, y)
characterizing the crack form from the following integral equation:

1 The kernel M(t) is used in the sense of generalized functions.
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5 ¢, h) M( )dEd’q-—— (x 9 (x, y)gg | (21)

where Q is the region occupied by the crack in the plane,while a = %-maxQ R,

= V(& - x) + (n - y2), q(x, y) is the pressure pushlng the crack apart;

M@ = Ju’L (w) .l.(ut) du (t = —) . (22)

J ~- Bessel function of zero order; the functions L(u) have the form (7) - (9).

In the case of stable cracks, we must find the solution of (21) which
satisfies the following condition (Ref. 3, 4):

15 D=g10 9 (23)

on the contour L of the region Q

Let us find the function K(t) which satisfies the equation

B 7K () =M (). (24)

Within an accuracy of the harmonic function, we obtain

s (25)
RO =4+{0—L@nu—sswida
1]

Let us now rewrite equation (21), employing (25), in the following form

Integrating by parts and taking (23) into account, we may reduce the problem
to solving the following integral-differential equation:

‘U Vit K(%)_d&d" =200 9 (, y) €Q. | (27)

"For the case A = h - », equation (27) assumes the following form
ST

x (28)
”V’r(ﬁ W EN =2 g0, g (x, g €2,

By way of an example, let us present the solution of the problem of an
elliptic stable crack in an elastic halfspace, obtained by solving equation
.(28) under the boundary conditions (23).

Let the pressure q(x, y) have the following form

o
q(x y)=q—A;r—B%:-. (29)

Then the function y(x, y) may be determined by the formula
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- 2bg _x ¥ Y
v =2 (12 A, | (30)

and the following two relationships may be fulfilled:

A= TG EO KO- E@I0—a); (31)
B= e——zg @ (2 E@—IK@O—E ()1 —e), | (32)

which must be regarded as conditions determining the value of the semiaxes a
and b of the elliptic crack. In formulas (30) - (32), K(e) and E(e) are the

complete elliptic integrals, and e is the eccentricity.

The total stress acting upon a crack edge is given by the formula

p=(foe naton=Fa. (33)
: 2 ’

Axisymmetric case. For large values of the parameter A (which corresponds
to small p), the kernel K(t) of equation (27) may be represented in the follow-
ing form

i
[

K(t):l,—‘:a,t" (o<t<§). | (34)

(Y]

where the constants a; are determined by the relationships

. |
—1) [ | (35)
&= :21"1'1))'-;5 =L ) utdu-

It may be shown that the series in formula (34) have the convergence
radius p = 2, from which it follows that all the results based on formula (34)
may be utilized reliably in the case of A > 1.

The constants ai(i = 1) determined by numerical integration are as

follows for the problems under consideration:
1) a,=0,603; 2) a, =0,971; 3) a = —1,067. (36)

Let us now make a detailed investigation of the case of axisymmetric
stable cracks in an elastic layer, pushed apart by the pressure
| (37
g(r) = qg— A, | )
We obtain V2y(x, y) from equation (26) with a kernel of the form (34),
following the method advanced in (Ref. 2). Solving the Poisson equation
obtained under the boundary conditions (23), we may determine the following
‘with an accuracy of _1

e - (- =2)" 8
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under the additional condition

8- i)

A=\l — (39)
Condition (39) serves to determine the radius of the crack a.

The total stress acting on the crack edge has the form

xa%q 164, 40
P14 ). 40

A numerical study of formulas (38) - (40) in the case of X > 2 shows that,
when the thickness of the layer h decreases, the qualtative picture of the
phenomenon being studied fully coincides with the numerical utilization of
formulas (18) - (20).
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A

Z
~ LIMITING EQUILIBRIUM OF A PLATE WEAKENED BY A SYSTEM OF CRACKS
SITUATED ALONG A STRAIGHT LINE AT AN ANGLE WITH RESPECT TO THE
DIRECTION OF TENSILE FORCES C;

¥ L. T. Berezhnintskiy ,j/ 1D “}N 6 7 _24 50 l[.

(L vav)s

In order to derive a more comprehensive (general) picture of the influence /46
of defects such as cracks upon the supporting power of brittle bodies, we must
study the law governing the propagation of cracks (both rectangular and curvi-
linear cracks) in the general case of the stress state of a body with cracks --
particularly in the case of an arbitrary crack orientation in the field of
tensile stress.

This report investigates one of the simplest problems of this type: the
problem of the limiting equilibrium state of an infinite elastic plate weakened
by rectilinear cracks located along the same line, which is directed at a
certain angle toward the line of tension.

We may assume that the system of rectilinear cracks (aj, b.), where j = 1,

2. ..., n, in an infinite elastic plate is located along the transverse axis (see
the figure). Let us assume that the crack edges are free of external stress,and
that uniformly distributed stress (increasing monmotonically) p is directed at
the angle o to the x-axis at infinitely removed points. For this problem,

let us determine the limiting (critical) values of the stress p = p(}A); when
these values are reached, at the end with the abscissa A (where ) is any of the
abscissas aj, bj) the crack reaches a state of mobile equilibrium (it begins

to propagate).

As was shown in (Ref. 1), the external stress applied to a body with a
macroscopic crack will be a limiting stress, if the stress produced by it in
the vicinity of the crack ends -- which may be calculated without allowance
for cohesion -- has the singularity K/m ¥/, where K is the cohesion modulus, 147
and r is a small distance from the crack end.

In addition to this condition, we may employ the following assumption for
the effective determination of the limiting stress -- as was done in (Ref. 6).
This assumption stipulates that the initial propagation direction of an
arbitrarily oriented, rectilinear (or curvilinear) crack coincides with the
direction in which the normal tensile stress reaches a maximum intensity.

Thus, in order to determine the limiting values of the external stress p =
P = p(i), we obtain the following relationships

im (V7 1) = X ®
[ ¢.8%) '
e

where r, 8(}) are the polar coordinates with the origin at the apex of the
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crack with the abscissa A and the

polar axis directed along the positive
‘ direction of the x-axis (see the fig-
ure) ; oél)(r 8(A)) —- elastic tensile

‘ stress perpendicular to the plane

g (M) g )

= const; -- polar angle
characterizing the direction of the
initial crack propagation at the end

3 with the abscissa }; GE(A)(r, B(A)) -
*

i stress values c(k)(r, B) in the case
|
i

(x) g

of p=1p

Based on the results given in

(%)
(Ref. 3, 6, 12), the stress oA in the
) — . . B8
4 i bolar coordinate system (r, B(A)) in
l o ! the vicinity of the crack end with
[ | [47 ‘ ‘—[ ‘ N the abscissa A may be written in the
p ‘ following form:
oN _ B po ) m[ E__ m]}
s 4———27[ [3cos +cos 5 B ] — 3k’ | sin +sm2p (3)

+4.A% sind g 4 0 (79, |
where A is any of the abscissas a., b..

) and kék)

The quantities kl , which depend on the form of the loading

and the parameters determining the crack configuration, are usually called
(Ref. 1, 7) the intensity coefficients (or concentration coefficients) of the
stress at the crack apex A in the case of symmetrical k(A and asymmetrical
1

A
k( ) stress distribution, respectively.

2
If a procedure similar to that presented in (Ref. 7) is followed when

calculating these coefficients, we obtain the following formula which relates
the intensity coefficients to the Muskhelishvili function ®(z)’ which describes

the problem under consideration:
k(k) - kdy k(\) = 2V2llm (2_1)3(1)(2) (4)

The problem of the stress-deformed state of an infinite plate with
.rectilinear cracks located along one line was studied in (Ref. 3, 8, 9, 11).
In particular, according to (Ref. 3), for the problem under consideration the
function ¢ (z) by means of which the intensity coefficients are determined has

the following form
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Il() e
X@ + 4e’ (5)

_ . on n-1 ) P i _ 2iey,
where Pn(z) = COZ + Clz + ...+ Cn’ while C0 4 (1 -e7%);

@ =xm

' n . | [}
X@=[lz—a)? (z—b7. |
Ken !
The term X(z) designates the branch for which z_nX(z) + 1 in the case z > =,
The coefficients Cl’ C2, cens Cn may be determined from the condition of single-
1 valued displacements (Ref. 3) which leads to the following equation
.K

P, | (6)
[P0 k=12 ... m.
ﬁ '

Substituting (5) in relationship (4), we find

k‘b" = k(‘bl) — ik‘:" =2 Vﬁ Tn Pa (bi) ’
b;~a)? ﬂ(b —ay 7 ®,—b, )T )
: Kwl, K/
k(l]) k(ﬂl) ) k(’a,') = 9 V2 - P (ﬂ/)

- 8)
®—a)?[1@,—ay (a,—b,)’
K] X/ -

-

Thus, the 1ntens1ty coeff1c1ents may be determlned according to formulas (7)
and (8), if only we find the coefficients of the polynomial P_(z) which must.

satisfy the system of equations (6). If we now employ expression (3), we may
represent equation (1) in the following form

) \ 5
k™ (3 cos ' =+ cos—?’— B‘f’) —3r (sm + sin % p“’) 4K:/2. (9
. R
where the quantities kl(x) and kz(A) equal the coefficients k{x) and kék), if
we set p = p(i) in the latter. The angle 6( ) is determined by the relation-
ships (Ref. 6)
- 3 — . (]_())
N __ l/enx + 11— VS"A +1 ™ R
B’ = + 2arcsin Y npu k' > 0;
/s 3 ' (11)
. 6ny + 14+ )/ 8n; + 1 A
™ _ A y EM <0
B, = % 2arcsin V 2o+ npu R’ <0,
where
Pl
= X 12
m= o (12)
The sign "+" corresponds to the value k( ) < 0, and the sign "-" corresponds

to the values k( ) It may thus be seen that, by determining the intensity
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coefficients, we may readily find the limiting loading p*(x) in each

specific case. Let us present the values of the coefficients k( ) and kéx)
for certain special cases of this problem.
1. The case of an infinite plate with three cracks, when
al=—cv bl=_b; a3=_a, bz'—_—'a; a3=b, b,=C.‘
According to formulas (5) - (8), in this case we have
. . . . Fk)y—E(k -~ c3—a%
k‘;’—zk‘:’=p(sm’u—zsmacosuL)—(—)l,,—(kTi-l Ve T |
B — ik = p(sin*a —isin a cos a) X
— - (b3 — g2
« e a?) E (k) — (b G)F(k)lv" (13)
Vier—a) (=B F ()
@ __ @ _ 2, (®) /7 c"—-a"
k, k p(sin*fa tslnacosa)F(k)V g

where F(k) and E(k) are the total elliptic 1n§egra%s, respectively, of the

c
2 On the basis of (12),

flrst and second type with the modulus k =5 _ 7 -
c'a

we may conclude from the latter formulas that

n,=n,=n,=ctga.

2. The cése of two equal cracks corresponds to the previous case in the /50
case of a > 0. We find

c2E (kY — b?F (k) |

Vi@ —t)F (k' (14)
F (k) — E (k) c. ‘

F (k) Vc’—b'cV i

E? — ik)) = p(sin?a —isina cos )

k(l‘) — ik‘," = p (sin?a — i sin a cos a)

3. 1In the case b > 0, we may find the following expression for the
intensity coefficients from formula (14) in the case of one crack having the
length 2c:

k= pVcsinta: k, = pV csinacosa. 159

4. 1In the case of two colinear cracks of unequal length with abscissas
of the ends ajs b1 and ays b2, the intensity coefficients may be determined
by the £ 1

y thé tormulas B a0 L9 Vé Cob: +Cyby +C,. .
! : Viti—a) =2 6,—5)’ (16)

Cob + Ciby + G,

Vio—a) br—b) =y *

M — ik = —2)3
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k(n,) — k(a,) ) Coa: + Cya, + C, .
V (b: = a5) (a3 — a,) (@3 — by’ I

k;"’—ikm) =9 VQ COa:+Clal+ Cs . : (16)
! Vier—a) (@ —ap (5 —ap
where
Co= % t] —.e"'h
— (by+ ay) F (k) + 2b, n (m, k)4 2a, n.(n. B4
C,=C, + G —a)[lz(n, &) — 1y (m, k)] .

FR =T, =[] em »

Mo
C’ = -— C‘ [a, + (b’ I) F(k) —
2 n (n, k 1
—C, [a, +2(y—a,))a, ——— 7 + (by — a,)? a;r:.k)k)] :
Here we have

]2
de

S(l =+ nsin? ¢) Vl—k’sin’v’
(]

F(k), T (n, k), T (m, k) are the total elliptic integrals of the first and
second type with the modulus k and the parameters n and m, while

Ii(n, k) =

b2 - a b1 - a
k2 = nm; n —22 - 22 s m = f;‘—-—l- It may be readily seen that
v I | by = by

N, == Ny, = N,, = np, = ciga.’

5. In the case when the plate is weakened by a periodic system of slits
having the length 22 and the period 2L, we find the following on the basis of
results derived in (Ref. 11, 10, 2):

ky = psinta V2Ltg2l_.k, psinacosal/%tg%.; (a7)

As may be seen from expressions (13) -~ (17), the intensity coefficients
‘may be represented as follows:

B = pED; K = pEY. (18)

Relationship (9), with allowance for equation (18), may be represented in the
following form

o =K V2, ! T
. x ﬁ(“ ﬂ()«) - . B
. \ LI ™ .
cos’._z._[lzl’cos.__2 3{" sin 5

(19)
The angle Bix), as may be readily seen on the basis of (10), may be expressed

by the following formula for the examples presented above
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1/ 6ctg?a+1— VBciglat1
BV = —2 arcsm]/ 29cigta+ 1) (20)

Thus, the initial propagation direction of the cracks depends only on the
orientation of the line (the angle o), along which the cracks are located, and
does not depend on the coordinates of their ends.

We should note that the problem of the boundary conditions for a plate
with cracks located along a line perpendicular to the plate loading direction,
was investigated in (Ref. 2, 4, 5). The results presented in these articles
are obtained from formulas (13) - (20) in the case a = %..
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/79

o BENDING OF A THIN ISOTROPIC PLATE WITH A HOLE OF GENERAL FORM,
TAKING TEMPERATURE STRESSES INTO ACCOUNT C;

< Ye. F. Burmistrov i S ) N 6 7 ‘" 24 5 0 ?

(Saramov)

Basic relationships. Let us investigate elastic equilibrium of an /
isotropic plate having the constant thickness h. Let the plate be located in
a stationary, thermal field with a temperature which changes according to a
linear law over the thickness

T =zt (x, y). Q)
We shall assume that the temperature along the upper surface is Tl(x, v),
and that it is T2(x, y) along the lower surface. Under these conditions, the

middle plane of the plate is not flat. During bending, bending moments and
torques occur, which may be determined according to the following formulas
given in (Ref. 4), with allowance for temperature

Fw |  tw '
M, =—D[52++38 + a4+ 01, |
M “D[ys'*"a +a(l+v)t] | (2)
H,=—D(— ”)axmr {
. Eh3
Here D = 121 - D) is cylindrical rigidity; E, v-- Young's modulus and
Poisson coefficient; o -- coefficient of linear expansion; t(x, y) -- tempera-
ture; w(x, y) -- bending of the plate, which satisfies the following equation
(Ref. 4): : - .
2780y — . 2.9 4 &
v Vw = 0.(1 + v) V’l' \VZ —ax’+ay,.. 1 (3)
The general solution of equation (3) may be written in the following 54
form
w=1wy+ Relzp(2) + % (2)], | (4)
where wo(x, y) is a particular solution of the nonhomogeneous equation (3),
which depends on temperature t(x, y); z = x - iy; ¢(z) and x(z) -- analytical
functions.

The " bending moments and the torques, as well as the intersection forces,
are determined from the following formulas (Ref. 5)

M +M, = =M+ M) —2D(1—v)l<p @ +9 @),
M —M, +21H,‘y—M° — M)+ 2iH} + ‘ (5)

9D (1 —v) 139" @) + ¥ @), , |
ﬁ,_fN _)NZ?—-(:’V q'w " (2). |

The quantities pertaining to the particular solution and expressed by

49



. o ,0 O 0o .0
wo(x, y), are given by Mx’ My’ ny, Nx’ Ny .

The boundary conditions for the free edge have the following form
— H __
M,=M2+Mné0; No+ =2 = N3+ Na+ (6)
+ 2 HY+Ha) =0,

If conditions (6) are satisfied along the hole edge, then it may be
transformed to the following form (Ref. 7)

@)+ @ — et @Y @I =iC+HF @), @)
Here we have i
F(2)=5-(l—l—_‘,)[m(s)—i§pds]. x=-—?i:, (8)
1 .

a is the angle between the normal to the contour and the axis Ox.

Let z = w(g ) be the function which conformally maps the exterior of the
circle y having unit radius onto the exterior of an infinite plate with a hole.

In the mapping, the boundary condition (7) may then be transformed under
the circumference condtions vy:

(o) + DG — == WE ¥ () + 0 () ¥ (@) =iC, + F (o). 9

Here ¢ = elv is the point on the circumference vy; ¢(z ) = ¢'(z)/w'(zg);

¥(z) = ¥(z)/w'(g) - holomorphic and single valued functions outside Y,
including an infinitely removed point. For | ¢ | > 1, in our case they have
the following form

() =§la.C"’; ¥ (%) é’g.a;,C‘“. ‘ (10)

If the function ¢(z ) is determined, we may then find the function ¥(z )
in the form given in (Ref. 1), and the following dependence exists between the
coefficients '

a,=a;; o =a, (11)
which follows from the conditions of single valued displacements.

The stresses (moments) on the hole contour are found according to the
following formulas

M == l—-V F,
M§=(_(1_)y)F—4(l+v)DRe¢’(°)v (12)
Hps = 4D Im @ (s).

General solution of the problem. Let us examine a rectangular, thin,
isotropic plate with a hole whose contour is given by equations (Ref. 1)
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x=R(cos ¥ + lek cosk9), y = R (sin® —*E's,. sin k9). | (13)
[ T -

Let the plate be located in a stationary thermal field, and we shall
assume that t(x, y) = const. In this case, we have the following formulas for
the desired quantities depending on temperature

wo=0, M=M%=—D(l+v)at; (14)
HY = N}=N§=0.-

In the case under consideration Mg ==-D(L +v) at, m = —Mg , and then

the function F may be determined according to the formula

m
F=—D(l—v) g
where

m=D(l+v)at, Cl=0, a1=0..‘ (15)

Integrating condition (9), as was done in the work (Ref. 1), we obtain
the function ¢( ;) in the following form

& oS . ) .
Q@) =Fx( —kl_,lks,.t-"-’)] l{ézc—m‘ Y m—y SN pmm—1) —

. =m+1 ‘ (16)
-y ks -1,
. kel
The coefficients a, may be found from the following system
m—2 n
x (e, — 2 (k - 1) Cm—iSe—1] = (M — l) { 2 SkBk—(m1) = Sm—1], (17)
. w2 Ram41

where m takes on the values 2, 3, ..., (n + 1).

Substituting (16) in formulas (12) we obtain

Mp = m, nt+i
m 4(14-v)
Mv=-3.+v[3+“ +'T’(L°‘+§L"°°Ska)]' (18)
' n+4-1
Hpo = .---3_:-v . % . EPQSinkb. :
| T3]
where
m=Ddt, Di=D(l+v)a; | (19)
L=1 +§'k’s: +2{cosd Lk (k—1) SkSh—i — X ksucos (& + 1) +
n n . '
+Xcos (e —1) sI§ iU = (k= 1)) s8j—my); (20)

51



Ly=— T8+ Doy - | (21a)
. i . ‘
L= -22k (k—1) sasp—1 + }_‘,a,,-,J, + za,,_,;,, | (21b)
n—~2 i
lLy=5-—1, Esﬂk—l + Z ak-—l-’. + 2 ap,._,J.. J (21c)
m4-1 -
%—W—qu—m—w—bzawmm+gwﬂ+
n—m " ae(m41) , ‘ (214d)
+ E ¢k—-l-’ + Z P ‘ : ;
= ‘ | (21e)
L,= (n —1) sn—l. Ln-H = ASpy
n=1 .
Pl —-—Zak_lla-*‘zﬂk_lj', . (22f)
i =1 .
' P: = sx vsk’k—l —Zak—l-’ -+ Zga._l.l., : (22g)
. v n T om4-1
“=W—n%q—w—naﬁ%Mw—2%ﬂﬂ-
o a—-m . a—(m+1) VoA ‘ o
+ V “k—lJ - 12 Ohtmd yo8 ‘ (22h)
-1
= (n—1)Sa—), Payi = ns,. : (221)
Here we have E j — (B —1)I*s;8j—k—1; -’z Z lj— k=211 -
—(k—1)] Slsi—uc—z)-
L . ' n ‘ (23a)
o= X (=R Ij—(k—D)Issi—s: I = 22’3 (k—2) susp—2;
Jomkt1
(23b)
Jy= 2 li— <k —Dli— & —3) S
(23c¢)
Jq= ):. ll-— (e — D11 — (& + D1 55— (230)
-I., =2 g.§+|k (k —_— ﬂI) SkSh—m; J‘ —,.-g ] (] -_— m) SIS, (m—A4-1)5 ! (236)
o= D li— k== (+m—Dlssiowimon; (23f)
Ju= X (—klji—(k+m)ssis (23g)
J=k4+m<-1
The index m takes on the values 3, 4, ..., (n - 1).
Special Holes. Let us investigate a plate whose center has a hole

cut out in the form of an ellipsel or a regular polygon, whose contours are

.1 The solution was obtained by another method for a plate with an elliptic hole

in (Ref. 2). However, it was erroneous, because the result of M.M. Fridman
for a circular hole (Ref. 6) does not follow from this solution.
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given by the following equations

In this case, we have the following expressions for the function

X = R (cos® + sxcoskd), y = R (sin § — s, sin k8).

and the moments on the hole

o) =

Ms*‘—m{

Hp=—

contour:

ks,

m .
D@B+v)
1—40 49,

T — ks, !

ks [ksy — cos (k + 1) §)

B+

M, =m;

4m

ksgsin (k4 1) 8

IFV

1+ ks, — 2ksy cos (k + 1) 8 °

The table presents the values of the moments M_ and H

m) along the contour of an elliptic hole (k =

square hole (k = 3), and a hexagonal hole (k = 5).

"1+ k3§ —2ks, cos(k+ 1) 8 °

(24)

o(z)

(25)

(26)

(27)

(in fractions of

1), a triangular hole (k =

2), a

We may readily obtain the value of the function ¢(z) and the moments
My and Hy for other holes from formulas (16) - (23).

Ortsepctae 5
3JIJIIHTI'IQCKOT 1 Tpeyroasuoe 12 KpaapaTtHoe 3 l.llec-rnyromn!t,\eH
8 (k-l.s,--?) (k-2,s,--§) (k—a.s.--—é) (2= s.-l;
Mpim | Hepim | Myim | Hylm | Mypim | Hopim | Mylm | Hopim
¢ | —~1394 0 —4,152 0 -2576| 0 -1,788] o0
20 | —1,243| —0212| —0,775 —0,900{ —0,761 | —0,555 | —-0,697 | —0,242
40 | —0,991} —0,246{ —0,419| —0,331 | —0,482|—0,095 | —0,697| 0242]
45 | —0,939}| —0,233} —0,395| —0,239| —0,475| 0 —0,8421 0,364
60 | —0,822] —0,169] —0,370 0 —0,5501 0,300 | —1,788| 0 ‘
80 | —0,746| —0,059| —0,419 0,331 —1,433| 0,805  —0,697 | —0,242
90 | —0,734 0 —0,515 0,559 —2,576] 0 —0,6061 0
{10 | —0,774 0,116 —1,723 1395} —0,761 | —0,419 | —1,1121 0,242}
120 | —0,822 0,169 —4,152 0 -—0,550 | —0,300 | —1,788| ©
140 | —0,991 -0,246| —0.775| —0900| —0,482} ~ 0,095 | —0,697 | —0,242
160 | —1,243 0212| —0,419} —0,331{ —0,761| 0,555 | —0,697| 07242
180 | —1,394 0 —0,370 0 —2,576F 0 —1,788F 0 ‘

(1) Elliptic; (2) Triangular; (3) Square;

(4) Hexagonal;

(5) Hole

If it is assumed in all the formulas that m is the moment which is
distributed uniformly along the hole edge, we then obtain the results for

a plate with a hole of general form, which is loaded by constant moments m
‘whlch are distributed uniformly along the hole edge.

The torque H
pd

in the case of 9 which may be determined from the equations
cos (k

assumes maximum values for the openings indicated above

+1)o=

* R %

The author would like to express his deep appreciation to M. K. Balashova,
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who provided numerical values.
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STRESS CONCENTRATION AROUND A HOLE IN AN ELLIPSOIDAL SHELL

OF REVOLUTION )

V. N. Buyvol? YR N67—2l’506

(Kiev)

The stress state around a hole in a shallow shell having positive Gaussian
curvature may be described by the solution of the following differential equa-
tion (Ref. 3):

vzvup*_m-lt/12(1—wjv2¢* =£. 1)
here ¢* =w#* + i)¢*; w* is the bending; ¢* —- stress function;

‘A = E-1nm2 V12(1 - v2); D —- cylindrical rigidity; E, v and h — elastic
constants and shell thickness. The outer loading Z acts in the direction of
the outer normal. The operators V2 and Vﬁ may be obtained from the operator

L= AlB[ai(M 6a)+05(~ g_ﬁ)]

if we set B and A (for the operator V2) or Bk2 and Ak (for the operator Vz),

instead of M and N. Thus, A and B are the coeff1c1ents of the first quadratic
form of the shell surface, and a and B are the orthogonal coordinates coincid-
-ing with the lines of pr1nc1palcurvatures k. and k

1 2°
Let usmihQéstigate a shallow shell, whose middle surface is
formed by the revolution of an ellipse with the semiaxes a and b (b -- axis of

revolution). We shall assume that Z = const., and that the shell is weakened
at the apex by a circular hole having the radius r = Tge

The hole is closed by a cover which transmits only the action of the
intersection force to the shell. 1In addition, we shall only investigate
shells which do not differ greatly from spherical shells -- i.e., shells with
small eccentricity ¢ =1 - a?b-2,

In view of the shallowness of the shell, itis advantageous to sdect the polar

coordinates r and 6 related to the shell apex as o and 8. Then A =1, B = r,
and we may take the functions (Ref. 1) as the main radii of curvature

R, =b [1—_e( -2 R,=b[l-—e(l—'§'},)].‘ 2)

From this point on, we shall discard terms containing powers of e which are
higher than the first power.

N o
If we set ¢* = ¢ + ¢, where ¢ is the solution of equation (1) in the
case of a shell with no hole we then have (Ref. 2)

21— #=2h—(-5))

The following equation is obtained from (1) for the function ¢ expressing the

55



stress state which is perturbed by a hole:

g 1 df do s d®) _
VIV — it —ixte— - E(’F_EF! . F) = 0;

x = (bh)"1 Y 12(1 — ).

(4)

Since only the first powers of ¢ remain in the expressions for the main
radii of curvature, and then in (3), the solution of equation (4) may be
naturally sought in the following form

@ = OO 4 DD,

In order to find ¢(0), we then have the equation

VIR0 — 17D = 0 (5)
and the boundary conditions (in stresses and moments)
T£°’-_-—§2g; 0 = 0, Q,=—%-'° for'(==fo' : (6)
For ¢(1) , the nonhomogeneous equation is obtained
. ’ gl df dd® £ 4o

and the boundary conditions

fo

et Tf”=%’"( -‘2-5,); G"=0; @¢"=0 forr=r, &)

As may be seen, the problem of the stress state in an ellipsoidal shell
of revolution may be reduced to the successive solution of problems regarding
the stress state of a spherical shell having the radius b.

The solution of equation (5) is: 61
PO=(A+iB)H Wi Vi) +iMnu (u=xr), (9)
where H(l) (ui Vi) = her (u) + i hei (u) are the Hankel functions of zero

0
order of the first type. The constants A, B, C for the given boundary condi-
tions (6) have the following form (Ref. 4)

A _ zu° . p (uO) .
T 204D a(ug) her’ (ug — B (1) hei’ (ug) *
B = Zu, a (1) ' C=0. (10)

T 2x4D ° a(uy) her’ (ug — P (u) hei’ (ug) *

The functions o and B may be determined by the formulas

a (u) = hei (u) -+ L5 her' (@); B () = her (u) — L=V hei ).

u
The stresses and moments determined according to the function (9) are:
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(11a)
TO _ ’+ ( hi+Bher')

T = 21 2[4 (her—mT')_B(hei_i_he_ur')I; (11b)

G = —Dx’ [Aa (u) + BB (u)]; (11c)

G = —Dx2 [A (v hej — ~—" her') —B (v her + —_ 2 hei’ )] (114d)
" QO = Dx’ (Ahei’ 4 Bher’). (11e)

The argument u is omitted here, as well as in the following, in the functions
her (u) and hei (u) for the sake of simplicity.

Let us turn to the solution of the problem (7), (8). Equation (7) may
be integrated twice, and if we discard the components which we do not need,
-we obtain

TN — (DN = 53 [@(o) — S 240 dr]

which yields -- after substitution of 3(0) from 9 --

VIO — ix3Dp) = jx3 (4 4 iB) [(l — 2%)[1;1)(", Vf) - (12)

e — XY g0 Gy t')]. |

X
The following function is the general solution of the nonhomogeneous equation
(12)
M = i\Cylnu + (A, + iB) H wi Vi) —
1 . .v/7F
— 5 (A+iB)ui ViH\" (ui Vi AL i (4u*H (i Vi) +

T12x3T (13)
+uVi@+ w)H @i Vi) (r=u).
Since it is of particular interest to formulate the particular solution, 62

we may write it separately. If
dy 1 d '
T o ty=H 0 #HY () <HP (),

then the following functions will be the particular solutions corresponding to
these three right hand parts.

y=5H" 0 FHY0—5(1=%)H" @
—TH W+ 3 H 0.
Dividing the real and imaginary pérts in (13), we obtain
W = Ay her — By hei + 5o Muf () + p () £ (W)—8¢" w)); (14)
Apt) = A, hei + B, her -+ g (414 () + () 4" (@)+8F (@)l+A Inw.
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Here the following notation is introduced:
fM=AMhJM& ¢ (u) = Ahei 4 Bher; p (u) = 6x3%— 13,

The stress and moments corresponding to the stress and bending functions
(14) will be:

T = x'C, [Al hei’ +B, hcr it )] (15a)
i ; T‘."'= ___l_’..x.[Al( r__)_Bl(he|+her)+T(u)' (15b)
" = —DxAa (W) 4 BB (u) + g @ (15¢)
1) ' : v, .
G = —D:’[Al( ) — B, (v her + —— hei ) (154)
Q" = Dx3[A, hei’ + B, her’ + q (u)]. | (15e)

The functions thus included t(u); T(u); g(u); G(u); q(u) are given by
the following formulas:

1220% (4) = () f (&) + 2u’ (@);

1200 () = up () ' () + p @) F (@) + 209’ @);
12422 (u) = up (@) ¥’ (@) + (1 +9) [p (@) § () — 2uf" (@));
12x37G () = vap (&) ¢ (@) + (1 + V) [ (@) § (@) — 2uf' (@)1;

12626%q (u) = up () f () + 2 () §* () — 262’ (u).

! The arbitrary constants Al; Bl; Cl’ contained in (14) and (15a) - (15e) may be
determined from the boundary conditions (8):

A, = g (1) her” — g (ug) B (uy) |
1™ a (ug) her’ —8 (up) hei” ' '
Bl _ 8 (ug) hei’ — q (u) a (ug) | Cl =0.

" “a(u,) her’ — B (u) hei” *

By way of an example, two shells were investigated: (1) a = 245 cm, 2)
= 165 cm, The remaining data are identical: b = 200 cm, h = 0.2 cm,
ry = 20 cm, = 7.2-106 h/cm2 s Vv =20.3. The calculations show that in the

first case the stresses on the hole decrease as compared with a spherical
shell having the radius b = 200 cm by approximately 12%. In the second case,
the stresses TS increase. The moments change to a somewhat greater extent.

It may thus be seen that even for small eccentricity its influence may be
significant upon the bending stresses.
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_j?CONCENTRATION OF STRESSES IN GLASS-FIBER REINFORCED PLASTICS & -_—

2N AP
ey N67 ’31%50—{5

Synthetic construction materials such as oriented glass—-fiber reinforced
‘plastics represent a heterogeneous medium whose main components are elementary
‘glass filaments and a viscous-elastic polymer which connects the filaments
to each other. Oriented glass—fiber reinforced plastics which are not made of
itissue are of particular practical interest; they make it possible to produce
-a durable material with sharply expressed anisotropic properties. Due to the
‘nonuniformity of the macrostructure, the stress state of such a material will
always be complex due to perturbations produced by rigid inclusions -- glass .
filaments. Therefore, in glass-fiber reinforced plastics, the stress con-
‘centration, arising from openings, grooves, and hollows, applies to perturba-
-tion in the stress state in the material itself, All of the polymers presently
_employed for preparing glass-fiber reinforced plastics are viscous, elastic
substances which lead to the redistribution of stresses with time.

A layer of material equipped with a bundle of straightened filaments
.provides the basis of glass-fiber reinforced plastics which are not made of
tissues. The transverse cross section (x 1000) is shown in Figure 1.

In the model which we have assumed, the filaments are placed in an ideal
order (Figure 2), forming a regular doubly periodic structure.

At moderate temperatures, the glass filaments represent an elastic
material whose mechanical properties may be described by Hooke's law:

Ok = Oy, + -9 + Cgs = 3Kaekh
I !
O — 3T F’MO:] = 2G, (S,’] - %CkkGll) v »

We shall study the thermoreactive polymers used in glass-fiber reinforced /65
plastics on the basis of the theory of elastic hereditary media (Ref. 4).

‘ Experiments have shown that the linear theory leads to satisfactory
results for a stress up to 0.803. It was found in experiments that permanent

deformations of the polymers examined are quite small. Figure 3 presents the
the results derived from an experiment with simple stretching for 98.1-5 bar.
The relationship between the stresses and deformations for a homogeneous poly-
~mer may be expressed as follows

Ogp == 3’(.8”; Qg — -;— Oua,',' = 26. (G” a— -13- c,,,&,,) . (2)

The experiments were performed on epoxy resins strengthened by maleic anhyd-
ride.
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Figure 1 ‘ Figure 2

In formulas (2) the quantities K*, G* must be regarded as operators in- /66
"fluencing the time function -- for example,

E(0) = E{f 0 —x [ 1) B1ma(—x, t—tar), *
1]

where Bl—x(-K’ t-t') is the function of Yu. N. Rabotnov (Ref. 4)

' , - > f—l'kl (4)
a(—xt—t)=({t—t)y 'g("‘)kr(n(k-i)-l)i to

Similar formulas exist for other operators.

13 — , ‘ If the stress gradients are such
q02 i that we may introduce the mean stress
/”’7 on surfaces containing a rather large

. : number of filaments, then the mean
stresses and deformations will be re-
lated to each other by means of certain
) relationships. We shall present these
. relationships here for the case when
\\~ . the resin completely adheres to the

Qo

|  filaments and for the case of ideal

: technology in manufacturing the glass-
0 500 1009 L00thr, fiber reinforced plastics.
Figure 3

We shall first establish the
- relationship between the mean shearing stresses <T12> and <T13j>and correspond-

" ing mean displacement angles.

It may be shown that the solution of the problem regarding the stress
state of the reinforced substance shown in Figure 2 may be reduced to deter-

mining the two functions (¢a and ¢s) of the complex variable z = x, + ix3.

The sign <{ ) designates the mean stress over the averaging area. The 67
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functions fulfilling all the requisite conditions of periodicity maybbé.foﬁﬁd
in the form of the series

241 '
Palz, ) = Eazk t] 2zk_+l' , Gx = ax + iaxy;

k=0
2k+ pl2k~—1) ! (5)
Ps(2, 1) = Co (1) 2— C, () N5 (2) + ?I Corta (‘) —'(2:'4- ] ,(Z) ’
C2k = C2k = ‘C”)

;where'szg is the nth derivative of the doubly perlodlc (elliptic) Weierstrass

function ¥(z); r(z) -- zeta-function of Weierstrass (Ref. 1). The functions

'¢a and ¢S, respectively, determine the stress state of the glass filaments and

‘the resin filling the space between the filaments. The unknowns Ay and C 2k

%may be determined from the coupling condltlons at the resin-filament boundary
in the case z = 7 = )e
Palt, )+ 0a(r, =¢s(t, )+ 9:(x, 1), Palt, ) —9a(5, H= (6)
G* —— |
=5 @6 -9 . '

The real stresses may be determined by means of the mean <Tik>l. In particular,

2, .
the stresses” in the glass filaments are

2{%y) 2 (1) E: ’
e vt Tie =1 FE +l1"G'/G¢ + T+ el_’_ :G‘/Ga P C2k+2)‘.2k+2a°-k + g )
28 S )" s 1 2680 B 5o 2.

Here £, n is the volumetrlc content of the flller and the b1nder in the

composite material; £ = L ; Ty -~ filament radius; oy p T expansion coeffi-
A To s

cients of the function r%kg in Laurent series. The distribution of stress
L _

~at the resin-filament boundary in the case of X = 1 is of the greatest interest.

It follows from the above formula that
Tie = ke ("12)‘ + kc'.(“la). (8)
where kc, ké are the coefficients of the stress concentration in the material

structure, which indicate an increase in the real stress as compared with
the average stress. The stresses on other areas may be determined in a

Since the filament diameter is several micrometers, the linear dimensions
of the averaging area must be on the order of tenths of a millimeter.

- For considerable stress gradients, we must take into account the moment
. terms ©Of the expansion of the stress and deformation tensors averaged over

“ the area.
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‘similar manner. If the quantities Ay and C2k are determined, the values of

the moduli-operators may be found according to the following formulas

et M+ U0+0GG 1|
X = l/Gu._ Tm/(i: E—

% (1 —G*/Gg) ! Cinioht2a, o
i T EF70*G. G* 2k+2 %o, &>
T+E+707Ga" T g: ° (9
o _ vt 1 H1+8G G 1
Xs=1Co=Trtrw06. &1

%(1—G*Ga) 1 ” 242 !
ME T T 'G—*;'C’“f’* ok

Attention must be called to the fact that the modulus-operators G*2 and G;l

'G*z and G* will also change significantly with time.

1 3l
In order to determine the stress state and the moduli under the influence
of the stresses <T23>; (011>; <022> and <033>, we must derive new functions
Q(z) (Ref. 9) in order to simplify the solution of the problem:
v o= = = I
n 1 I ‘
Q@ =2 l(;?n—),—%ﬁ,—ﬁ.}; 0 = mw, 4 nw,.
m.n

The total solution of this problem may be divided into the sum of the
solutions of the following problems: plane deformation of a body made of a

‘viscoelastic material with elastic nuclei, and the stress state of a bar when

it is loaded by forces in the reinforcing direction.
The desired functions will be found in the form of the expansion

%@ )= 5 an® Wl )= F bu@z, (10)

and also for the binder

12k+2 r(zk) (z)

D, (2, £) =Co(t) + Zcu-n Q) @

k=m0

Ve (2, t) = do () + E danya (f) g kg

=1 G+ ) (11)

n A24+2 g (2k41)
E Cory2(£) T,,Q—_‘_m—(z) .

o ko
The unknowns d2k; Cor’ 2ops b2k may be determined from the boundary 69

conditions establishing the stress equation at the resin-glass boundary:
Oalr, 1)+ Ba 5, ) — [ Doz, 1)+ Va(s, )] e2® = (12)
=0, (r. ) 4 Bs(x, ) — [T (v, 1) + Vs (s, 1)] 2™, |
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‘as well as the deformation equation

(1 —G* /Ga) Da (5, 1) + (1 + %G* /Ga) Do (5, ) — (13)
—(1—G* /Ga) [*@a (v, £) + Va(x, )€ = (x* + 1) D (5, ).

All the real stresses within the material are related to the average
stresses by formulas such as (8). The coefficients of the stress concentration
~in the material structure depend on &, n, the mutual location of the filaments,

the relative rigidity for the displacement of the resin, the glass filaments,
-etc.

The explicit values of the modulus-operators may be immediately determined
~in the case of the specific functions @a; ‘&‘a and <1>S, \PS. In particular, we

- have
xg —_ 1/023 2+ (429G /G, |

E+x*41G*/G, " G°

e+ 1) (1 —G*/Ga) |
ey R {g Cory2h+%0), 4 — (14)

- E (2k + 2) Copy A +28q 4 + 2 dona 47, )

k=0 k=0

The general form of the relationship between the stresses and the mean
~deformattous ror-u three-dimensional stress state is

e = X1 (t12): (eg9) = Xz (t2g); (eq1) = X5 {(t1): (15a)
(en) = Xn (o) + X1z (05 + Xis {03s)i (15b)
(622> = X1 (11) + X3a (022) + X3 (055 | (15c)
(e5y) = X:l (o) + Xia(0z) + X3s (033). (15d)

' The values of X{, X% and X§ may be determined by formulas (9) and (14). The

remaining modulus-operators may be found in the following form

(X1)™t = tE, + nE* +
’1+("~'+ )] 2 Cinga\’ "+ 0

+ 8G* (va — v*)* +1'+E1.‘+'q(7-a— 1 G*/Gg * (162)
X = Xhi (= + 68 + 1) () Co—EClli (165)
X3 = Xhl—v* + (* + D) (e — ) (Co + ECa)); (16e) [0
X2 = g5 (* + 1) (Co—ECi + 1)+ ‘
+ X1Y* {v* — (va— v*) (x* + 1) (Cd — £C3 )}; (16d)
X3z = g {0* + 1) (Co + £C) +**—3) +
+ XHY* (vt — (va— v*) (x* + 1) (Cs + ECi)); (16e)

Xis= g (* + 1) (Co+1Ca+ 1) +
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A XTYE P — (e — ) e+ 1) (Cy +5C)) (16£)
Y*=v* 4 (va— ".‘) (E—nCy + ¢ ‘io C2k+212k+2do, k). (16g)

These formulas clearly illustrate the dependence of the modulus-operator
on the inner structure of the material and the viscoelastic  properties of
the binders and the mechanical characteristics of the fillers. The form of
relationships (15a) - (15d) coincides with the equations of Hooke's law for
an orthotropic body, which may be explained by the structural symmetry of the
material with respect to the coordinate axes. Formulas (16a) -(lég) must be
simplified in order to compile equations for the theory of shells made of
glass-fiber reinforced plastics. Experimental investigations on a homogeneous
polymer have shown that the Poisson coefficient 0.385 < v < 0.42 -- i.e., it

‘may be assumed that the operators Xgl, X§1 change very little with time for

reinforced plastics. The portion of loading which may be received by the

resin on the surface X, = const. is very small. With sufficient approximation,

we may therefore assume that the modulus operators X;k, with the exception of

1X;2 and X§3, do not change with time. The instantaneous (elastic) valyes of the

}
moduli were compared with experimental data. The greatest deviation was

observed for Xil, which may be explained by the influence of uneven tension of

the glass filaments; the remaining moduli values satisfactorily agree with the
experimental results.

Shells made of non-tissue, glass-fiber reinforced plastics were prepared
by the method of consecutive super-position of layers reinforced in the
~direction chosen. Materials with glass-filaments which were oriented
perpendicular to each other received the greatest propagation (Figure 4). For
the case of moderate intersection stresses, thin shells were investigated on
the basis of the theory of laminar shells (Ref. 2), in which the Kirchhoff-
Love hypothesis is applied for the entire packet as a whole. If a uniform
stress state is given in the shell, a local stress state with a large vari-
ability coefficient arises around the hole (Ref. 7, 8). 1In order to study
the stress concentration around a hole, let us introduce a local coordinate
‘system a, B, which may be regarded as a plane system for a sufficiently small
hole. The basic system of differential equations for studying the stress /71
concentration around holes in shells has the following form (Ref. 2)

L (D — Difyw—Ls(di) ¢ + Vag = 4;

L, (A e + Ly(dj) v — Vaw =0,
where W and ¢ are the functions of bending and stress. The mechanical
characteristics (16a) - (1l6g) are employed to determine the operators. It

may be seen, in the general case the system of equations (17) for a plate
(in the case Ve T 0) does mnot decompose into two independent equations. For

material which is composed of layers symmetrical to the middle surface, the
"main system of equations assumes the form

17)
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Figure 4

L,(Dj)w+ Vap =q; |
. ‘
L,(Ai) ¢ — Vaw = 0.
For rather small holes, when we may disregard the influence of the
middle surface curvature, the stress concentration around the hole may be

determined from the solution of the following equation, in the case of uniform
‘membrane stresses in the plate

2 B3 (k) + T (AR — T (AL — 5 - 5 (M) —
-%%J(A:.)}(p + 5 plagd i + B G — 1 @A —

— -%J(A&)—%%J(A:o)}? =0,

(18)

where the following notation is employed (Ref. 2)

. Cula 1 o ,1 B @
T =535 5 mtm B 2
C_Ti{g__g_._a'_+|_aA . yiam_Cnfa 1 a
gAloa " A "% TH T} (v”)"ﬁﬁ'“ﬁ';ﬁ"'j
_l_l.aA_a]_C_T-[g_l'a- 1 8 a]).
T 98 &) 9Bl B 33'*‘4'-'73;'&'
J(Ady) = — = la'_L.a_A."_._L.?ﬂ.a
CYAB\GadB A 03 d9a B 8 d3)°
By way of an example, let us study the stress concentration around a /72

circular hole in a plate which is reinforced in one direction in the case of
- uniaxial tension. For the given case, equation (19) in Cartesian coordinates
a, B assumes the following form

| Xa 33+ (X3 + 2Xo) gk + Xugg = 0. (20)
54
. 'If we set

Xu=VE; Xu=VE; Xi=1/G% Xu/X,=—>,



Figure 5

then the form of (20) coincides with the resolvent in the theory of orthotropic

plates (Ref. 3, 6), and the integral operators play the role of the coefficients.

"A solution of this problem in the elastic region was obtained in (Ref. 3, 6)

based on the theory of the function of the complex variable zy = o + SlB and

.z2 =0 + SZB’ where

e S8 =—VEJE;; $i+ 8= iV2(VEI/Es—“1) + E\/G..

In order to study the stress concentration around a hole in a viscous
elastic body, the mechanical characteristics must be replaced by the integral
operators in the final formulas obtained for the elastic problem. The
solution of the integral equations compiled makes it possible to determine the
change in stress with time.

The normal stresses <0vj>acting upon radial regions are as follows at

the hole profile;

- (0,) = Xp {l/ X,.X:,cds'o + . |

|

+ (xu +V 2Xu (X5, + Xo) + Xl'xu) Sin'ﬁ} v (o), | 21

where we set

Xo = Xy sind® + (XT + 2X.1)sin?8 cos?d + X33 cost 8.

_ If the uniform stress state does not change with time, then ~- by
. employing the known approximations for the function 31_A(—p, t) (Ref. 5) --

we may. determine the stress redistribution in time directly from (21).

On the basis of experiments, we found Ea = 0.981-7-103 bar; v, = 0.2,
A = 0.55 vy ¥ 0.45 ky = 0,057 b = 0.177 17 E, = 0.981-3-10% bar.

0
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fFigure 5 presents the results derived from a numerical calculation of the
- stress {0y » along the hole profile (in the case £ = 0.74). Curve I is given

.for isotropic material, II -- for glass-fiber reinforced plastic in the elastic
region, and ITI for glass-fiber reinforced plastic 500 hours at the loading
o, = const. The real stress in the material may be represented in the follow-

ing form
oy = ke (o) = koky (o). *

For glass-fiber reinforced plastics, kc depends slightly on time, and ko

changes significantly with time, as may be seen from Figure 5.

An investigafzbh has shown that at point A (see Figure 5) the stress
O 1is primarily absorbed by the glass filaments. In this region, kC ~ 1 for

the filament, at the point B at the resin-glass boundary the largest value
kc =.1.47 occurs.

Thus, the stress concentration around a hole in synthetic materials such
as glass-fiber reinforced plastics may be determined by the curvature of the
hole profile and by the surface curvature (for shells), by the material
anistropy, by the viscoelastic properties of the glass-~fiber reinforced
plastics, and by the structural coefficient of the stress concentration kc

characterizing the stress distribution in the material between the filler and
the binder.
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” ELASTOPLASTIC STATE NEAR A REINFORCED HOLE IN A SPHERICAL SHELL (ﬁ /

£ £ o
V. V. Vasil' ye%A\I .S. Chernyshenko )( LV AR

Kiev) 67 ;7'1%508‘;

Let us investigate the stress state and state of deformatiotll in the
zone of stress concentration around a circular hole in a spherical shell
subjected to internal pressure.(Figure 1). The spherical shell is changed in-
to a circular, toroidal shell close to the hole, and is reinforced by a

narrow elastic ring. Only vertical stresses are transmitted from the 1id
covering the hole to the ring.

The solution of the problem beyond the elasticity limit is based on the
theory of small elastoplastic deformations, the method of elastic solutions
“(Ref. 3), and the method of finite differences.

) The axisymmetric, elastoplastic state of the shell of revolution may be
described by the following differential equations (Ref. 1):

Myt + myu’ + myu" + nw + nuw + nw’ —w’"+
4 ADX 4 Q, = 0; ‘
m-'ou + myu’ + myu” 4 MaoW + Ng\W' + Ny -+ ngsw” — wtv +
+-AﬂD‘UZ+-Q.==0

For a constant meridian curvature and incompressibility of the shell

material, the coefficients of the equations may be determined by the following
-formulas

myo = 671 (B" —2B%) + 0,5 (k) —B'Rl); m, = l2n'F'+05k,. !
Mg = 121% g = 12988’ (1 —k,) + 0,5B' (R} — 1) — F,B; .
A =1202(1 + 0,5k,) — 05(B" +&,) + B' —1; nyy = —B;
mao'="—642B’ (1 + %k,) — 0,5 (B"k; —&)'):

M = —61 2 4 ) + K muy = 055 £
Moo = —12%2(1 + &, + &3) + 0,5B" (B} — 1) — &’ "‘kzk:.
ny =B (2B"—B" — 1) — 9%,};; N =B"—05@B" +& +92):
Ny = —2B’, . l‘

where

A -, B = B* .o
71:-’1—,3=-B;',B=—B- k=Akg, k’—Ak, k “Ak

The following notation is also employed in these equations: u, w, X, Z --
components of displacement and loading intensity, respecitvely, in the

direction which is tangent and normal to the shell meridian; D -- cylindrical
rigidity; A, B —- coefficients of the first quadratic form; k, -- principal
curvature in the peripheral direction; h -- shell thickness.
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P v

, B = Rc sin ¢,

]
=

For the spherical shell, we have (see Figure 1): A

C
k, = R(—:l, and for the toroidal shell we have A = R,

B=(t +sing) Ry, ky=Blsing, t=aR;".,

The expressions for the non-linear portion of the equations have the
follow1ng form

Q, = AD™'[B' (AT, — AT,) 4 AT} + AQy);
= AD7! [— (AT, + ’-ezATz) + -B'AQI +4Q, )

AT, = —12DnA™* [nJ, (e, + 0,5e,) + AJ, (2, + 0,5%,)];

ATy = —12DmA™* [nJ, (¢ + 0,5¢,) + AJ, (x4 + 0,5x,)];

8Gy = 12DA™2 1], (&, + 0,5¢) + Al (x, + 0,5ny)];

AG, = 12DA™ 15 (3 + 0,54,) + A, (xg + 0,5x));

AQ, = A} B’ (AG, — AG,) — AGi }; o

0.5 0.5 0.5

L= [ ot L= | otdg = | oot t=%.

—0,5 ~0.5 ~0.5

Here
El’ 52, Xl’ x2 represent

the deformation of the middle surface
! (Ref. 2); w —- plasticity function of
S I1'yushin (Ref. 3); £ -- relative
coordinate with respect to shell
thickness.

« Two compatibility equations of
the ring and shell displacements and
the equation of the ring equilibrium
are the boundary conditions for the
reinforced edge of the torus. The
compatibility conditions for dis-

, _ placement and equality of the internal

j : - stresses in the associated cross-

Figure 1 section of the sphere and the torus
) yield six equations. A membrane
state is assumed in the spherical

- shell far from the perturbation zome. The meridian and circular stresses may

be calculated according to the following formulas

0 = ——'——'45 (=2 (&1 + 0,5¢,);

6 8 = 45(1 2 (e2 + 0,5¢,),

A

© | where ~

ot e =€ + %2, e = ¢ -} %2,



The elastoplastic state of the system was studied in the case RC: h =“400,
,RT: h = 13(3), R R = 0.03(3), p: R_= 6.5, £ = 7.5, ¢ = 0.244360, Fy: 0?
= 0.0133136, JK p4 = 0.169593'10'4, where FK’ JK represent the area of the
ring cross section and the principal moment of inertia with respect to the
hor1zonta1, central axis. The materlal of the shell ring is steel Sp 3
(o * 200 Mn/m » € = 0.001, G = 240 Mn/m » Eqp = 0.006). The curve given in

the figure has a smooth tran51t10n in the deformation range 0.001 - 0.006.

The finite difference equations of equilibrium, of boundary.conditions,
and the associated conditions were compiled for the step of the independent
variable As = 0.436332°102 rad for the sphere, and AT = 0.0736905 rad for

~the torus. The step magnitude was selected by comparing the solutions for
"different steps obtained for a spherical shell with a reinforced hole. The
step for the torus was taken so that the lengths of the arcs of the sphere
~and the torus, corresponding to the assumed steps, were approximately the

same.
‘ , The membrane boundary conditions
é%f%nhnz ; for the spherical portion of the
' pbﬂthZ system were assumed at a distance of
’/444 T ! ;j‘uﬂt' 21Rc>\c from the associated cross-
/L‘r’ T I~k 'QJ section with the torus.
s e 200 ,V ] N !
] J \i The numerical solution of the
problem was obtained on a high-speed
N electronic 2M computer. The program
150 A\ compiled included the calculation
L %d\e of the coefficients of a system of
\\&t! finite difference equations, the
L NN right hand parts, the nonlinear part
100 N of the equations, and also it in-
"Q‘\‘ cluded subroutines for individual
N parts of the calculation when the
problem was solved by successive
50 a/Mnﬁnz approximations. A standard program was
=tk ] developed in the Institute of Mech-
X T3 anics of the USSR Academy of Sciences
0 N by M. I. Dlugach and A. S. Stepanenko
for solving an asymmetrical system of

linear algebraic equations having a
Figure 2 band structure.

The numerical results of the soludion are presented in the form of curves |
j-show1ng the change in the stress intensity o for an internal pressure of

7
-

,0.1tol Mn/m2 (Figure 2). The arc of ‘the system meridian, beginning with
. the ring, is plotted on the abcissa axis. One division within the torus
(lSRTXT) corresponds to an arc equalling 2RTAT, and within the sphere 2R A

*Translator's note: This probably designates ''reinforced".
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‘The solid line shows the change in o, om the inner surface of the systém, and
.the dashed 1ine shows the change on the middle surface. The curve o, on the
‘outer surface almost coincides with the curve on the inner surface, and
therefore is not shown in Figure 2.

It may be seen from the graph that o; on the middle surface of the torus

.in the region adjoining the ring is considerably lower than on the outer
~surfaces of the shell. Thus, for a pressure which produces membrane stresses
‘close to og in the sphere, o4 is less than O

The table presents the ratio of the smallest stress intensity to the
.membrane stress for the toroidal(k;) and spherical (ks) parts of the system

.and the largest deformation intensity existing in the system for certain
pressures.

(1 ‘ »-Mn/mZ
o1 | o4 | o5| o6 | 07 | o8 | 09| 1.0 1.1

k, (466 | 282|233 19| 1,71 15| 1,33 | 1.20] 1,09
k. 1,82 | 1,70 | 1,68 | 1,67} 149 139 | 1,28] 117} 108 | |
e, - 10* 1 0047| 021 | 031 | 041 ] 056 | 0,681 089 | 1,11 | 1341 |

(1) - Characteristics

The greatest stresses arise in the associated cross section of the torus
and the ring. The stress concentration in a spherical shell is somewhat
smaller. The distance between the concentration coefficients for the torus

and the sphere decreases with an increase in pressure, and their magnitudes
sharply decrease.
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J SLIP BANDS IN THIN PLATES WITH RECTILINEAR CUTS UNDER TENSION :.- /78
oo, -
é’P. M. Vitvitskiy 4 /- -
(L'vov)

N67-24509

Plate with two equal slits. Let a thin, infinite plate with two equal
rectilinear cuts (narrow slits) along the segments (-b, -a) and (a, b) of the
" :abscissa axis be pulled at infinity by the stresses 0; = p (Figure 1). We shall

assume that the plate material is isotropic, elastic-ideally plastic with a
flow limit under simple tension op. The condition of constant, maximum,

‘ shearing stresses

. 1 :

Tmax = ‘2‘57 1)
'is assumed as the plasticity condition.

. As is known, due to the fact that there no limitations on the stresses,
-at the ends of the cuts the elasticity conditions cannot be satisfied for any
small loading (except for p > 0). Therefore, plastic deformations occur here.

Experiments have shown (Ref. 2, 5) that plastic deformations during the
first stages of their development are localized in narrow slip bands occupying
an insignificant area as compared with the elastic portion of the body, when
there is a sufficiently nonhomogeneous stress field. This development of
plastic deformations is particularly characteristic for materials having
a well defined flow region.

In the case under consideration, we shall study the development of the
first slip bands formed in the vicinity of the cut ends.

We shall employ the following method (Ref. 1, 6) in order to study the
development of slip bands analytically. In view of the small width of these
bands, we shall assume that the plastic deformation is concentrated along
certain lines. We must thus assume a displacement discontinuity on these 179
lines. The assumed displacement discontinuities must not contradict the
plastic flow mechanism which is kinematically possible and need not imply the
presence of cracks (cavities) in the body, if the cracks are formed as a
result of plastic deformation -- i.e., if the material remains compact. In
thin plates, discontinuities which are both tangential and normal to the dis-
continuity lines can satisfy these requirements. In the case of a normal
discontinuity, the disturbance of the compact nature of the material may be
due exclusively to local modification or thickening of the plate.

o Thus, the local nature of the development of slip bands means that the
: problem of the elastic-plastic equilibrium of the plate may be reduced to the

" | problem of the equilibrium of an elastic plate whose displacements undergo

 a discontinuity along specific lines. The stresses acting along these lines
must satisfy the plasticity condition. The form and length of the discontinuity
lines (slip lines) are not known ahead of time, and must be determined as the
problem is being solved. 1In several special cases, the form of these lines can
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Figure 1

. be predicted. The solution of the problem is then significantly facilitated.

In our case, the first slip bands are propagated along the extension
lines of the slits (along the line y = 0, |x| < a, |x| > b), where, as is
known from the elastic solution of the problem, the stresses are maximum, and

. we have

9 (x,0) >0, (x,0)>o0,(x,y) =0; 1, (x. 0)=0. | (2)

In view of thése relationships, the plasticity condition (1) on the
abscissa axis assumes the following form

0,(x, 0) = oy, (3)

The slip regions coincide with the Ox-axis, and are inclined at the angle
+ 45° to the plate plane. As a result of the shifts, local modification of
the plate arises in certain segments of the abscissa axis c < |x| < a and
b §=TX| £ d, which are occupied by the first slip bands.

According to the statements given above, we may reduce the problem of
the development of these bands to the problem of the elasticity theory with
discontinuous displacements v(x, 0) on the segments c < |x| <aand b ;:|x|
< d, in which condition (3) is satisfied. Let us deal with this problem,
continuing the slits in these segments and applying the stresses Gy(X, + 0)

A

= 0oqto the edges of this continuation -- i.e., investigating the extension

of the elastic plate with cuts along the segments ¢ ;=|x| < d under the
- following boundary conditions:

g
Ty = (!, £0)=0for t onL,q, (¢, £0) = p(t) = {2}8}; £on ﬁn %)

where

L=(—d—0+(d), L'=(b—a)+@b), L'=L—L.
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The ends of the slip bands -- i.e., the points |x| =c and |x| =d --
must be determined so that the condition of the boundedness and the continuity

of stresses is fulfilled.

In the book by N. I. Muskhelishvili (Ref. 4), the general solution of the
first main problem for a plane with rectilinear cuts is given by two complex
functlonSQ( y and Q( )yhlch have the following form in our case

?(2) = d’o(z)-l-;’ﬁ'; P Q(Z)=Qo(z)+-;’-(%)+l4-p‘

5
z=x+4+ iy), )
where
1 (X*op x 5 6
Py@)=c? +az e 6= -§-p. X (z) ViE= c’) (2 — ). ! N

The quantity X(z) is used to de51gnate the branch which is holomorphic

in the plane with the cuts, so that X(z) »> z2 in the case Iz| > o,

The coefficients ¢y and ¢, may be determined from the equation

25,‘;“"’)d1+51¢0 O—0 =0 k=12, (8)

where Ll = (-d, -c), L2 = (c, d), and the indices + and -~ designate the bound-

ary values of the quantities when approaching L, from the left and the right,

k
respectively.

Calculating the integrals in formulas (6) and (8), we obtain

D, (2) = 2(2) = — (Y@= @ —a)—

C
2n V(zz —c?) (2t —
— V=@ - Lt == (— x -+ arcsin =2+ L+

2 - 9
. =20t 2
— arcsin —d—,+:?,—+—)-—-

VT (= In VL E=A (@ —a) + V@) @=)) VI,
2V (Z*—c%) (d z)ln[V(zz—cz) TV o] VzT——a'}'
1
¢;=0;
o a=p|V@E—H@E—A- V@A E—) +

+ d!—-;-c—.(— = 4 arcsin :—2";—,%1‘-: — arcsin ﬂ#)] —

(10)
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— 2 {dE @ [co + 3 (— =+ arcsin _z_tw

— arcsin _2[,_—'-%)] %V(dl — bt) (b! I C’) X

_ (10)
[ B T —
XT@d= b=)n( b" )—_TV(‘”-“’)(“""")X
d(d’ a’)n( a" )}'
where F, E, 11 designate the complete elllptlc integrals of the first, second,

and third types, respectively; k = -SL—i%ii-

The stress field may be determined from the following formula (Ref. 4)

o+ 0, =2[D(2) +mlo _ | (11)
c,--o,-l-2i-:,,,=2f97z)—(b(z)—(z—5)®' () z=x—iy)

Based on formulas (5), (7), (9), (11), we may readily show that we must

set the following in order to insure the boundedness and continuity of the
stress at the points z = + c and z = + d:

o[ 20t d* 4 ¢t L Ny, R |
2—“(-—-:c+arcsm——c,-- arcsm—d,+_c,—+)+c°=0;:

=+ 54

12)
. EVE—a@—a) -V =@

C°+C’=0-f
Substituting the values c, = L

0 E‘p and ¢y from formula. (10), after several
transformations we obtain

/82

(d*—c?y cos’;——":r=a’+b’—2c’—2l/(a’——c’) (®* —c¥sin2 2° H
VE—a@—ar e+ 755 (- 8=5.4)]- (13)
=V@E=mT=aF®+z0m 1 (~5=2.8)].

The length of the slip bands is determined by these equations

The functions (5) have the following form when equation (13) is satisfied

D(2)=(2)— p=

In V=) (d*=a®) + V(d’—Z’) (a* —¢?)] Vb’—z’__l : (14)
WVE=ad@=t9+ Vied—a) (=) Vai—a@ 4~

_"
ni

Let us investigate the case when the inner slip bands are combined --
>ii.e., ¢ = 0. We obtain the following directly from the first equation (13)

: (15)
d=secs>V/ ad 40— 2absin 3.

T
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The second equation in (13) may be transformed to the following forml
after expanmsion of the indeterminate form in the case k = 1:

b 3

b d b d_lil/ng'_E d & al | (16)
77’"“‘(?“‘“?)'?[(“ s+ (515 ')]

Eliminating § from equations (15) and (16), we obtain the relationship

for determining the loading p = Py» at which the inner slip bands are com-

bined:
isec’%] +1-—-‘—sm’2i”-°=
s e an
=d{ mmG& Q/w+l 2—smfﬂ] :

b -a

p
A graph showing the dependence of 39. on is shown in Figure 2.

T

In the case p ;=p0 (for each given E-) the length of the outer slip bands
may be determined by formula (15). It may be shown that equation (16) must thus/83

b d b d? )
be replaced by the inequality 3 « b igch 7 arch Y which expresses the con-

d1t10n v(0, + 0) > 0. This inequality is satisfied identically in the case
2 Py -

After the slip bands are combined, the functions (14) have the form

D (A — 1 [sz’-—b’-}-an’—z’)V—_'z" 1
©@ =2 () —yp=— G ini e — TP, (18)
4[5
T \\
\
\
\\
\\
/1 S

g . 2 4 6 ﬂ%q

Figure 2

L We should note that when 2- is a whole number, the right hand side of (16)

is a Chebyshev polynomial of the first kind.
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The solution which is obtained pertains to the first stage of elastic-
plastic equilibrium of the plate, when the slip bands are propagated only
along the abscissa axis. However, for a certain loading, new slip bands arise
at the ends of the slits; these slip bands are inclined at an angle to the

first ones (they are shown by the gzgheq line in Figure 1). This is the second
stage of elastic-plastic eqiulibrium of the plate. Thenew slip bands are pro-

; . = 0. _ + 24 .
duced when the maximum shearing stresses Thax 0 5|0y Oy 21Txy|, which

are in operation in the regions perpendicular to the plate plame, reach the
flow limit in the vicinity of the slit ends. These stresses may be found from
the second formula in (11) substituting the function (14) in it, assuming

z =+ (a + rel® )orz=+ (b + rei® ), and determining the maximum stress as
a function of 9 in the case r » 0. As a result, we obtain

» [} q’ P
‘m=%(-,%+]/ p+—) (19)

271
On the basis of the formula ctg 2a =3"§XE_ as well as formulas (11) and
y X
(14), we may show that these stresses influence the regions whose angle of
inclination o to the abscissa axis fulfill the following relationship
: 20)
tg2a=—x2 (2 2) (
gea ﬂ°t 4<a<2'.
Based on the condition of plasticity (1), we find from equation (19) that
new slip bands are produced at the loading

o=}/ 1—Z =060, (21)

It follows from formulas (20) and (21) that the initial angle of inclination
of the new slip bands is

1 ————
@ = [z — arctg V= (x — 2)] = 59°, (22)
Plate with one slit. Assuming that a = 0 in formulas (15) and (18), we

may solve the problem of the slip bands when a plate with one slit having the
length 2b is under temsion. In this case, we have

®p .,
| ' d=bsec§-;. ) (23)
' 1 ., bVe "RV - |
Q=R =P — i ya—at.yaee TP (24)

The loading at which new slip bands appear at the slit ends, and the
angle of inclination of these bands, are determined by the formulas (21) and

(22).

This solution coincides with the solution given in (Ref. 1, 6). We
should note that the development of slip bands when thin plates made of a
soft steel with one slit are under tension has been studied experimentally
(Ref. 3, 6). Experiments have substantiated the development of plastic de-
formations arising from the analytical solution. The slip bands first
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appear on the extension lines of the slit, and new bands directed at an
angle to the first omes are produced at a specific loading.

P | Plate with two semiinfinite cuts.
] Let us investigate the development of
slip bands in a plate with two semi-
Yy infinite cuts on the abscissa axis
o subjected to tension at infinity along
L g _-¢ ovc @ o the Oy-axis by stresses whose principal

vector equals P (Figure 3).

The solution of this problem may /85

be obtained from formulas (5), (7), (9)

] ‘ ‘ and (10), assuming that b = d >~ » and
' also assuming that the stresses vanish
Figure 3 at infinity (p > 0), so that the

product pd remains bounded. As a
result, we obtain

@) =20)= _'0—7‘(2 Vaz—c1+ in | = - Va!_.ca)

W\ Va—e Vi—ctVo—a (25)
iyva—¢' , :
where A is a certain constant. This constant may be determined according to
the well known (Ref. 4) equation lim z ¢ (z) = - iP , from which we obtain
P Z->® 27

A=

We obtain the relationship for determining the length of these bands

c=a]/,__(2a_'l>:“)-_' (26)

from the condition of boundedness and continuity of the stress at the end of the
slip bands (at the points z = + c¢). When this equation is satisfied, the
functions (25) assume the form

= = VE—a—Ya_—a 27
®(2) 2(2) 2,“'1" Vi—o4+ Va—2o . (27)
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- PHOTOELASTIC INVESTIGATION OF STRESS CONCENTRATIONS NEAR A CIRCULAR /86
HOLE IN A HYPERBOLIC SHELL (-

/ﬁi; D. Fenchak ( fa
+ Y 0
~ :
N67-24510
The purpose of this article is to determine the nature of the stress state
in a shell which is a one-sheeted hyperboloid of revolution having constant

thickness. This shell is weakened by a small circular hole on the neck under
axial compression.

ég Yu. I. Vologzhaninov, V. I. Savchenko,
(Kiev)

The study employs the photoelasticity method with the use of "freezing"
of deformation and subsequent sawing of the hyperboloid model into sections
(Ref. 1, 3). The hyperboloid is made of an optically active ED6-M material.

The geometry of the hyperboloid was determined by defining the outer
surface

AL yp—=RL

The outer diameter of the neck is D1 = 110 mm; the radius of the middle
hyperboloid surface on the neck is R0 = 52.5 mm; the hyperboloid thickness is
h = const = 5 mm; the hole radius is r

boloid is H = 116 mm.

0~ 4 mm; and the height of the hyper-

The hyperboloid model was compressed with a force of 324 n in a lever

device between two steel plates. The freezing temperature and the oontical .
constant of the material at the freezing temperature were determined on a disk

whose diameter was compressed and on a band which was extended:
T=116°C; C=177-107 cn?/n.

Figure 1 shows two sets of the sections being studied I, II which are
perpendicular to each other. The normal translucence of both sets of sections
and the measurements of the corresponding polarization angles ¢, as well as
the difference in the behavior of §, were determined on a KCP-5 polarization 187
device by means of a Krasnov compensator.

Principal stress state, The pictures of the bands during continuous radio-
scopy of a "frozen'" hyperboloid near the hole and far from it indicate that
the disturbance of the stress state is localized. An investigation of both
" sets of sections located far from the hole has substantiated this. Therefore,
in view of the axial symmetry of the principal stress state normal radioscopy of
sections I of the set in the direction of the 6 axis has provided the differ-
ence in, and direction of, the main stresses in the %r plane. Normal radio-
scopy of sections II of the set in the direction of the % axis has given the
difference in, and direction of, the principal stresses in the g plane.

Radioscopy of sections in the first set was performed at points of the
lines which were normal to the middle surface of the hyperboloid (Figure 1).
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There were twenty one lines in
each section, and six points, includ-
ing the contour points, were measured
in each line. The parameters of the
isoclines along the section lines
were constant everywhere, except the
lines directly adjacent to the contour
(first line and second line), and
corresponded to the section geometry.
Thus, the parameter of the large princi-
pal stress equalled ay (see Figure 1).

11-8 sunuf
(o]

<
»

N
3
TN

Consequently, oL and o, were the principal

stresses along sections I of the set.
The stress Or was determined on the

neck by numerical integration of the
second equilibrium equation in
cylindrical coordinates (Ref. 2). The
maximum value of o, did not exceed 3%

Figure 1

of 02. When the stresses Or were dis-

(a) - 18t 1ine; (b) ~ 218t 1line; regarded, it was possible to obtain the
(¢) - 11th 1ine. principal stresses o, and 0 directly

by normal radioscopy of sections I and
s i e I1 of the sets.

The stresses Tz, computed on the basis of the stress 9, which is thus 89

obtained, satisfy the static condition with an error of 3-5%.

The values of Ogs Og> @S well as

z 6
.‘;fJ? N the stresses T, and T, computed on the
. N
a6 n/cm "15 B ‘ basis of these wvalues, characterize the
""'n\ principal stress state and are given in
-47 n/cm

the table. The corresponding diagrams
are shown in Figures 2 and 3.

Stress state around the hole.
Two holes at the ends of one diameter
are drilled in the neck (z = 0) in
the hyperboloid model. The distribu-
tion of forces and stresses around
the hole may be obtained by interpret-
ing the picture of the bands (Figure
~4) obtained by continuous radioscopy of a portion of the frozen model with a
hole, and obtained during normal radioscopy of the sections I and II of the
set cut out around the hole.

Figure 3

A picture of the bands around the hole shows that the disturbance of the /90
stress field, caused by the hole, is localalized. Figure 5 shows a cross
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(1) Section line number; (2) distance; (3) stress.
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Figure 4

section of the model in the sections I and II with the hole.

Radioscopy of section I enables us to obtain the stress distribution 9y

over the shell thickness along the lines which are located at distances of

zi = uih (h —- shell thickness) from the hole profile. This is shown in
Figure 6. Similarily, by employing section II, we may obtain the distribution
of 0g Over the hyperboloid thickness along the lines which are located at

distances of s; = vih from the hole profile over the arc of the middle line

of the neck. This distribution is shown in Figure 7.

By knowing o, over the section

L

| I and 0g Over the section II, we may

compute T, over the section I and T

L 0
over the section II. If we determine

the bands of TQ - Te in both sections

on the basis of the figure, we may
find Tz and Te. The distribution of

these forces over the sections I and II
close to the hole is shown in Figure

8. It may be seen from the graph that
even at a distance equalling the hole

Figure 5
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(a) - 18t 1line
diameter the forces Tz - Te along both lines of the main hyperboloid curvature

coincide with the principal stress state, within an accuracy of the experiment.

The distribution of the forces along the hole profile is shown in Figure
9. The solid line represents the experimental points obtained from the pic-
ture of bands around the hole.

T . 91
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7 2 y -0 : Figure 8
A '
Figure 7 The distribution of forces over the /92
hyperboloid hole profile may be com-~
(a) - 18t 1line pared with the distribution of forces

over the hole profile in a plate which
is compressed at infinity by the forces T2 and Te corresponding to the principal

stress state (Ref. 4). The calculated curve is shown in Figure 9 by the

84



dashed line. The ratios of thermaxi—
mum force on the hyperboloid hole pro-
g H e s
flle,Tmax and Te, of the principal stress
state and the maximum force on the
hole profile of the platg ngx and T

e L
Tgax Tgix
equal: = 2,88, ——— = 2.45. How-
Te Te

ever, these numerical results must be
further refined, since the experiment
was performed on only one model.

Figure 9

The following conclusions may be
-drawn from this experimental investigation of the stress state of a shell
having negative Gaussian curvature:

1. The disturbance of the principal stress state of a shell, which is
caused by a hole in the shell, is local.

2. The stresses % and og4 over the shell thickness change according to

a linear law both close to, and far from, the hole.

3. 1If we know the principal stress state, we may obtain anapproximate value
.for the force concentration. This may be done by comparing the stress state
around the hole on the hyperboloid neck with the stress state of a plate

loaded at infinity by forces equalling the force of the principal stress state
‘of the shell,

The authors would like to thank academicisn G. N. Savin of the USSR

Academy of Sciences for formulating the problem and for valuable discussion of
the results.
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HJDETERMINATION OF STRESS CONCENTRATION ON THE BASIS OF APPLIED THEORY ' ‘ /
(Annotation of the Report) ‘E

93
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(Rostov na Donu)

This report investigates the possibility of employing the equations of
applied theory for plate bending, based on the hypothesis of Kirchhoff, for
calculating stress concentration. A plate limited by a cylindrical surface
Fl and having a hole which is limited by a cylincrical surface F2 ig investi-.
gated. It is assumed that the hole diameter and the distance between Pl and
F2 are large as compared with the plate thickness., It is assumed that the
surface Fz and theiplane edges of the plate are free from stress, and that the

_surface Pl is loaded with a certain system of stresses.

The authors base their discussion on relationships given in the work by

A. I. Lur'ye1 which express the stress-deformation state in a solid plate by
means of a system of functions satisfying certain differential equations.

These relationships include the solution of the same problem according to the
Kirchhoff theory as one of their components. The boundary conditions for

these functions are determined, based on the Lagrange principle. Representing
these functions on the plate contour in series in powers of the plate thickness,
the authors obtain recurrent infinite systems of equations, from which all the
coefficients of these series are obtained consecutively. At each stage in
which the approximations are compiled, we must thus solve the biharmonic
problem, which arises in applied theory. We must also solve a certain in-
finite system of linear algebraic equations -- i.e., we must transform a
"certain infinite matrix which is the same for all approximations. The elements
of this matrix depend neither on the external loading, nor on the boundary con-
" tour of the plate.

In order to free PZ from stresses belonging to Pl, by employing a /94

similar method we may determine the stress state which disappears when one

recedes from F2 and which assumes values for F2 which equal in magnitude, and

which have the opposite sign of, the stresses along I'y. The total stress state

ﬁgives the solution of this problem.

An investigation of the formulas obtained for stresses on the surface F2

~indicated that the error in determining the stress o, on P2 according to the

applied theory is, with respect to the plate thickness, at least one order of
- magnitude higher than the stress itself. This conclusion is important,
. because very frequently the stress concentration coefficient at the hole is
: determined by the quantity Oge The situation is different with the stress
‘ Tsz' In the exact solution, it has the first order with respect to the plate
- thickness, and in applied theory it has the second order. Thus, the applied

1
: A. I. Lur'ye. Prikladnaya Matematika i Mekhanika, Vol. VI, No. 2-3, 1942.
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‘theory distorts the order of the quantity under consideration. Therefore, if
the stress concentration coefficient at F2 is not determined on the basis of

Og» but is rather determined on the basis of any complex characteristic of the
_stress state containing Tos (for example, in terms of the Maxwell normal stress),

‘then in this case the use of the applied theory may entail error of the same
order with respect to the plate thickness as the quantity characterizing the
stress concentration.
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(Zaporozh'ye)

Complication of the form of the region of the boundary value problem which
is solved approximately leads to an increase in the number of unknowns of the
approximating system of linear algebraic equations. The efficiency can be
retained by compiling the algorithm of increased convergence. A further in-
vestigation of the problem reveals that it is possible to reduce them first to
integral equations of the appropriate form. The possibility of simplifying
the corresponding differential equations is also employed.

The well known system of equations

o —Eaw=o; )
AAW 4 120 =3 ‘b!h;;" AD =2, | 2)

which describes elastic equilibrium of a shallow spherical shell entails the
introduction of the following notation, which was given in [Ref. 1, page 399]:
_ . _Eh !
W = AAF; C_I)——R-AF
only under the condition j
80 +2w=0ing |

i (3)
Here W and ¢ are the bending and stress functioms; R and h -- radius of
curvature of the middle surface and shell thickness;zE andzc —- elasticity
modulus and Poisson coefficient, respectively; A = §—§-+ E_E -- two-~dimensional
90X X
Laplace operator. 1 2

Let the shell under consideration in the plane of the curvilinear coordin- /96
ates X5 x, of its middle surface fill the region Q2 (possibly a multiply

connected region), which is bounded by the profile S.

We shall employ the symbols %;—and %; to designate differentiation in the
tangent and normal directions, respectively, to S, and shall employ UT to

designate the displacement of the shell points along the profile. We shall
employ the term flexible clamping to designate the fulfillment of the conditions

Wls=U‘|s=g;?'=0;; (4)
ow '
7a:|,=°v . (5)

which allow its points in the middle surface to be displaced only normal to
the profile.
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It follows from condition (4) that A@IS = (0. Cancellation at the
boundary S of the function Ad +-—3{-
3).

W which is harmonic in Q is expressed by
Thus, under condition (4) system (1), (2) is actually reduced to a
triangular form with a decrease in the order of magnitude simultaneously

AAW 4 MW = Z; f (6)
Ehgy o fra 1200 —a9)
AQ-{-?—W—O /()\‘—_RJI. ). (7
The potential representation
aW(a)

j Gle, Yp@®dS @)

reduces the problem of the shell flexible clamping (4), (5) to a system of
regular integral equations
!
b () =<p(x)—£0(x, DR S, )

which represent direct generalization to the case under consideration of the
well known Lauricella-Sherman equations [(Ref. 4), page 385]

Here we have

. oW
() v v0-(t):

\ps (x)/*

N .
G, b)) =L (E, a) w(x, §); 97
& _@ aa\.
-7y Bl P & v5;+‘ _93 T
oxy Oxx, drov

where w(x, &) represent the fundamental solution of equation (6)

polynomials

When the region © is bounded by ellipses, it is advantageous to approxi-
mate system (9) by replacing the elements of the kernal G(x&) by trigonometric

For example, let us set S Slk}SZ’ where the profiles S
determined by the equations

1 and 52 are

Xp=acost and 3x, = acost
Xy =asint and 4x; = asin¢
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(elliptical hole in a circular shell with a distance between the profiles
equal to the major axis). Let us assume symmetry of the loading Z with respect
to both coordinate axes.

In this case, the infinite system of linear algebraic equations, which is
formed from (9) by expansion of the kernel in trigonometric series, is a
quasiregular system (incidentally, this latter fact is due to the regular
nature of the system (9) and does not disappear when there is no system symme-—
try).

2, 4
12(1 ; g Ja_ _ 103, then 12 equations are sufficient for solving
R™h

system (9) within an accuracy of 1%. Due to the quasiregular nature of the
system, it is possible to use an iteration algorithm which reduces the system
to four equations.

If we set

In the case of the loading

we obtain »
a) — [—114,2888 cos { — 11,4670 cos 3¢ + 1,1551 cos 5ty ,
¢ “( 78.8615sin ¢ + 17,4682 sin 3¢t —0,0517 sin 5¢) *

@ —. (0,0102cos ¢ + 26,7016 cos 3¢ + 0,0058 cos St)
p = (2,9929 sin¢ — 31,8345 sin 3¢t — 1,8551 sin 5¢

(1 (2)

[where (u and u are the potential densities (8) on the profiles S1 and SZ’

respectively ].

This leads us to the conclusion that this method may be applied to obtain
an effective solution of several other complex problems (lack of symmetry,
a more significant convergence of the profiles, and increase in the amount
holes).

The problem of the hinge-supported shallow spherical shell along its
profile S is determined by conditions (4) and

v+ F)L =0 10

where p is the radius of curvature of the profile S.

In this case, the system of equations (1), (2) is simplified to the form
(6), (7). The potential representation

Wi = ({5 250 —sot ojmeas—

— (o yu@ds

S
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reduces the problem (6), (7), (4), (10) to a system of integral equations
_ c—1 w(x, 8 dAe (x, £)
b1 () = 2 {{,,(E, = s DL

_2§MUE)

p* ) deS+ o (x)

Sy

| oy Ok an
S ) = 5 (o 5+ e, E)]»I(E)des-

—2 { Aw (x,. E) s ()46S + oo (x)

S,

'

which are similar, in a certain sense, to the so-called canonical functional
equations of V. D. Kupradze (Ref. 3). As has been shown in (Ref. 2, 3),
equations (11) may be solved effectively by the method presented above.
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* Translator's Note: Available in English edition.
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The study (Ref. 1) has derived an approximate solution for the problem of
elastic equilibrium of a shallow spherical shell bounded by a rectangle and
by a curve whose parameters are defined -- for example, an ellipse. The con-
ditions of hinged clamping are satisfied in the rectilinear sections of the
profile, and these condtions are somewhat simplified in the curvilinear
section. These simplifications are removed here. The notation employed in
(Ref. 1) is retained, in addition to the notation which is introduced.

The system of differential equations characterizing elastic equilibrium of
the shell under consideration may be written as follows:

(1 — %) Au + 2490'u = — R ow; ﬁ (1)
_12(1 — oY) 12 . 14a,, ‘
where I L , : ’
140, — (&), . _ [x). ) 3
. 3~°',""(uz)' x"(xz)' N
v (0 o _a e =t sl
9 ’(axl' ax.)' b=zt \&

where X5 X, are the curvilinear coordinates of an arbitrary point x of the

shell middle surface; u; = ul(x), u, = uz(x), w = w(x) -- vector components of
the displacement; E and o -- Young modulus and elasticity coefficient of the
material; R and h -- radius of curvature and shell thickness, respectively;
F = F(x) -- external loading which is normal to the surface.
The conditions of hinged clamping of the profile S of the region @ 100
occupied by the shell have the form
u,ls = uz|s-= 0; (3)
| —ocdw
WIS= (Aw+ ) -671)|s=0. (4)

Here p = p(g) is the radius of curvature of profile S at its point & of
the plane xlez; the symbol 3 designates differentiation in the direction of
on
the outer normal n = n(f) = (nl, n2) to the profile S.

It is assumed in (Ref. 1) that the following boundary conditions are
satisfied

92



d,‘s=u,ls=0; l (5)
w|s=Aw,s=0. : (6)
9s W of the problem (1), (2), (5), (6) was found in

(Ref. 1) in the following order: first from the problem (2), (6), the normal
bending of the shell w is expressed by the tangential components of the dis-
placement vector us, U, and these are then determined from the problem (1),

The solution u;s U

(5). 1In view of the identical nature of the conditions for problems (2), (3)
and (2), (5), in order to solve the problem (1), (2), (3), (4) it is sufficient
to replace the solution of the preliminary problem (2), (6) given in (Ref. 1)
by the solution of the problem (2), (4).

Let us set . ( + 1) = ¢} (x)); sm-ﬁ- (x, + l) ?:, (*)s
| :a:
Go(x, ) = Y, = a1 ady ¥ (1) @) (xa) 9 (B1) @2, (&)
Lm 1

. lGa,a,F‘
() = ), et e o (5 %, 50,
ILm
so that F(x) = I F2m¢1(x )¢2 (x,);
¢.m L1 'm T2

860 (s 9 = 0, 9 = = gt s ¥ () e (0 IR

iL.m

4ay0,F; .
dwy (x) = — ‘2 m ? (x,‘) 54 (x).
o .m

The solution of the problem (2), (3), (4) may be represented in the follow-
ing form by means of the corresponding Green equation

w(x) = W, (x) + fc (o ¢ """"E’dgs- |

(7
_ j‘(aco(x 9 4 26 © AG, (x, 5)) Aw () diS.
Here we have /
= lGa:a:f_",m 1 2 . ‘ﬁ‘f
o B (TR | ®

= 2(—ct) 121 .
Fi=2029F R1te, Ou= ¥ Fing} (x) 82 (x).
iL.m

In the case x > £, the limiting transition leads to a system of integral
equations:
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0

o () = S‘{aoo (x;;)g, £ () + lP_(E)c AG, (x (1) ¢ (.:))} A (.t)“_:gdg —

Sy

—(Gox (0, E@ e dr; . | (9
S: :

0 ) ds i
Ao (x (t))—“”+S"’-————AG O MgEd— |

—XAGo(x(t). JOTYCLI | (10)
where we employ the followiné notation:
w@) =2 PZED 45—y,

whre x = x(t) or x, = xl(t), X, = xz(t) are the equations of the curvilinear

1 2
section of the profile S2 C 8.

Let us set _
Am=2ﬁmmthmm;p@:?@kmﬁ+ﬁ%ﬂk
n . .

)7, 6 0) = 1 2 (Pht €OS 1t + Pl sin nf); g

2ot )9 O) S == Z (T €05 nt + Thua sinnt);

","‘_“,’,’ 7 0 )92, e () 25 = 1 2 (Plancosnt + Phusinnt);
~\‘ o~y 4a,a:, .
Tlmn =P imn + '———"'. (l’a: +‘m’a:) Tlmn; '

v lenP{mk i __ Pl'mnT{mk .
nlz‘-ﬂlzz_l_m!zr nk—l’a’-{—m’a:’

TR 2aja,P Pl . 2 P lmnTlmk
kT e ’ na.+mta,"

72 (%23 4 may)t

qi = 2 P;mn?lm . "'l'i __‘_ 2 4“:": P,‘mn?,m .
— ——4 ——“;—

n l’a, + m’a, P - 3 (I%y + miaj)s

=) e - (9 5=

ts o ongs . ‘s . . C i
where Al:l AlJ, BlJ, f}\3'13, ul, Al, ql, q1 are the matrices and columns of the

elements A 21:‘11"1, Illi’(, %:.113(’ Mo >‘111’ qul’ qul’ respectively.

By means of this notation, the system of integral equations (9), (10) may
be reduced to a system of linear algebraic equations:
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AP’ + B‘X = -qo
Ap+Br =3, 1

where

o,
=B+-8:;;;J;

B‘
7100, . .
010. ..
J= (om...)-

The solution pu, A of system (11) may be obtained in the following form

A=D"1(g+ AA- '9); ! (12)
p=— A-1B*D™ (g 4 AATYq) — A g, . (13)

where D 1 is the inverse matrix to D = B - AA 1B*.

We finally obtain from (7)

16a3a3F 16a3ay 11 e
Wim = xé (l’a: + m’a:)’ 2 nd (l’a: + m’a’)’ (lenl"n + lenPn)+
4“1‘2 1 l : (14)
S ey T+ P
Writing formulas (12) and (13) in the following form
E(Ll.’.q’ +L kqi);
(15)

Bo = —E(M:&qi MATY
. ot
and taking into account the corresponding expressions for q:; and q;, we obtain
PlosFim |, 74 40,03P) s F i |
_2 2 P R ] +L’lk e ted ;T e el
{%ag 4+ m2a; - 22 ({224 4 mla,)?

22 )
p‘ = 2 Mi’ 2 _P_’"i&'_ YU 4’1¢’P{mkF1m !
' ki o im l’a: + m’a: " im =t (l”: + m’a:)’ . !

The final solution of the problem (1), (5) may be obtained according to /103
(Ref. 2), from formulas (17.2) - (20.2) given in the second portion of (Ref. 1)

-—- namely:
i 4a:a: o* a—3. lm
“i. 0 im= x2 (%3 -+ mta;) . ayay —d)‘ 9—1im | 5
RY|RY\ ..,
‘I’M- im = ZNanm i 4. knd (sz_}[_?'ii) =A7 (16)
C 2123P s skP e
Neate = 2 Py I

irs
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nt (% + mta) knns -
Qi.im = ey Weim— o 23,2, g Tar (22) Tnm (a,) “zq.b.
2 \V4 .
-y 2 7’: Tat (21) Waam; .
- : * : ' .
2t (I3 4 mta)) knn
Qpoim = ——4:::3— Uzg, im — 2a Rt (21) Tom (32) %10, 0 -
' 2 \Vbn '
— 7R ag Tkm (@2) Wo, ;. (16)

L

= 12(1 —
Welm = ZGImlm gkns Foku = %Fm;

Fotm=— —‘,;,3,‘—" U U ) @3>
) U= 3 Uy w=21 w,; '
g1, 2, ...

l i
UG am= 2 5o uanty |l cos 7 (” + l)
- .k
='2 Tk (d) sin ‘25 (;E:‘ + l) ..
AT

Just as in (Ref. 1), the convergence of the series u(Z1 K

cluq shown in

(Ref. 2) in the case k < 1, R = » leads to the convergence of the specific
formula (16) of the algorithm of the successive approximations in the case

+ s .
under consideration %—_—0 << 1, under the condition that the shell is

sufficiently shallow.
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Let us investigate an infinite plate weakened by a hole in the form of a
hypocycloid (astroid, hypocycloid with three branches), stretched at infinity
by the stresses p which increase monotonically and which are directed at the
angle o to the abscissa axis (see figure).

The function mapping the. exterior of the regions bounded by the given pro-
files onto the right halfplane of the region of the complex variable s = g + it
has the following form

" 1)
_ _pls+ 1 [s—1}"
2= = R[]+ 1 ()],
where R = a 2 T a3 in the case n = 2 we obtain the mapping of the region

bounded by the hypocycloid with three branches, and in the case n = 3 we
obtain the mapping of the region bounded by the astroid. With this mapping,
the notch profiles cross the imaginary axis Ot of the complex plane S.

In both cases, we have profiles with cuspidal points, and the function is
w'(s) = 0 at those points of the axis Ot which correspond to the cuspidal
points.,

As is well known, in these cases we cannot employ the method of Muskheli- !
shvili (Ref. 3) to determine the elastic equilibrium of the body directly.
Therefore, let us employ the method advanced by S. M. Belonosov (Ref. 2).

Let us write the boundary condition of the first main problem in terms of
Muskhelishvili stress functions (Ref. 1);

@) +z29' () +¢(2)=0. . (2)
Taking into account tension of the plate at points which are infinitely /105

removed, we may write the functions ¢(z) and ¢(z) as follows:

P@=5z+p0r -
Y(2) = — F2e=% + 4, (2),

where ¢0(z), wo(z) are functions which are regular outside of the hole

profile and are bounded at infinity. Conditions (2) may now be written in the
following form, with allowance for (3):

20 () + 770 + R @) = — L g —e2), %)
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After mapping of the given regions on the right halfplane Res > 0, we
obtain the following from (4) by means of expression (1):

® (it)

Po (@ (5) + Gy 7o (@ GO + $ofw (7)) = — 7 [o (ix) —w (iv) e24).

Let us introduce the notation
__ D (s) = ¢o (0 (5)):
() =Sk @)+ (o) + F 0 —e)

‘ : (5)
Mﬂ+mm=T%NWdemm+%ﬂ_gﬂ‘
In this case, the boundary condition (4) may be written as follows:
. L )
O (ix) + T (iv) =F, (3) + ifa (%) | (6)

The functions ®(s)s Y(s) are regular in the right halfplane. We shall
assume that they are continuous on the imaginary axis; ®(w) = ¥Y(0) = 0, since

they contain an additive constant.

According to the Harnack theorem (Ref. 3), condition (6) is equivalent /106
to the two following relationships:
O () ___%‘ Sh(tziifz’(-t)dt; . D
v =g | QRO ®

Let us now write the functions ‘D(s) and ‘P(S) for an infinite plane with a

notch in the form of a hypocycloid with three branches. For this region,
according to formula (1) we may readily find the requisite mapping function
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(in the case n = 2)

2 1, 1 (s—1)
s=e0 =35+ 1 ()] ©
If we substitute the values of fl + ifz, fl - if2 determined according

to formulas (5) and (9) in expressions (7) and (8), and if we then calculate
the requisite integrals by means of the theorem of residues, as a result we
obtain the following stress functions:

. K _2pa ; ia ] | 10
6 =551l — ¢ ] (10)

_ 2pﬂ s—1 - _—2i‘+¢2h]
w(s)_3(5+u[1+(s+,), T (11)

On the basis of formulas (5), (10), (11), we may readily find the Muskhe-
lishvili stress functions¢'(z), ¢'(z). By means of the well known formulas
given in (Ref. 3), we may then find the stress functions at any point on the
plate. Let us write the expression ¢'(z) which is requisite for further com-
putations

17 T+ 3% (IFs

") =L_2 s—12¢6+1 l—'5+'e2}.]_ (12)

The stresses in the plate will be greatest in the vicinity of the hole
points (the limiting equilibrium of the plate will be determined them).

It may be seen from the studies (Ref. 4, 5) that the coefficients of
stress concentration and stress in the vicinity of points such as cuspidal
points are determined by the following relationships in the case of two-dim-
ensional tension of a plate with a hole:

4Re?i’ (r, p) kl ol/ cosl—kz /I/ %Sln%-*—O(Pll);

{k. ,[5cos—g-—cos—]+ ka, .[ - 5sin %-}- 3sin%]}+ o (13)
- : ' +O0(r™'h);

r .

4 Zr

2
fl
I..

{kn ,[3 cos— -+ cos 5] 3k2 ,{sm + + sin 33]} +0(");

&'
! (14)
O,p=4 12_{k| ,[sm-—-—i—sm ]+k2 ,[C05—+3c05 2]}+ O(f ‘l' ‘
i=1, 2 3),!
where k1: 10 k2 ; are the coefficients of stress concentration. They depend
5 b
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on the hole configuration and the loading; ¢>£ (rB) -- the function ¢'

taining to the polar coordinate system (r, B) with the origin at the point

(z) per-

2/zy=a, 2, =+ +a' ‘/3, 2y = _-—.—a" . The orientation of the system may be

2

selected so that the polar axis ri

tangent to the curve at a given point.

In the vicinity of the point z = a, the function ¢; (r, B) may be represen-

ted as follows: N
L.

% (B = Ze T (—l+e)+ og——v.)

is directed clockwise with respect to the

The coefficients Kl 1 and k2 1 may be determined by comparing the left and right
’ H

hand sides of equation (13). They have the following form

k= p’/—sm'
3v2
kg' = p‘[ Slﬂ2¢.
3y2
In the vicinty of the point zz—_.‘l+“i;§ ‘ we have:

k. ‘ ‘}g(}/_+sm2a+7cos2a)}

__”'/. % — L 2) o
k.2 e (cos ,/ES'T‘ o), ‘ N‘
and in the vicinity of the point z’—__;._a.i_i‘/_s! ,» we have:
kh3==£l£§(2 mn2a ¢
. Ve (73 4-,/- 05 2a};

ks = ~% (cos'2a 4%9;12;) :

The expressions (15), (16), (17) may be written in a more compact form as fol-

lows:
—4PVB G
i 3‘/Esm.(a.n‘ ®);
b, o= 22Va
= Prdsin2e—u) (=123
=0 o= w2

On the basis of equations (14) and (18), we may readily determine the

stresses Tps Tgs Oy 8 in the vicinity of the hypocycloid apex.
?

As is well known (Ref. 1), the limiting equilibrium state in a plate with

(15)

(16)

17

(18)

sharp-pointed notches sets in when the propagation of cracks is possible in

even one of the notch apexes, under given external stresses, If it is assumed

that the initial direction of crack propagation will be along lines where the
normal stresses OB(r, B) in the vicinity of a point reach maximum intensity,
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then —- according to the results presented in (Ref. 1, 4) ~ we obtain the fol-
lowing conditions for determining the magnitude of the limiting stresses:

=~ 09y (r, B) (19)
]rl-{lt]){v r [ }B-ﬂ.t . % |
llm (Ve B.n Ped) = 5;,- (20)

where K is the material constant (bonding modulus) (Ref. 1).

With allowance for (14), condition (19) may be reduced to the following
form (Ref. 4):

Boi= 2arcsm1/ 1= Vent " for ki, >0

2(9n; + 1)
. 21)
6nf+ 14V 8l 1 (
= 2arcs ‘/
Bui= % YT for k1,:<O.
In these formulas, the sign + corresponds to K2 5 < 0, and the sign - corres-
?
ponds to the value k, . > O
2,1 k2 ‘
n =—"
S (22)
For the problem under consideration, we have
= ctg (@ — o). (22)

On the basis of equations (20), (14), (18)-and (21), we obtain the follow-
ing formula for determining the critical loading Pai

3y2 43K
p#i = 4 3 N p

=y asin (a — ;) |3 sin (a—w, — _*.!) +

| 2 (23)
: s LAY
+ 2sin (a - — -—2*—) —sin (a — o+ i
The value _

P, = min (P} (24)

will determine the limiting equilibrium state of the plate.

In the special case when o = %, at the point zq

propagate under the loading Pxp = 0.477 %? at the angle 8*1 = 0, The crack

= a, the crack begins to

K
x3 = 0.735 7=

at the angles Bay = -60°, Byg = 60°. This means that the loading Py will be
the limiting load for the plate.

proceeds from the other crack apexes under large loading Pxy = P

According to the Griffith formula for a plate with a rectilinear crack
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having the length 2% subjected to tension at infinity by the stresses p per-
pendicular to the crack, the critical loading is

Py = o,4so/i7. (25)
In our case, if we assume that the crack length is 2% = é;, we find that
4 K ‘;
Py = 0.389'/1. . \ (26)

Let us now investigate the problem of determining the limiting equilibrium
state of a plate with a hole in the form of an astroid. Assuming that n = 3
in formula (1) for this purpose, we obtain the mapping function

o=t L1y @7)
2=
CO =Tl s+1)]
In the same way as above, we obtain the functlons
@ __&MI —t 9 I ]. (28)
() S+1  (+1PF F3(sF1pP)’ ‘
—'hu
_ (l+3s’)]
¥ = i [3 - o) (29)
’ p_pst—1p 4 ‘
PE=FT— (@ 1[ =1+ 95 I)’]"
_ (s*+1) s+ + (30)
The coefficients of stress concentration in the vicinity of four apexes of
the astroid zy = a, z, = ia, zZy = -a, z, = -ia are determined according to
formulas (13) and (30) and have the following form
k= 2V 3asint (@ —u); '
‘l.l 2 V— (‘ l) (i - l, 2’ 3’ 4);
kz, i= %V3a}sin’ (ﬂ-—."@‘) ) (31)
o .
0 =0, =75, 03=T, O=—7.

The initial directions B*i of the crack propagation from the notch points
may be determined according to formulas (21) in the case
n=ctgla—w) (=123, 4)..

Finally, the formula determining the critical loading for each astroid
apex is as follows: /110

N R 1% 1 S r
Pei=—% 3
=y asin (@ — w;) LS sin (a—m‘—%‘){-

-+ 2sin (u — o, — %’) —sin (a — ;4 SB“)] '

(32)

v
When o = o we have

Pu= o,519f—&_ ®, =0), | (33)

In this case, we must assume a = % in order to compare the result obtained
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with the Griffith formula.
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2

« INVESTIGATION OF THE STRESS STATE OF SPHERICAL SHELLS WITH 111
MULTIPLY CONNECTED REGIONS

:_';;vA. N. Guz' / } PR S
ke N67-24515

Several articles have investigated the stress state of spherical shells
in the case of multiply connected regions. The study (Ref. 3) pointed out
methods for an approximate solution of the problems for non-shallow spherical
shells having several holes. However, no allowance was made for the influence of
combined stress states, which may significantly affect the result when the
holes converge. The studies (Ref. 8-10) propose the method of successive
approximations to study the stress state in shallow spherical shells in the case
of multiply connected regions. The authors comfined themselves to only the
first approximation, which made it possible to determine the distance at which
the holes had no influence upon each other.

This work plans to investigate the problem of the stress state of shallow
spherical shells in the case of multiply connected regions by having the
boundary conditions exactly fulfill an infinite system of algebraic equations,
which may be written in explicit forml.

Let us investigate the stress state of a shallow spherical shell, which
occupies the (m + 1) - connected region S (Figure 1) bounded by the profile
L=L + ...+ Lm + L. of the circle L,, where L0 is the outer profile. We

1 0 k
shall connect the coordinate system (xk, yk) with the center of each circle
Lk; the coordinate system (x, y) is connected with the center of the circle
LO. Under the condition that normal loading alone is present, the investigation/112

of the stress state may be reduced to solving the equation

qry 1)
VIV — itV = ¢
For the boundary conditions we have

gl t=1,234 2=x%4iy; 2=re*; = | (2)

L*Q!Lk—f”'(e*){k=0,1; o M2 = X+ Yy 2y = TaE™M
where ¢ = w + ig¢; D ~~ cylindrical rigidity; q -- intensity of normal loading;
all the coordinates are dimensionless, pertaining to Tys and are interrelated
by means of the relationship z = 2y + lk; Lét) -~ differential operatoxs of

the boundary conditions; :
12(I—=v3) ]‘/12 1 — vi).
g='i%; g=fo _(TE;—.

1 ) .

We shall only investigate circular holes. However, by employing the results
given in (Ref. 4, 11) our discussion may be generalized to the case of non-
circular holes.
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We may write the solution of
equation (1) in the form of the sum

D=0, + D, + D, (3)

where @l is the solution of the Laplace

equation; &, ~~ solution of the Helm-
| 1 2

O =Y iBne—WE-T) +9@+F@, ImB=0, (1)

where ¢(z) and P (z) are functions which

Figure 1

are holomorphic in S and which, according

to (Ref. 13), may be represented in the
following form

7@ = EZ ,‘),+Zp,zp @) = ZE

h-lp-l hep @ (5)
+29Jz’.- | 1

=0 . |

We should point out that functions such as (5) were employed when in-
vestigating the plane problem of elasticity theory for multiply connected
regions (Ref. 6, 12).

The solution of the Helmholtz equation for the region S may be written
in the following form

Q, = i i (aKp + 'bxp) HY (rex V——') cosply o

o T
== a,, +ib sin pb, 6)
o -+ ib cos pd
+20(; )V = "smpo
o=

We may represent the components of the stress and deformed states in the

form of the sum of three parts corresponding to @1, @2, and ®3 . In order to

determine the components of the stress and deformed state corresponding to @

1
in the pth coordinate system (ru, 6 ), the following relationships are obtained
' L4 Bz
1 T = — L Z_LZ)_:*_(Z) 2 \Y_O .
'u°,|=+‘ " gr:z T A t o gr =1, )’3 !
K 1=y ¥ (z)+qf(z) 7
Ty ==—T!;, "G} =—D Rez, = :
¢ [ ® %. Z,
_ip. & 1= pe 28 @+4" () |
G, =—0; @ = h +D_:,;'Rezu"'—';:—'
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‘ holtz equation; ®3 -- particular solution;
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1 | 14y o i Yo B |2
u;+:v;=—5hg,.[? @—19 (ﬁ-—‘;2 z—t,]‘r:
- 3 (7

—hn [ﬂz)+q)(z)]dz+i—,%2.—:f-lm(ﬁo+9;)-

The components of the stress and deformed states corresponding to @2 and

®3 in the coordinate system (rueu) may be computed according to the customary

formulas for the polar coordinate system (Ref. 2). The displacements corres-
ponding to @2 satisfy the conditions of single-valued displacements. If these

conditions are satisfied by displacements corresponding to ®3 (these conditions

are satisfied for problems regarding stress concentration, since 9. = 0), we

3
obtain the following from the condition of single-valued displacements, taking
into account (7):

.
*
o, +a,=0

(8)
r, z
In (7) the term i R 2 ;E-Im(BO + 66) corresponds to a rigid body displacement
u

of the shell.

Thus, the components of the stress and deformed states may be determined
in any coordinate system (rueu). Using these components to calculate the

quantities contained in the boundary conditions (2), we may expand them in
Fourier series on the uth profile. When calculating the integrals containing
the function @1, we must change to the region of the complex variable, for

they may be readily computed according to the theorem of residues. When
computing the integrals containing the function @2, we must employ the Graff

formula for cylindrical functions (Ref. 1, page 394). It is first possible to
expand the function @1 in Laurent series in a ring containing the uth profile.

In the case of harmonics at each of the profiles, by setting the coefficients

equal to zero we obtain an infinite system of algebraic equations, in which /114

the number of unknowns corresponds to the number of equations.

By way of an example, let us investigate the stress state of a spherical
shell weakened by two equal circular holes having the radius Tys whose centers
are located at the distance Rro. The shell is loaded by a uniform internal
pressure with the intensity q, and the holes are closed by 1lids which only
transmit the influence of the intersection force (Ref. 7). We shall assume that
the principal stress state is momentless. We shall also assume that the holes
are located at a distance for which the additional stress which is produced may be
described by equations given by the theory of shallow shells. The solution of
this problem may be reduced to solving a homogeneous equation (1) for an
infinite region S (Figure 2) under specific conditions "at infinity" (Ref. 7)
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and under the following boundary
conditions:

9, y 9 ,
ks AN | ‘
ot z, X T"' |'l'" = —Poh; S’Eoi‘ "u;" =0 'G’l‘ ,’u" =0 |
¢ 5 . . _ 4R, 9
\/ e e Q'u.\r,,-: = __92_0, Po = TR p= 1, 2 &)

Based on (4) - (6), due to the
force and geometric symmetry, we may

represent the solution in the following
form

0= 2()+FO: $0) =70 2@ = Zoo|(z+5) +

+trfz—g) ] 0= p):3°(a, +ib,) X (10)

x [H(rxl/ =) cos pby + (—1)?HY (r;x V =1) cos pby).|

We obtain Re al = 0.3

We should point that ®1 and @2 (10) satisfy the condition "at infinity".

from the condition of single-valued displacements

(8).

Let us write an infinity system of algebraic equations in order to determine
a,b,c,andd (o =c + id ):
P P P P P p P

A8, + Bb, + Ce, + Did, +2, X, (4,8, + BL b, +Clye, +
+ Dtd Y= — po R0 GI+dY); t=1,2,3,4; n=0, 1,2, ..., w;

1 . i (lla)
,6,‘={ln=k; e,,={‘f"=°‘ :

n 0n =k 1 n+0; c=0,dyg=0; ¢, =0;

Co=0.Cr=0,C,,=0;C2,=0;, D}=0; D} =0; D3, =0;
« D =0. | (11b)

The following notation is also introduced:

A, = her,x — hei; x; A% = n (x hei, x — hei, x); Al =(1—v) her;n.—; ‘

—vheiyx; Al = hei;:+n’];”(uher;xfhérnx); _

B} = —hei,x —her,x; Bl =n(x her, x — her, x); |
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B:—-(l—v)hel x — v her, x; B‘-—her :—n” (uhel %X —

|
i

C‘-—2'_"n’(n+l),
D! = 2M D’ —2n(n+1); A",p_[her,,+,.lx+ |

4+ (—=1)"her,_, Ix] (ber, *— bel,I %) — [heinyp Ix + (—1)"* heip—n Ix] X !
X (bei, » + ber; x); B p = —lherpynlx 4 (—1)" herp_, Ix] X
X (bei, x + ber,x) — [he1p+,. Ix 4 (—1)" heip_p Ix] (ber, x — bei, x);

2 (p+n— 1 1
by=—< o=m =9 pFa AL, = niherpnlx +

B + (=1)" her,—_, Ix] (xbei, x — bei, x) + n{heipy,Ix +
=+ (—1i)" hei,_, Ix] (x ber, x — ber, x); B:p = nlherpynlx 4
<+ (—1)"her,—, Ix] (x ber, » — ber, x)—n {heipyn lx 4+ (—1)"heip—n I} X -

.. . +a— 1
X (» bei, x — bei, x); Df,p= 2. (p(p_ I)T(n—)2)! =1

A = lherpynlx + (—1)"herp_p Ix] [(1 — v) ber,x —v bei, x] —
—_ [he1,+,. Ix + (—1)*heipp Ix] [(1— v) bei, x -+ v ber, x] B3 .=
= —[her,4nlx + (—1)" herp—, Ix] [(1— v) bei, x + v ber, x] —_

— [heipynix + (—1)" heip—n Ix) [(1 — v) ber, x — v bei, x];

e l—v @+a—=D1 U g
Con=2 "P—(n—2 pn’ A, .-[her,+,.lu+

— hei, x);

+ =1y her,_,.lu][ bei; x + 1t L5 (x ber, x — ber, 1)]

| ‘+ l'hel,.l.,, Ix 4 (—1)’l heip—n Ix] [ber % — n’ (u bei,, x — bei, n)]

= [herpyn Ix + (—1)" her,—, Ix] [ber x—n? 1= A x
X (x bel x — bei, %)] — {heipn Ix + (—1)" he.,_,. Ix] [bel o

I __ol—=y n(p+n—-1) 1
+n’ (xber x — ber, u)J C=2—7 P=DG=2 e
|
(17}
Poh’
: 6
0 - = 75 : { \ 1 .
llz \ j
\ A ]
\ | . : c” - A *, vy
B Q,@ A N
J s ‘ X T =ph
\\ Ah{//, \\\ Qi@ o1
~ J
- , . 0'4 S N L
2 \ hole/ \ N pah//
: 2 hole R B
‘-'3 \/ 0 ~ ~ o] — -
- & 7 hale
662 .
yx
Figure 3 Figure 4
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Figure 6
We should point out that we may designate k(e + 1) by —= L .
k! (k - 2)!

The second equation t = 2 vanishes in the system (lla and b) in the case
n = 0, and the first and second equations coincide. 1In the case n = 1, the
first and second equations (t =1, 2) also coincide.

It is not possible to reduce the infinite system of algebraic equations
(11a and b) to canonical form (Ref. 5). Therefore, it cannot be determined
whether the system is regular. Let us proceed as follows. We shall replace
the infinite system (1lla and b) in the jth approximation by the finite system

¢ - |

Alall + B + Cleld + DId -+ ¢, pgo (A0 + Bl b +, (12)
' R !
+Clel o+ Dl d) = —py TR b £=1, 2,3, 4|

n=0, lp ce vy jo'

In the jth approximation, we shall show that the boundary conditions are
satisfied at the most characteristic point A (see Figure 2). Many authors
have employed a similar procedure when studying the plane problem, and the
problems of torsion and bending of rods in the case of multiply connected
regions. 1In view of the symmetry, the boundary conditions for S

rlel are
satisfied ex%ctly at th% point A, and we shall not examine the boundary con-
ditions for Qr , Since er attentuates very rapidly (Ref. 8-10) and its value

is insignificant. Thus, we shall determine whether the boundary conditions

are satisfied for Trl and Gr . In order that these quantities be dimensionless,
1
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T G
we shall compare 1 and 6 ‘1 (coefficients for the concentration of shear-
h h2
Po P
ing and the maximum bending stresses) with unity (the principal stress state).

Let us investigate a shell with the radius R = 200 em;y ry = 10 em; h =
= 0.2 cm; v = 0.3 for £ = 3 and £ = 4. For one hole, we have
x|, =5.208: 6-3—,-|‘;1,4o7.,| (13)
-_— . .
In the plate -6 | = 2.000.
pOh A

1. & = 3. 1If we do not take into account the reciprocal effect, then we
have

lll =0049; 69| = 0,589,

Pk A Pt A (14)
i.e., the maximum é}ror in safggfyinggzke boundary conditions is 59iTW”Ehe
results derived from solving the system (12) in the case j = 5 are given in

the table. The maximum error for the stresses is 0.5% and for

6 T - 47.

2. % =4, 1In this case, it is sufficient to take j = 0 in (12) in order
to find the solution with the same accuracy as in the preceding case. The
results derived from the calculation for the points A, B, C and D (see Figure
2) are given in the table. The values of the corresponding coefficients for
the plate are given in the denominator (Ref. 14). As may be seen from the
table, kmaX A in a shell in the case of two holes for & = 3 is

k""“" ,A = % IA + 61%’ lA = 5'973__'

in the case of one hole k = 5.296 + 1.40777”7= 6.703. In the plate,

1max|A

= 2.89 and k = 2.00. Figures 3-6 show the distribution

Imax

o h Tr’ —lﬁ'Te"—éﬂZ Gr and 6 7 Ge over the line connecting the hole centers.
0 Po Py Po
The following conclusions may be drawn from these figures and the table:
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_ 3 _0%%05 42':“83 —0,040 1528

A v
o B2 %%?' —0,040 1.416
3| oser 3241 | —1832 0772

b | o092 2208 | —1815 | —0568
3| osss 24% | —2613 0,331

N | i.or 1040 | —1456 | —0753 aE
3 %%? %%? —2,829 0.190

b 1,105 0,709
4 = = —1151 | —0265

1. The method presented makes it possible to study the stress distri-
bution when the holes converge by controlling the accuracy with which the
boundary conditions are satisfied.

2. When the holes converge (the case % > 3 which is investigated) there
is a decrease in the stress concentration in the shell along the center lines,
and Te decreases substantially. At the same time, there is an increase in the

stress concentration in the plate (we aremaking a comparision with one hole
here).

We should point out that the results obtained pertain to the case of non-
reinforced holes.
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j STRESS STATE OF A SPHERICAL SHELL WEAKENED BY TWO CURVILINEAR HOLES

v/”'é .) . ;7 PR . .
A. N. Guz :?Kievi Shnerenko v N 6 7 _ 24 5 1 é

~fpherical
The studies (Ref. 7-9) investigated the stress state in a / shell weakened

by two circular holes. This problem was solved by the Schwarz method (Ref.
4). This article employs an approximate method for determining the stress
state in a spherical shell weakened by two curvilinear holes.

4

Let us examine the equilibrium of a spherical shell weakened by two curvi-
linear holes. The stress state of this shell consists of the principal stress
state and an additional stress state produced due to the holes (Ref. 8). We
shall assume that the holes have such dimensions and are located at such a
distance that the additional stress state may be described by the equations
given by the theory of shallow shells (Ref. 2). The principal stress state de-
scribes the stress state in a non-weakened shell. The problem of determining
the additional stress state may be reduced to integrating the equation

VIV — i = 0 ()
under specific boundary conditions on the hole profiles and under conditions

"at infinity" (Ref. 8).

Here we have

VIZTa=v V20— ‘
(I)-_-.w+zl<p, u’=—V—£gz——v-.-)fz;k=-}{—zﬁ(T,—i).!

where r, is the parameter characterizing the absolute dimensions of the hole;

R, h, E are the radius, thickness, and shell elasticity modulus, respectively.

The hole profiles are formed in such a way that the function

g =0y + Eaxfx (x) (zx = fxe'ox. L=peel, &< 1) 2

performs the conformal mapping of an infinite plane with a circular hole having

unit raidus onto an infinite plane with a given hole. Here T, are the

dimensionless coordinates with respect to L (see the figure).

We shall try to find the solution of the boundary value problem in the
following form

¢ = ,2-30 ¢/ l(bl'l (ry, 61) + (3)
+ 03 (ra, 0)1+ 3, D&/ (D2, )+
=1l jm0 . !

+ (I)}ﬁ (re, 02)1. ,’
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Here le(rl, 61) and ®j2(r2, 8,) are the solutions, respectively, for each

curvilinear hole (Ref. 3). @?%% (rl, 61) represents the deviation
" kD, 0.y, o&) (¢
j21 2> 7277 7321 ‘2
92) represents the deviation of the second hole profile from

(k—l)(r 6.)

j12 1’ 17

of the profile of the first hole from the function &

the function @

Thus, the Schwarz method is employed, but in each successive approxima-
tion the functions are represented in the form of a series with respect to
the parameter characterizing the deviation of the hole form from a circular
form (Ref. 5).

The solution of equation (1) which satisfies the conditions at infinity
(Ref. 6), has the following form

D(r, 8) = iCInr 4 (Co + iD) H (V —inr) + .

+ ,.2,[(’4" +iB)r 4 (C, + iD,) H" (V=1 xr)] cos n8, (4)

where C, C , D , A , B are the constants; H(l)(V- ikr) = her xr + i hei kr --
n’ "n®> "n’ n n n n

the Hankel functions of the first kind of the nth order (Ref. 1). The
constants for all of the functions may be determined according to the method
given in (Ref. 11) from the boundary conditions, which have the following
form in the case of free profiles on each hole:

Tho=—5 Sake=0 Gbo=0; Gl =F(1, o), 5)
where F(y, €) is given in (Ref. 3).

With such a formulation, we may solve the problem for a wide class of
hole forms by the appropriate selection of the mapping function £(g).

Let us examine a shell weakened by a circular and an elliptical hole,
which is loaded by internal pressure. Only the intersection forces are in
operation on the hole profiles.

1 a+b a-b>b

z ; ro = 2 3 €= a+b’

In this case f(g) = where a, b are the

ellipse semiaxes.

Taking the fact into consideration that an elliptical hole differs very
little from a circular hole, in (3) we may confine ourselves to only terms
with € in the first power, i.e., we may confine ourselves to the first approxi-
mation. Thus, the solution (3) will have the following form

: ®= Doy (ry, 8)) + P2 (2, 85) 4 €Dy (5, 85) +- | (6)
+ 2100, 80) + O (r 8) + £ (@i 60) + O (e, BN
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The functions contained in (6) may be written as follows

Do (11, ) = (CO -+ iDOD) Hy (V =ery; (7a)
@, (’z. By) = (C 4 iD'm) H, V=Tl N (7p)

@5 (rs, 8) = (C + iDJ®) H,y (V — i xry) cos 20, +
+ (Auz) + ‘-B(lz))\’.;-g cos 292; (7C)

T (s, 0) = iCPP Inry + 2 (AP 4 BOY) i
(wm+1W%H(V—umnmmg ?
121 (rg’ 2) — C(Iﬁl)mr2 + 2 [(A(I2l) BYI'H)) f,-"+;
+ (CE" + iDEMH, (V———zxr..)] cos nb,. ‘

(7d)

(7e)

The function <I>Ol(r1, el) characterizing the stress state around one

circular hole was obtained in (Ref. 12); ¢ 62) and ¢ 62) for one

02(F» 12(T9>

elliptical hole were given in (Ref. 10).

1f we confine ourselves to the reciprocal influence of holes in the first
approximation (k = 1), the functions ¢{1 E and ¢1) coincide, respectively, with

01 021
the functions <I>](_:2L) and @éi) (Ref. 8).

Thus, in the first approx1mat10n the problem may be reduced to determining

(1)
the functions @112(r 0 ) and <I>121(r2, 8 ) The arbitrary constants included

in the functions @f%% and Q{%i may be determlned from the following system of

equations

(L ’ 0% + L %) Im @ + q’l!)jr: =0,
n % .

e A Im @+ D) b =0 "
o | .
_l(l - ')a_r; + vvt] Re (@)} + 0y5) |,; =0 | 8)
- | |
(b_ V’ + = no 0r, 062 r;) Re ((Dﬁ)z + @;,) lr' =0 1 (8b)
! a 1 o () (n _ AN
(;a_ i -'E . -6?:) Im .‘Dlzx ,;':; ’ [L (,' a, + , aez) |
| 8
— L8 3%, 7] Im @+ 00 i (80)
‘ L. m_o 1
L“) 22 1 ® d)“)l : i (93)
+ (2 ar’ )] m ( 01 + 021 ;::.l' ‘
— — ) — 2 (1) ’ ) L .
[(1 - V) ons + vy ]Re Dy ;::: {L l(l v) + vy ]+
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(9b)

+ (1=l Z s } Re (@ + D) l,::; . ,
F] 1 — » o S m (1)
._(0—,. v+ "v s —) Red})) S::;“L‘ Re((b.,+¢bm)|;:::,
‘ - (9¢)
The stress Ts on the profile I may be written in the following form
R Lol ji—1
! (-m) O
sll‘ 2 +i_2 {af:+§o[Ll maT=+ |
(f—m) 9 i’_‘_’: y—-my 0% 1 i
+ L (r’.a + % a':)-*-L, ar’.m’.;]},s1
’ |
P,
X {(D; + [(pl(l2+ (p(:l)]} "l"| +‘_" Q@]"’" ‘
?_-; ! Moo | (10)
Lm @ (n( —-.52__12) :
:g [ P o“-+ o o + |

v 3
+ L(,,) Orsdy ] or

raw]
0. -

The operators LiJ), LéJ), ng), LiJ) are given in (Ref. 11).
Let us investigate the influence of an elliptical hole upon the stress
state around a circular hole. In order to do this, in (6) it is sufficient

to confine ourselves to the following terms

' -
Q = Oy + Dyy + &0y + q’:)ll)a + ‘Qll’f (11)
With the exception of @{i;, all of the functions included in (11) were

determined in (Ref. 8, 10, 12). The constants were determined from the system

(8a) - (8c). In the case when R = 200 cm, % = 3, r, =r_ =100 cm, v = 0.3,

h = 0.2, the stress value on the profile of a circular hole at the point
61 = 0 (see the figure) has the following form

T

sir

0, =0

R __ﬂ_-b (12)
. (4 5811 9 7691)

The second term in (12) characterizes the influence of ellipticity of the
second hole on the stress state on the profile of a circular hole.
The table presents the coefficient of the stress concentration K= l6=0

4 PR

for different values of the ellipse semiaxes. The lower line gives the 2

error § (in percents), which is assumed if we calculate the influence of an

elliptical hole as the influence of a circular hole with the radius r, =

a+b

2
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11.

12,

. 0,20 | 0,15 0,13 | 0,09 | 0,05 | 0,00 | —0,05] —0,09| —0.13} ~0.15] —0,20

' - 1 1 1 1 1
b ] 1ol 100 |~ | 2 — | =
a/ .1,50 140 [ 130 | 1,20 109 I | 1 ™ | T | 7

K| 403|416 | 422434 444 4581 472 | 483 494 ] 49| 5,13 i

¥} |~12| —9| —8| —5| =31 0 +3 | +5 ] 48§ 49 | +12}
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FORMULATION OF STATIC BOUNDARY VALUE PROBLEMS FOR SHALLOW /125

SHELLS FOR MULTIPLY CONNECTED 'REGION%é
]

é: V. I. Gulyayev, A. L. Sinyavskiy »" ;"

e N67.24517

This article investigates a multiply connected shell referred to an
arbitrary orthogonal coordinate system a, B. The equations of statics for
shallow shells given by V. Z. Vlasov (Ref. 2), which may be written in terms of
the functions F and w, have the following form

b}

2 AAF — B = 0, (1)
A F +DAAw —Z = 0. (2)
Here we have
1[af(B 3\, afAa a\]
A=A—B[a:(7'a:)+ﬁ(f'aa)]'

1{o(B, 8\, oA, o
A*=.ﬁé[a“a(7k'a1)+as('ﬁk*35)]-»
The stress function F and its normal derivative %% are not given

directly on the shell profile, and only the stresses related to F and %%‘ by

the following differential relationships are known:

_1 a1 oF 1 8B oF, (3)
N"‘F'a‘p('ﬁ"'ﬁ)"‘ﬁ'a?'b‘?
Ny=d O (L ) 1 0A oF, (4)
Ne =7 aa(A'aa)'*'AB"éF’gp_'
S___l_( &*F 1 B OF 1 A at-‘) (5)
- ABW—F'E'OB_T'O_B.'F'}

Due to this fact, for a multiply connected region the boundary conditions /126

with respect to F and %g'include additional unknown values.

The studies (Ref. 3 and 4) investigated the problem of determining them
for the case when the shell profile coincides with a coordinate line in a
Cartesian or polar coordinate system.

Let us investigate the more general problem of formulating the boundary
conditions for F and 3F on the profile, which represents the coordinate line
on

a = ag in a certain arbitrary orthogonal system of coordinates o, 8. Another

1 This work was performed in the Laboratory of Thin-Walled Three-Dimensional
Objects of the Kiev Engineering Construction Institute, under the supervision

of Professor D. V. Vaynberg.

118



method of deriving some of the results given in (Ref. 3-4) will be obtained
as a special case.

Let us set the following condition on the profile o = o

0
82he) ®
We shall employ the following notation
Fiee,=h®)
g{.__.sf,(a)}' ‘7’

We find from relationships (3) and (4) that the functions f., and f. must

1 2
satisfy the following system of ordinary differential equations:
aB .
55 Beas T h=w (8)
1 (of, 1 0B oh 1 9A )
—7173(3'6""5 O aal a apf' \ 9
or
sy 1 9A . g
a,‘—a_p‘_Z'b_Efl"'ABq’l. ’ (10)
K A vy
, - "B 0Oa
1 afafa 1 0A; | 4 1
E#aa[;g(g?*;-ﬁfs+AB¢z)]+A.B 3 f= (11)
oa . ' ‘

The general integral for the system of equations (10), (11) has the
following form

fz=f2(o)+le2(l)+szl(2);. |

fl=fl(o)+C1f1(1)+céfl(2)+q"‘ 21:23;

where f2(0), fz(l) and f2(2) are determined from equation (11), and

B (0fs (0) ' ‘
= ([2(hw_L. 24 ABy,) ! oB;
) ‘s‘[_gg( 3 .:1 aa fa(n)+ ‘l’a)J-“? | (1)
fra =“S‘ [% (%’T‘”—%g—gh (1))] aB; (15)
. 162
f1(2)=5[ (a(;;m_,qi .%—-fﬂz,)]aﬁ, (16)
' Ja . )

Thus, the problem of determining the boundary values F and %5 on the
profile o = a, may be reduced to determining the general integral of the

differential equation (11).
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If a = X, B = y are rectangular Cartesian coordinates, we obtain the
following on the profile x = X,

-—fx-f1(o)+cly+c’} I

aF—'f-.-_fa(o)""C’ a7

We have the following in polar coordinates o = r, B = 6 on the profile

r=r0:

F fi=fi+ Cicosb + Cleﬂﬂ-l-C,}

=fi=fam+Cs (18)
In bipolar coordinates, equation (11) acquires the following form:
&f, 3sing o, - 2ec08—chay; _ (19)
2 =V,

0Bt ~ CchapF cosp. 08  chap cosp

In this case, we employed numerical integration. Thus, three unknown
constants, which correspond to three powers of static indeterminancy (Ref. 1),
are included in the composition of the boundary conditions for the system (10),
(11) in the case of a doubly connected region.

We shall assume that the quantities Cl’ C2, C3 are generalized forces.

It follows from the condition of single-valued displacement of the shell that
the generalized displacements corresponding to them equal zero.

Employing the Castigliano theorem, according to which the partial deri-
vative of the potential energy with respect to one of the generalized forces
equals the corresponding generalized displacement, we may write this condition
as follows:

=0 ¥ _o W 20
a,=% =% i="0 (20)
where
NN, 2(l+v) N
V"‘H(Ek"’? Dt S Da— (21)

- Dn:-—2an,v.,+D(l—v)t’) AB da dp.
We thus obtain the following system of linear equations

8,Cy + 8,,Cp + 8;5Cs + 61, =0,
851C1 4 83,C2 + 825C5 + 32y = 0; | (22)
85.C;1 + 855Cs + 835Cy 485, = 0. |

In order to determine Gik(i =1, 2, 3,; R=1, 2, 3, p) we must express

the potential energy V explicitly in the form of the quadratic form of
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Cis Cys Cye

Let us introduce the following shell states into the examination:

state C1:Ci =1, C,=Cy=p=0;
state C,:C=1, C,=Cy=p=0; |
state C3 C;—l Cl Cg p= 0
state p: C,=C,= C,-—-O P =P,

The set of external forces acting upon the shell is designated symbolically
by p. The boundary condtions are completely determined in each of the states
investigated. We shall designate the quantities pertaining to each state by
the superscripts in parenthesis. In view of the superposition principle, we
have
N, = Ny + N'C, + N{¥C, + NP'Cy;
Ny = NP 4 NOC, 4 N'C, + NC;
S = SW+SWQ+SWQ+SWQ:}
*\ = *m + *mcl + (2)C2 + "mca; ‘ (23)
A = "(zp) + 1(1)(: + *mcz + “(za)cs;

= ) 4 tC, 4 1®C, 4- G,

The derivatives of the stresses and deformations with respect to C have the
following form

oN dN as ).

=M, 55 =N, ac; =S

Oy - N O o Y

a=n" = & = o

Substituting (23) in (21) and taking (24) into account, we obtain

3y = j‘ j' 2 INON® 4 NOND — WNONE — WNOND 4 |
" F 20+ v) sWs™y _p [P0 4 2l - yuliglh) . (25)
+ vx;")t"”. +(1— v) 1:(’)1:(")]} AB da dB, .
i=1,23 k=123,p.

In the case of rectangular Cartesian coordinates, we may transform the /129
double integral (25) into a contour integral according to the Green formula:
OF; &%y aF, azrk) (asr,, F,
"‘—Eh§[ ( Oy 9y +&% " 9xdy +F +6x20y + (26)
4y (aF, (OFy _ OF, ar.)] +[ap, OFy , OF FFy_
dy O0x*  dx dxdy T Oy dxdy

OFy |, O°F, (_dﬁ _OFx __OF, atr,,)
(axs +axay=)+" oy oy —ax op )|t
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+0-(5 Se et ) eS8y - |

ow; - Owe 0w, 0wy [ ; ow; wy
""(ay T > 'axay)]d +|5 F oy ddy

o+ ) - s
+D 55 Aww, dx dy.

In each of the smooth sections of profile, we may employ integration by

parts for several terms in formula (26). Then (26) acquires the following
form

w=m$l =% G+ R G o)+ (G B
R e B 20 (GE 0B
~ (B G s D22l
08|55 v G+ 23) Loy %) PR
+[5 S —wGmeagg) o (@ G dlle

+ Y020 —vw, 22 4 D ((Adwm,aray. |

The sum is extended to the corner points of the profile here.
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2 CRITICAL LOAD FOR REGIONS WEAKENED BY HOLES WITH CRACKS ¢, /130
& A. A. Kaminskiy (f_'gf:»J

wen " N67-24518

This article investigates the problem of determining the critical load
for a thin, infinite plate weakened by an arbitrary elliptical hole with two
equal macroscopic equilibrium cracks having the length £, in the case of
uniaxial tension of the plate (Figure 1).

The profile L of the hole with cracks is free from external loads. It is
assumed that the plate material will be elastic up to fracture.

The boundary conditions (Ref. 5) for the stress functions ¢(z), ¥(z) have
the following form in the case under consideration

@+ T@+FE =0 @
TA T8 )+ ) =0. 2

Here w(o) is the boundary value of the function

m(C)%R[l‘i:—,‘,"—'—"Q(C+%)+(l—m)l/ %’(c+%)'\—1].' (3)
- b

53 1 <L < o3 R -- real parameter.
b P

a
where m = g
The function w(z), (3), conformally maps the exterior of the
ellipse with semiaxes a, b and with two cuts (cracks) along the transverse
axis in the z-plane (Figure 1) onto the exterior of the unit circle in the ¢
plane. We shall investigate one of the holomorphic branches w(z) for which
the second component in (3) has a positive value for ¢ = 1.

The mapping function w(z) (3) is an irrational function and has singular-
ities on the unit circle y which correspond to the angular points of the profile
L. Therefore, just as in (Ref. 3, 7) we shall approximate the function w(g) /131
(3) by the function

N
oy (0) = R,[(+2c,, Cl—m]’ ‘ @)

Rl

so that the coefficients <, satisfy the condition

oy €) =R (1 =% Qn (%), (5)

where QN is a polynomial all of whose roots lie within the unit circle, Rl’ cn

are the real parameters.
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1>m=0 T geme

Figure 1

Due to this approximation, the cuspoidal points at the crack ends are
retained on the new profile L'. Only the unstressed convex corners are curved
at the points where the crack edges intersect the hole profilel.

The stress functions which correspond to wN(c) will be designated by
¢N(C), wN(;). Since the singularity of the solution, which arises due to the
corner cuspidal points, can be completely obtained from the function ¢N(;)
(Ref. 2) (wN (¢) has a pole of the first order at the points ¢ = + 1) and does
not influence the other stress function ¢N(§), we shall obtain the function

¢N(c) in the following form (Ref. 3)

N
¢
on ©) = Rupo [ + Yy0.0], ©
Rl .
where o are the real coefficients; Py~ intensity of the tensile stresses.

The boundary condition (2) for the functions ¢N(;), wN(;) may be re-
written in the following form

o (0) ¢ (0) = — v (o) o (1) — an (1) o @ 7)

Comparing the coefficients in the expansion of the right and left sides of (7)
for identical powers of o, we find that the coefficients a  must satisfy the

following system of algebraic equations (Ref. 3):
N—p N—p

ap 4 2“n+p € (1 —2n) 4 Ecnﬂa @, (1 ;"2") + ®)

1 The function wN(c) maps the exterior of a certain new profile L' onto |c|>l.
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0,p>1;

- |‘h

+ ! -
~ mme=L (8)
r=123 ..., N). |

1

Multiplying both parts of (7) by pyea— -

and integrating over vy, we

obtain

o ©) ¥x ) = — wy ) o (.(’.) — oy (.‘c.) ow (). (9

Just as in (Ref. 3), in the case N + « the functions wN(g), wﬁ(g), ¢N(C),

¢&(§), wﬁ(C)¢N(C) for real ¢ outside of y strive to w(Zg), w'(Z), ¢(), ¢"(z), Xz)

¥(z). Therefore, passing to the limit in the case N -+ » in the right and left
sides of (9), we obtain the following for real z in the crack extensions

1O =—¢(3) 2% ©. (10)

The stress components may be determined from the following relationships
(Ref. 5)

X,+Y,=4Re {2 ) : (11)

v,— X, +2X,=20 o'+ v ). (12)

In the case of uniaxial tension of the plate along the y-axis, the criti-
cal stresses for each of the cracks will be the same. Therefore, we may per-
form all the subsequent calculations for a crack which lies along the positive
portion of the x axis. We may find the stress distribution Yy(x, 0) around

the end of the crack under consideration from formulas (10) - (12):

. - ' T
W 0=5f©+53(Hly) o S (1)
m 1
- S =

where 133
S =20.
? (C)_Rm. '

L4 = i@+ )+ V@ T F—@ =5

where s is a small distance along the x axis from the point under consideration
to the crack end (see Figure 1).

The tensile stresses will be critical, if the condition of G.I. Barenblatt
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is satisfied (Ref. 1)

Y, (x, 0) .—:ﬂ%+0(1)ﬂ (14)

where Kl is the cohesion modulus.

Substituting (13) in (14), we obtain the expression for determining the
critical stress:

. m?
p =K B Bt (=,
er my'(l) at1 ol " (15)
4+l

o
o Since ¢N(1) is close to %'(l) for large N, -- replacing $'(1) in (15) by
¢ N(%) -- we obtain the approximate expression for determining the critical
load

m?
_ K ]/ 2 [TUELE,
PV (16)

Determining the coefficients a, from (8) and calculating the quantity (1)
from (16) we find the

for different values of the parameters m and A = %-,
critical load which is necessary for the initial development of cracks. The
calculations were performed on a BESM-2M computer for 1 >m > -1. Up to 34
terms of the mapping function (4) were thus taken into account. Figure 2
TP
L
presents curves showing the dependence of Bcr = Kcr v R on A =R for
1
different ellipses. The form of the ellipse was changed by changing the para-
meter m.

In the case m = 1 (the insulated rectilinear crack) $' (1) =1, and from
(15) we obtain the well known formula for determining the critical load (Ref.

1)
=k |/ 2 .
%r— n a+l’ ‘ (17)

For ommidirectional tension of a plate, the critical load may also be deter-
mined from expression (16). However. the coefficients a may be determined

from another system of equations given in (Ref. 3).

126



When m = -1, the ellipse changes into a vertical slitl, and we obtain /134
the formula P.r for a cross-shaped crack from (16):

- Kiv 1
Por V—; ' (18)

ey (1)

If we set $'N(l) = 1, then formula (18) coincides with the well known

formula for an insulated crack (Ref. 1). Actually, it may be seen from the
graphs given in Figure 2 that the critical loads of an isolated and cross-
shaped crack differ to an insignificant extent. Consequently, a vertical slit
has a slight influence upon the development of a horizontal crack.

Ay - |

rﬂ&- _ ‘

oo

me|

N

{ me-03
me-0
me0,5

mef

e N

Figure 2

In the limiting case, for % - 0 the values $'N(1) for different 0 > m >

> 1 are given in Tables 1 and 2, respectively, for omnidirectional and uni-
axial plate tension. It may be seen from Tables 1 and 2 that an increase in
the mapping function terms has only a slight influence upon ¢'N(1).

S~
[y
W
w

|

As follows from the statements given above,

1
It is assumed that the edges of the vertical slit do not osculate.
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|
24 1,0000 1,0097 1,1992 1,2983 1,3965 1,4928 1,5845 [

34 1,0000 1,0999 1,1986 1,2992 1,3984 1,4968 1,5931

TABLE 2
m
N
(1] 0.1 0,2 0,3 0.4 0,5 0,6 ‘
|
24 14990 | 155485 | 1,5977 | 16463 | 16938 | 17392 | 17793 |-
34 14995 | 15493 | 15989 | 16483 | 16072 | 1,7452 | 17908

Por_vr
Rr ey @re’

where p:r, [$& (1)]* are the values of these quantities in the case of omni-

. . . v c .
directional tension, and pzi, [¢&(1)]** are the values of the same quantities

. . . AT .
in the case of uniaxial tension. Computing 1YN*~7-" according to Tables 1
,\"
[y (1) 1%+
and 2, we find that this quantity is close to X* | where k* and k** are the
k**

stress concentration coefficients in the elliptical hole apex under consider-
ation without cracks for omnidirectional and uniaxial plate tension, respect-

* *
ively. Thus, Pey N %;; . This points to the fact that the local stress field
ey
Per
around the hole greatly influences the development of small cracks. With

*
an increase in the cracks, Per 4 1, which indicates that the hole has a

*%

Per
smaller influence upon the development of comparatively large cracks.
_ In the case m = 0 (circular hole), the curve giving the dependence of /136
pCr on £ (see Figure 2) is very similar to an analogous curve obtained in
R

(Ref. 7) by the energy method of Griffith.
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S

J:TEMPERATURE STRESSES IN THIN PLATES WITH REINFORCED EDGES 4
- Yu. M, Kolyano:H# ?j} =
(L'vov)

Heat exchange condition on the edge of thin plates rein&!nced by a thin.
rod. Let the edge of a thin plate having the thickness 28 be reinforced by a
ring made of another material having the same thickness and width 25k (Figure

1). Let us assume that the heat exchange between the system, which has the
temperature t~ at the initial moment of time 1, and the surrounding medium
takes place in accordance with the Newton law, and let us also assume that

-

there is an ideal thermal contact between the ring and the plate. We then have

the following equation (Ref. 1) to determine the temperature field:

For a plate

M-t —ty==. 2, @
For a ring
' at
Atx_x:(tx—tc)=%'a?l; | (2)

The boundary conditions

o ot ot
15,:11(&.", t=¢ton L; Axa_:' =ac(tx_t¢) on Lg'

ot . ’ (3)
}W=—%mqgwk;
The initial condition _

t=t=1tfor 190?. ~ ‘ %)
where A is the Laplace operator; Kz = %E 4 Ki = Xig 3 A, Ak -- thermal con-
ductivity of the plate and the ring; c, ¢ T their specific heats;
a, o —- heat transfer coefficients from the lateral surfaces z = + § of
the plate and the ring, respectively; s aé -— heat transfer coefficients
with Lc‘and L'C; t, tk’ tc -- temperature of the plate, ring, and medium;
n' -- normal to L.

Assuming that the ring width 26§, is of the same order of magnitude as

k
the thickness 2§, we shall regard it as a thin rod. Let us formulate the
condition which the plate temperature must satisfy on the reinforced edge.

We shall assume that the rod axis coincides with the plate profile. For this
purpose, we shall relate the rod to the coordinates (s, n) and, writing (2)
in these coordinates, we shall disregard the quantities kn (k -- curvature of
the profile Lk) as compared with unity. As a result we obtain

. an, . !
P+ 5 = —txler (5)
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where

ot 3 & 0 .
pP= ag—,—n——-i-;; ds is

an element of the arc L,. Let us intro-
duce the integral characteristics;
|

By By
1 3
T‘ = %; £ txdn; Tx = 2—6’;-5’!‘“ dn.
- x !

Averaging (5) in accordance with
(6), we have

PTot g () = (@) | =~ oy
o g [ () ]2 e

(6)

where
|

™ 3 ;

" 3 |

Te= 2‘-%-‘_5 tdn; Te = ﬁ; nt.dn, ’
. ‘

wher$ the indices + and - indicate the values of the functions in the case
n = - Sk, respectively. \]§EEZ

Let us determine T, and Tf in terms of the boundary values of the
temperature ty in the case n = i:ak' For this purpose, we shall write the

solution of equation (5) in the following form:

t = _;_[cospn (t: + t;) + sin pn (t: -—t;)] + |

cos pd, sin pb,
-
. x . ‘

inp(® )a“ :

sinp (b~ n .

sin 2Kpb‘ (Smp(no-[-Bx) tcdn,].
RS

Substituting (8) in (6), we obtain

3
tg pd, - 1: -———-——1 -Tc)s
Te = g (6 + ) + ?(25,( o pb,(s: cos prtedn T°)' |
. ~%x ‘
. 3 - ©
Temgm U —phctepdtc—f+

CoLe
’.K 3 . .
+ 3 (o S sin prtdn — T2 ).
S

*
Instead of Tk and Tk , if we substitute their values (9) in (8) and if

we take condition (3) into account, we eliminate ty from the system of equations
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obtained. Then, setting .
L] . ° ) ;
A = 208¢; o = 2od; ax = 2a.T‘, |

in ths equation obtained we pass to the limit for § - 0, thus retaining A X s
Ck’ Oy r, as constants. As a result, we obtain the following conditionm of

heat exchange on the edge of a plate Lk which is reinforced by a thin rod;

Y . . ad O] .
[Ax s,+(1+acrx)la—,"“‘cxa_t]t =(ac+au)(t—t¢), (10)
which is characterized by four thermophysical parameters of the rod; heat£resis—

tance r{ | thermal conductivity A, specific heat C*, and heat transfer o -

It may readily be seen that the Newton heat exchange condition for an unreinfor-
ced plate follows from (10) for zero values of all four thermal physical para-
meters of the rod. /140

Setting r, = El = 0 in (10), we obtain the following condition
¢ t—t
A= i (11)
K

which coincides with the Newton condition for an unreinforced plate, in which
the thermal resistance of the rod r{f plays the role of the heat exchange resis-

tance/on the plate .surface. In the case rﬁ = 0 we obtain the well-known condi-
tion of the first type from (11).

Temperature field and temperature stresses im an infinite plate with a
circular reinforced edge. Let us determine the temperature field and the
temperature stresses in an infinite plate which is free from external load and
which has a circular reinforced edge. Assuming that the average temperature is
only a function of time, we shall have the following, instead of (1) and (10):

4L L Bit—t)=g: (12)

%-—Bio(t-—tc)=1% for r=R, (13)
where :

Bi=2; Fo=&; Bi —Blc:+r':c Bi,..‘—:-;
2ar s, (a,-'
= )

where a, o represent the thermal <nnductivi£y of the plate and the rod;
r*¥ = = __ thermal resistance of the plate; r = [0 ; ¥ _~—polar radius;
p Rok T o
R =—E_' ;vRo——hole radius,

1f tl 0= 0, then--assuming, for example, that the medium temperature
T -
is a harmonic function of time, i.e., |
—— wFi o .
= fel*F*, @ = const, | (14)
employing the Laplace transformation, from (12) =~ (14), we obtain the non-
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stationmary temperature field of the plate in the following form

t = tee~MQ, (r, Fo, 1) +te{l +iw(Ey(r, W) — ‘ (15)
-—-E. (r1 Fos "1)]}- !

I~
—
£~
[

where

|

v2A - . ) 24 - » : p

Q= —;,—_!.e"‘ Fof (r, m)dn, E, = -;Je‘_"“"“’“"’“,?’_&;"—)_ﬁ,-; |
Feo o In OV RO+ BY, (R} — ¥ (71) [dy (R + BJ, R7)] |
» W TR F I RO F B, R P+ (W1 R+ BY, RoF]

A=Bi - vy Bi; B = A - yn?; Mi--Mikheyev condition; J_(n), Y_ (n), --Bessel

functions of the I and II type of the real argument; n = 0.1.

For an asymptotic thermal regime (Ref. 2), we have the following instead
of (15)

“——ISK (rV%) +Bij, : * (16)

where |

= Aio - - . .
= VEKI(RVE)+(BI°+“"1)K¢(RVC-) ’ C—Bl+i(|)'

where K.n is the Macdonald function n = 0.1.

If tc = t0 cos w Fo, we may find the temperature field by determining
the real part of expressions (15), (16), respectively, in the following form
A t =t + t;My(r, Fo, m); . an
= f—’ {h’ 7 [(cos w Fo) (1, + A o) —

— (sin @ Fo) (A,ly — hyly)] + Bi (Bi cos w Fo 4 wsinw Fo)} .

ac

(18)

where

2A f(r: 'I) ! 'Y _ B s _
M, = S(B—_—_1+v,’)'+m’[(” coswFo— w( l+n)smwFo

__w’ e—M]—V]'FO] dn n = 0 ll = BIU + (S)Vo, 12 = BlV —(I)U.;
-~ B .
b= Y BB U Y EITE Y 4 i) + BiV

_hz____'I/ltl-;-BiV:+]/|CI;B'iU:+wTV:_
—BiU!, HO(ir V) = U, +i¥,, n=0,1; Uy =Unlup,
Vi =Vah=r. L /142

We should note that we have the following formula in the case of+therm—
ally insulated surfaces of the plate (a = 0) and the rod Q»k = 0)z = -§
instead of (18):
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A ]

Bi : - ‘
e = P ;: {d, [cos w Fo ker, (r /@) — sin w Fo kei, (r V' @)} +

+ d, [cos w Fo keiq (r V') + sin @ Foker, (r V @)3),

(19)
where

d, = Bij ker (R V@) = wy kel (R Y/ g) —
= Lelker, RV + kel (R val |
dy = Bi} keiy (R V@) + wy kero (R V@) — '

:;2 [kell (RVw)—ker,(RV w)]

n=101; Bl = Bl

. |
fet Ty ’

Setting w = 0 in (15) we may obtain the solution of the thermal conduc-
tivity problem.
t= to “ + e—M'Qo (r’ FO-"I)]-
(20)
which corresponds to the case when the average temperature is the Heavyside H
function of time.

In order to determine the stress-deformed state caused by temperature

fields (15) -- (20) in the plate, we may employ the condition of simultaneous
deformation of the rod and plate.
. |
k !
u=[%‘o,+a$’t,]Rfor r=R (21)

and the expressions which are known from (Ref. 4) for stresses and displacements
in a plate

r

—_ ) at .
o, E[l-—v "(l-+)‘)_'7hjrtdr]'

] : (22)
o= E[r25 4 g+ "‘.”"""]‘
r
u=cr4+-2 4101+ v)‘é'rtdr.
where m = Ro . 1 (k) ;
Eg;‘, Ek, E~- Young's modulus of the rod and plate; al Ty op —= their

temperature coefficients of linear expansion; v--Poisson coefficient of the
plate. By determining the integration constants ¢y €y from condition (21) /143

b ]
and from the condition that there is no stress at infinity, in the case of the
temperature field (16) we have the following expressions for temperature
stresses in the plate;

= D[a,tc—c—— ai®y ]( ) + adE [K‘ () __ (23)
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3 ac ac S
_(Iir\) Kllgfl)]’ 0 = —a) -—G{chTKo(rl)- | (23)

60 =t(1—eM).

Expressing the stress (24) in Cartesian coordinates and transposing the
coordinate origin to the point (xl = R, v, = 0), we may strive to the limit in

where
l -
D=”_1__—_1—'T'—V’ r1=fVC, R1=RVC-
EK . .
In the case of the temperature field (20) we shall have
g, =D [G!t* — af"’txl( ) + a;Etee—™M [( ) %R Fo. ) (R'RFO' D (24)
QA Fo. Wy R’_ri], o = — 0, + a;E (£} — 1),
where .
|
|

the case R + », As a result, we obtain the stress

s —=Fr@)—Fh®+HLx)+
Mi

+ e~Merfe (2 V_)},

Fo

9, =— a;Eto{

Vi- (25)

which is produced in a semi-infinite plate with the edge x = 0 reinforced by
a thin rod.

Here we have

pFo —
+ ~x |/ Bitp, ( * _—V Bi+p)Fo
F: () 2VBn+p,[e erfc Ve V (Bi + p) Fo)+ |
+eV B”""ferfc( % + V (Bi+p) FO]
B »
f.(0) = _‘}_"_*:”’_f. . F}, erfc(n) Se-"dn. Pra=
l—2~(Bi + Vi -413
it )
145
o[
T m-03 .
as <. '\\\\ .
g \\\"'.L”_ | iy m-05 ~—— m-05
02— - =~
\\..\ me25 \\; mel25 N - m=125
=Q./ ﬁ\\ m.!‘L s \\\\ m-2.5 | =3 [P ‘ m2.5 1
» " I~ — me3 \ me3
¢ 2 r 4 U R 2 r e 4 N = 2 4 [ 0=
' Figure 2 '
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\
\‘ ! Analysis of Temperature Stresses on the /144
1 Reinforced Circular Edge of an Infinite
‘\ Plate for a Nonstationary Thermal Regime
AL
\\\ On the edge of the plate r = R, and we ob-
\ tain the following from (24)
AY
= 9r=D[att:—a;k)txl: =—0,+aE( —t ,!
. ‘ o (26)
AN N — Min(®)
\ \: me5 ) tl( —10[1 — e Qo ].
me=23 R
\ mei,2 If the edge of the plate r = R is not rein-
. m-q3| * * _ % _ * _ (k) _
] iy forced (ocK = 0, Ty = 0, )‘K = 0, e = 0, a T = 0,
¢ i ¢ ! ¢ EK = 0), we then have the following instead of
Figure 3 (26)
G =05 =aE( —F), h=t,11 —e™MgM| @D
where '3
QM =44 j' Py
° T W A @F BT OFF 0+ B, P)
S ' . e
O = QW ar-rrsi, A® = AR, B* = BR, Bil =5,
F’=% |
=—=.
[}
if r, = 0, we have the following from (26), (27)
. 1 . .
% =T e =i [l — e e em], (28)
o =—0; —e ™ 1 — QM|arapram) (29)
~ ~
where - o, =0, op = —eM,
* _° * % ~% ¢, ~ % (29)
or S oE O T E O T g M T qE,



K . A’ ¢' (29)1

Figures 2 and 3 present graphs showing the stress distribution (28) and
(29) as a function of Fo*, Bi*, m for a steel (steel carbide) plate, whose
circular edge is reinforced by a thin bronze rod (90/10 bronze). When com-
piling the graphs, we used a graph for the function Q(k)‘A* o given in
0 A
(Ref. 3). The stresses always decrease with an increase in the condition Bi%*.
(Figure 2)
It may be seen from the graph showing the stress distribution c / that its

= B% =

maximum values for all m is reached for finite values of Fo*. With an increase
in Bi*, the values of Fo* -- corresponding to the maximum values of o: -- de-

. . * ] . .
crease considerably. The maximum values of oL decrease with an increase in
Bi.
. % . .
The maximum stress values 94 (Figure 3) for certain large values of m are /146

also reached for finite values of Fo*, decreasing with an increase in*Bi* and
remaining negative. However, for small m the maximum stress values 0y are

always reached under a stationary thermal regime -- i.e., for an infinitely
large value of Fo%*,

The solid line in Figure 3 gives the stress in a reinforced plate, and
the dashed line gives the stress in an un-reinforced plate;

1 Asteel carbide ‘

= 0. SM

a’;_%bronze . E Esteel carblde 1.75
%steel carﬁﬁesx Exronze
The author would llke to thank Ya. S. Podstrigach for his discussions.

REFERENCES

l. Podstrigach, Ya.S., Kolyano, Yu.M. Inzhenerno-Fizicheskiy Zhurnal, No. 2,
1964.

2. Podstrigach, Ya. S. '"Temperaturni Napruzhennya v Tonkostinnikh Konstruk-
tskiyakh' (Temperature Stresses in Thin-Walled Objects). Vid-vo AN URSR,
Kiev, 1959.

3. Carslaw, H.S., Jaeger, J.G. Conduction of Heat in Solids, Oxford Uni-
versity Press, 1959.

4. Timoshenko, S., Goodier, J.N. Theory of Elasticity, New York, 1951.

1 Translators Note: This is probably incorrect in the original Russian and
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~ EFFECT OF CONCENTRATED FORCES IN MULTIPLY CONNECTED REGIONS ‘= /147

.
: o
L

A. S. Kosmodamianskiy

(Saratov) | N 6 7 Iz 5 2 0

The study (Ref. 2) advanced an approximate method for determlnlng the
stress state of an elastic isotropic medium weakened by a finite number of
circular holes. Distributed stresses were applied to the edges of these holes.
This method is extended in this article to the case when the medium is de-
formed under the influence of concentrated forces applied to the hole edges.

Let us investigate an elastic isotropic medium with two identical circular
holes. Concentrated forces are applied to the hole edges, as is shown in
Figure 1. We shall assume the hole radius is r = 1, and the distance between
the hole centers is 2%.

The problem of the stress state of such a medium may be reduced to deter-
mining the functions of a complex variable ¢(z) and x(z) from the following
boundary conditions on the hole edges (Ref. 8):

PO+ =D O+1xO=F (1
As is known (Ref. 5), the function f on the arc 0102 equals iP, and equals

zer th
© on the arc 0,0,.
Just as in (Ref. 8), we shall assume the following representation for the
functions ¢(z) and x(z):

?(z)=§“"[(z-it)"‘+.((:2k;:]’ x@)= Ei3"‘(: .l>"+(—ll;’t] ”

Due to the geometric and force symmetry existing in the case under con-
sideration, in order to determine the constants Oy and Bk which are introduced /148

it is sufficient to employ the boundary conditions on the edge of the right
hole. They are satisfied automatically on the edge of the left hole. We shall
not examine the constants which have no influence on the stress distribution

in the medium.

For points on the edge of the right hole, we may represent the functions
¢ and x as

ye+ L
P=¢ (°)+2 21,,. =" (°)+23~((°+)2,)k-* (3)

*
Here ¢*(o) and y (o) represent the boundary values of the functions which
are holomorphic in the region outside of the edge of the right hole. We may
represent them in the following form:

¢ —Zakc-*
4
Al (4] =k§p;c-'. )

where 7 = z - 3.
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Figure 1 Figure 2

We find the following from the boundary condition (1) on the edge of the
right hole, employing the method of N. I. Muskhellshv111

9*(0) = —ln“"+2( )"C"‘E( 1ymer+m (Bncfih, —
. k=i me=1

=M (O] — T )b

x*<c)=——”ln‘+‘+<c et O+ (5)

+ 2 (-—-1)"5 c—k 2 (_l)mcm—l g.+l’l¢m.
k=l ' m={
k -1 2; Gk > 9 =1.
An infinite algebraic system having the following form is obtained to
determine the coefficients a, and B

Here ¢ = (22)~1; s

k
ax + 2 (._ 1)+ (mapettm (ck  — edcht! L ) — p: Ere+mck+m_l} fo )
- P:‘+ S 2 (—1)'+"‘+'amc,’f+,,._,e =g,
where ' m= o P.
By =B+ ko —(k—2a-2 fo=—te= g (=11 + 1) (7)
After determining the constant coefficients o and Bk from system
(6), the desired functions ¢(z) and x(z) assume the following form
- P —l 1
p(@) = in = + Z( (2 — t)-kZ (—1)mer+m (Buepct | —
) mmw=|
— Mam ey — )} + 2('—1)"*'% E+bh% (8)

+,§, (1)1 By (24-D)~*+ gl(— W (@z— ’)"'8".,.2.(;1 ymep=t_ ektmg,,,

The stresses produced in the medium may be determined by means of the
functions found from the well known formulas (Ref., 8). Let the medium be
deformed by concentrated forces, just as is shown in Figure 2. 1In this case,
the functions (5) assume the form
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¢ (6) = ”ln§11+2(—1m"‘2 (—1)mertm {Bmcit_y —
me=|

- ma’"'( kem-1 & cm+m+l)}

(9
=B+ (e D0 +

+ 2 (—1)*aed 2 (—1)'" A i

The algebralc system for determlnlng the coeff1c1ents oy and Bk is obtain-

ed in the form of (6). We thus have

k1 :
o=te=—3 S5 (=DM 410, (10)
It must be noted that the left hand sides of equations (6) have the same
form as for many other loads of the medium (internal pressure on the hole /

edges; tension of the medium at infinity; pure shear, etc.).

If the medium is weakened by an infinite series of circular holes, and if
concentrated forces are applied to the edges of these holes (Figure 3), then
the functions ¢(z) and x(z) may be represented in the following form (Ref. 1)

? @)= 2 V i@ = Y X (D

k=1, 3, k=1.3, ... Am—m

N PN

- (—y PR N
Figure 3

A system is obtained for determining the coefficients o and Bk

= 3 (Do (b + 2 ek, v, ) —

=], 3,..
S (s o) VNV SN B b VOV SRR B o (12)

5 e, e

Here Ak =21 1K, and the values of fk and t, are obtained in the form of
(10). n=0

If concentrated forces are applied to the hole edges just as is shown in
Figure 1, then the left hand sides of system (12) do not change, and the right
hand sides assume the form of (7).

In calculating the stress close to any of the hole edges, we must keep the
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fact in mind that

2%#‘"('*:—“'71)‘ §k<=inx>~.="'“(“z—'in)
=12 ..) |

Formulas (13) make it possible to sum up the poorly converging series and
to obtain an effective solution of the problem under consideration.

(13)

Let us now discuss the case when /151
the medium with two holes, which was
examined previously, is deformed by
concentrated forces as is shown in
Figure 4.1

In contrast to the previous cases,
the principal vector of the external
stresses applied to each hole edge will

Figure 4 differ from zero. In contrast to ex-
pressions (2), the desired functions
¢(z) and x(z) will have the following form (Ref. 3):
|

)= f’?%—w‘"i-}% + 2 (=~ + (D G+ D7 : .

10 = — st M S0 D0

Let us introduce the functions ¢ (z) and ¥ (C) in the form of (4). We may
determine them by employing the method of N. T. Muskhelishvili. We obtain

ot (0) = —{ln(-—l—C“‘)—_—E(_l)kﬂc—"ek(__‘l+1)}+ i

+k§-:l (=1t C_kmgl (—=1)mettm Bmepl | — mam (€ iy — %0 )}
| | (15)
_ - ’ P N ; 1 ;k' -t
B0 = C= T8 O gy (DI 4 e =
— ' —( +9n 1 c—l)] + V BC 2 (—Dtmept_ ekim,
’ l-l mm=] .
In order to determine the constant coefficients Oy and Bk just as /152
in the preceding cases, an infinite algebraic system such as (6) is obtained:
P 1 k . P 2 . .\. (16)
."'=2T=(,“1)k+'{?"'m( “H—‘)}.’ tl_?n(l-l—t l)'

1 The influence of a concentrated force applied to the edge of one of two
circular holes weakening the medium was studied by M. Z. Narodetskiy (Ref. 6)
by introducing special functionms.



P 2—]—¢? _ P (—i)* _ ‘k) - . !
t’_21:' 2(l+1)' b = _(1 * (k>3)’ (16)

When calculating the stress, the coefficients oy and Bk may be advantage-

ously represented as follows, within an accuracy of P/Zﬂ:

+al; B. ““-}-p | (17)

Then the functions by means of which the stresses are expressed assume
the following form

k41
w = EY

¢(2) = 21:{!-11'1 z+l+ln(l+_—)—‘n(l'—_;+l-7)+.4

o+ Ve[ S

| (18)

) p x szt _ ( ) ‘
X(Z)=27[— Ryt ( +l_) In 1"‘ |
1 1) 1 1 ] Z o[ 1 (—1HH
"(z—l+z+l)+[(z—-l)’ (z+02 +k lﬁ" (z-l)"+ e+t
TABLE 1 TABLE 1 (cont.) TABLE 2
[} w i ]
o i [ 1] . .
0 - . 3 25 J - P | s I 2.5 &otatlon . s 25
0 |—0,67|—000| 0,10} 0,2 [ 120 | 333 5'0(75 82? —8,32 ’ | P
=V ==V (] » i 135 . 3,89 ,l -
15 [—0158 |—000| o0;10] on2fil 150 | a31| 31| 235| 009| ox|z | —540 | —11,23 |—22.84
30 —8.3} . 8'8(1) 8.8273 8.(1)8 | 165 | 458] 593| 650 485\ : :
45 N ) X | 180 | 267| 4,.89| 7:65]| 1345 : .
60 | 067| 004| 004 006 ‘ wlg | -5 | T249] 535
75 | 1.31] ool 001{ 002 = :
9 | 200| 023[--0,03|—004f!
105 | 2.69] 050|—0.04}—0,11}

By way of an example, we have calculated the stresses o, influencing the

8
surfaces which are normal to the edge of the right hole, for different distances
between the holes. Table 1 presents the results of these calculations. The
case when £ = = pertains to a medium with one right hole.

In addition, Table 2 presents the results derived from calculations for
stresses Oy and cy having an influence at the point O.

It may be seen from these tables that, when the holes converge, the stress /153
concentration sharply increases at the points between the holes, and decreases
at the points of the hole edges which are far from the place where the con-
centrated forces are applied.

Let us now discuss the case when a medium with two circular holes is an
anisotropic medium. We shall thus assume that the complex parameters character-
izing the medium anisotropy are purely imaginary, i.e., Hy = iB, My = ig.

The problem of the stress state of such a medium may be reduced, as is

142



known, to determining two functions of the complex variables @p(zp) from the

following boundary conditions (Ref. 4):

2 R_e (D, (2)) + Do (2)) =F1i 2 Rep @ (2) + pa®; (25)] = fs- (19)
Let us transform these conditions to the following form:
- — — 20
O, — k@, — k0, = —¥rf, ®©; + k@, + k, Dy = Prf. (20)
Here we have A
k=1 B+ 3); by =20, ky = 26r; r_(p—lS)-l f= f1+‘f3 (21)

Just as in (Ref 3), we may assume the following representations for the
functions @p(zp)(p 1.2)

o =§?*{lc,<z‘:n" [ +2m"}

(22)
- | (—1)t+
®, = ?:l' br {[c. ar i @+ 21)1"}. '
where |
=Zp—l; Z* =m0p(p+ﬂ'p; m00=075(l_ip'9); (23)
. p ’

mip = 0,5(1 + ip,).

Let the medium be deformed in the same way as is shown in Figure 2. 1In
order to determine the coefficients ¢k and wk in the same way as previously,
we then obtain the following infinite algebraic system

. . —1
Pa -+ (M — k) AL — &,BY = P31 4+ (— I+ 0 24)

Yo+ (my — k) B} + oy = —PyB1L + (1
Here we have ’ C

P1=-—" mp='F£ : 2(— )'-H?: (L2

= 2 (—1)'+49,Ba.

(25)

Thus the coefficients Aik and Bik are obtained when the functions [cp(z*
+ 225]'i are expanded in series with respect to the Fabry polynomialg P(z*)

within the ellipses obtained from the right ellipse by means of the well
known affine transformations

1% (2} + 20 =kioA,~,.P, () 1GE+ 2,)]_, 2 ByPy (z,) (26)

After the coefficients ¢k and wk are determined from system (24), the
function @p(zp) is known on the basis of (22). The stresses arising in an

anisotropic medium may be determined by means of this function as follows
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(Ref. 6): ,
% = 2Re (pi®] + pj0il; o, = 2Re[®i + B}); v, =
‘ = —2Re (w®; + p,0}).
If concentrated forces are applied in another manner to the hole edges, but

the principalstress vector on each hole equals zero, then only the right hand
sides of equations (24) need to be changed when solving the problem.

(27)

he
If'grincipalvector of the external stresses applied to the hole edges does
not equal zero on each edge, then the representation of the function (22) must

be changed by adding logarithmic terms to it, just as was done in the monograph
(Ref. 7).
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uiDESIGN OF SHELLS OF REVOLUTION WITH A SMALL HOLE AT THE APEX 155
UNDER SYMMETRICAL AND ANTISYMMETRICAL LOAD (-
< V. I. Kruglyakova ¢ /+

(Leningrad) N é % :- éi‘. 5 g }

The problem of symmetrical and antisymmetrical load for shells of rev-
olution with a small hole at the apex may be solved uniformly.

The angles 6 and ¢ are selected as the curvilinear coordinates (Figure 1).
The customary dependence of the desired and given quantities on the angle ¢ is
assumed:
@, w, up, )= (s, @y, Uy, 0,,) cos kg, ‘
' v = v, sin ke,
(Th T21 "410 Mi’ QP) = (Tl ky T2 ky Ml s M2 k' P~ k) COSk?);
(@1 97) = (@15, gn.a)cOSRP;
< 2 = G2, xSinky, )

(1)

so that k = 0 yields a symmetrical case, and k = 1 yields an antisymmetrical
case,

1. Shells formed by the revolution of second order curves around their
axes of symmetry are investigated. The main radii of curvature for them have
the following form

- R ' p_ R .
Re= e R’—(l+1s§n'o)‘/";% (2)

A sphere corresponds to the value of y = 0; a parabloid corresponds to the

value y = -1; €llipsoids correspond to the value of y > -1; and hyperboloids
correspond to y < -1,

We shall employ the equation obtained by V. V. Novozhilov (Ref. 2) as the /156
initial equation. Under the assumption of relationships (1) this equation is
the customary equation for the main complex function

o Ty = TiatTon
d dT
e R—1)eter—g - R‘] o ®

R,( R,) !

+El 2R Sln’OTk—*.l—Th 0
We shall not investigate a nonhomogeneous equation here, since no difficult-

ies are usually entailed in finding a particular solution of the problem. For

the class of shells under consideration, the main equation assumes the form

d’f., 14 2¢sintb cls_Odi._
dy? + 14 ysintd  sin® d9
B 1—ysinth & (4)
“sint0 " (T Fysinio)p T
R,
+i c(I 4 7sind0)f/s ™ =0.
We may solve it by the method of '"the reference" equation (Ref. 1),
assuming the following equation as the reference Bessel equation
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B+ a—(+ge=o
(5)

The fundamental solution of this equation may be written in modified Bessel
functions of the first and second type:
y=Cula VD + CoKa 0 V5 )
inl, (p Vi) = ber, ¢ + i bei, §;

K (@ VT z) = kers § + i kein §,
where ber Ps be1 U, kern [/ kein 1]

are the known tabulated functions of
Thomson of the first and second type
of the order n.

We shall try to find the solution
of equation (4) in the following form

= ' 7
Fe=n0)y10n, e
where the bar over the complex quantity
Figure 1 designates the conjugation sign; y —-
solution of the reference equation;
n(8), ¢(0) -- the unknown functions to be determined.

Substituting (7) in (4), with allowance for (5), we obtain the following /157
for the latter

6) = ¥ ; (8)
() Vq/ (t + 7sin26)'/3 sin 6’
- ] .
’ b
¥ —)‘S(l-{-xsin’e)"‘ ) 9
. 0
()\ = E 7 C= — h —shell thickness )
¢’ yreag=-w’ R

and in addition condition n = k.

Since we are interested in the solution close to the small hole at the
shell apex, and assuming that the angle 6 is sufficiently small, we shall

expand the integrand (9) in Taylor series. Performing the integration, we
obtain

$(6) = A0 {1 -0 (6%)) =6, (10)

. . of the solutlon
Neglecting the portion/striving to infinity with an increase in the angle,

we may write the desired function in the final form:
Tr = 1(8) (A— iB) (—i)" (ker, A0 — i kei, A6). (11)
When performing differentiation from this point on, we shall disregard

the variability of the slowly changing amplitude function n(®) as compared with
the variability of the Thomson function. Figure 2 presents the graph for the
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function n(8) for different values of y > O.

*
2. Let us employ T1 K, T 2, k to designate the partlcular solution of the
problem. With the value obtained for the fundamental function Tk’ the complex

stresses may be determined according to the following formulas

5 e . {ctgh dTy k=),

T""— T"k+w{T' Tiﬂ—_R,sm’OT"}' (12)
ctgl - dT,

Tz s =Tox+ Th — [Rn . F(T—R,smiﬂr"}

Thus, the stresses and moments arising in the shell are determined:
Ti,e=Re 7.:1.1;, Ty r=Re fz.k; - | (13)
Ml.k=—CIm[f2 2+ T, &} M2k=—01m{77|k+\'7-'-2k}-’i

The following expressions (Ref. 3) are obtained for the boundary inter-
section force and the bending moment:

dTy & =
Qr=Q s gy fa Mt _ L ctgoimT); Q4 = cosoT;, 5 (1)
_ : ctgh , dT |
M., *=_c{lm T"—c(l T )[-L dﬂk Ry sxn’ﬁReT‘]}
Finally, we have the following relationship for radial d1sp1acement and /158
the angle of rotation for the shell meridian
u"'*=‘”9-k+st'"0[ReTk+c(l+ )[ctgﬂ d:'o,,__
TR sm’OImT*]} X . o (15)
u;'k R, smG(T2 k—VT| 2
b= (RRe Tt _ketgoReTs).
3. Investigating the symmetrical case separately for stresses and moments,
we obtain |
T,— T, + ctgﬂ(l +1s1n'0)’h {Akei’ A8 4+ Bker’ A0); |
T, =T, +1,(e){ [kerxo—ﬂs_(l + 7sin?0)¥ekei’ N0 —
|
. (16a)
— B | kei )‘O—fti(l+ sin?0)¥/s ker’ A0 |
1 :
M; =cq(0) [A lkei ¥ +(1—v) == dgo (l + 7 sin?0)¥/2 ker XO] +
|
4 | 16b
+B[ker10—(l—-v)g'f—°'(l + 7sin?8)%2 kei’ xe]}- 1 (16b)
) . |
M, = (0){ [v keix6 — (1 —v)dgo(l + 1 sin? 0) /s ker’ ).0]-}- |
+B[v ker m+(l_v)°'g°(1 4 sin?6)%/2 kei’ xe]}, | (16d)
In addition, we obtain the edge compliance coefficients, using them to /159
designate the radlal displacement and edge angle of rotation corresponding to
the influence of a single force and moment on the edge -- i.e., assuming the

following on the edge
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- . ‘ ' \ /7
Uy = uy + ay, (Qg —Q) + a{zMo: (17) \\ /
B = a (Q— Qo) + az.M,, \ /
. ~o 7
where the compliance coefficients have
the form ‘
Cy——— e
Sy sint 0 B4+ g ' Figure 3
. ay —1/12(1 _Tvz) la(l-,‘-'{sin‘,’ﬂo)'. X, * E‘;' o
Uiy = @y = _l/-m A3 sinf, . ‘Po?;+%‘!’; R \ (18)
" ST e T X, B
_ _ . o8 + i 1
@gp = [12 (1 = V)4 X (1 + 75in?0,) D.Xo ~. il ;|
Here 60 corresponds to the hole edge in the shell:
" @o=kerMy; @, = ker’ AB,;
A $o =kei My, ) = kei’ A, (19)
o= go— (1 + ) T2 {1 + ysin?6iagy; ||
: . tg 6, . -,
Wy =¢o+ (1 +) ch" (I + 7 sin®6)3/3p,; (20)
Xy = Dgpo — To9s-
&.

The stresses and moments in the antisymmetrical case assume the
following values

1

— egker, xe] —B [x ctgd (1-+1sin?6) keif N— - kei, w]}

' R g . . 11
Tas'=Tha—n(9) A fkeis o+ ‘l+7_;;"'°l_-’[xctge(1 +

-+ ysin®6) ker; A6 — r':,—o ker, AO]} —7(0)B {ke_r1 20—

__ (14 ysinsg)tis [
Y
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hetg0 (1 4 15sin30) kei; A8 _s'i?nlﬁkeil A6 };‘
s 17e
Miy = cn () Afker, 1o — (1 — v Lk 1m0

T =T +32(1 4 ysinto {A[l ctg 0 (1 + 1 sin?6) ker] AD —

(21a)

(21b)



% [x ctg 8 (1 + ysin®6) kei} A8 —s-in—],-‘-,keil Aq]} —cn(6)B {keilkﬂ +

. i3 M .
4 (1—v) Qil;',"_;")_:[x ctg8 (1 + ysin?6) kerj M — - ker,m]} (21c)
. . | . ' 160
M'“='-C7I(O)A{"kerx)\9—(l—v)(+_7wl.e)_x
[kctgﬂ(l + 1 sin?0) kei, A8 -—-——ke:l AO]} + :
; : (1 4 ysin? 0) 2 (Zld)
- en(8) BivkeigAd 4 (1 — V) ——X )\ctgﬂ(l + 1sin B)kerlm-—-—.——ker,w
In this case, the compliance coefficients may be written as follows
al — 1 LU TS bk A
N = I+ysnd X, E’
gl — gl — s Sinb X, | | (22)
al’ a )\ .(l +1$|n’eo)ll’ Y Eh ’
THTT X, 1
=VI2I—v¥) g F Ef h
We employ the following notation here
"¢y = ker, ABy; q;——-‘ker; AB,; _ ‘ (23)
$1 = keiyAg;  §; = Kei; Ay; . ‘
: ) T i s : ] . 1
0, = 9y (1 4+ ) LEIIEN 2 ot g, (1 4 ysint0) 4 — s Q4)
. 'l ’ in? §.)'/s . ' 1 3
W o 1+ ) SRR g, (1 4 ysim b o — e ]s )
X, = @, (1 + ysin®8e) ¢ — °‘g°°q»l -
_ - ctob ' (24¢)
—‘F.[(l+1sin’90)q>,—ﬂtp,]; J\
‘XS =, (l +Tsm’90) P — cth.,?l +
o J (244)
+ T, [(L +ysintty) ¢ — €8 S0
[ , »
X_l= _(] + sin?f,) ¢, —M?x +
[ 24
+ (1+1sin’9o)¢{—°‘g°°%- - (24e)
5. By settingy =0, A = R ,r#eLl,we obtain the case of the sphere with
V(:
the radius R from the above relationships. We must assume A = i— and /161
9 c
Y = EE' - 1 for an ellipsoidal shell, where a, b are the ellipse semiaxes.
b

By way Of an example, we investigated a shell with a small hole at the

apex |y = 2, h = 200, 6 = 8°} under the influence of internal pressure. The

‘ . cat
curves in Figure 3 give the ratios of the maximum stress opayx = |0 |+‘ Gbendl
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and the greatest catenary stress to the momentless stress in the shell for a
rigidly sealed hole (dashed line) and for a hole reinforced by an elastic ring
with a 1lid (solid line).

6. The homogeneous equation for a symmetrically loaded spherical shell

Z;,T +ctgh oy +; Rf=o0 (25)
. Y
may be reduced to the following by the substltution of z =T Vsin 6 :
dzz 1
IU’ + [ (s‘nge 03) + + 403 + l‘ ] 0 (26)

Disregarding small terms, we arrive at the Bessel equation and obtain the
following solution
T= Vsmo( A+

+ iB,) (ker A8 — i kei A9), ‘

which is an "accurate' solution in the sense that its error is on the order of
h as compared with unity.
R

(27)

We obtain the following more accurate formulas for the compliance coeffi-

cients |

RV .. W4 ’ :

Ay = 12-(1—v')(R—) sin®§, "'.W’-El- ) i

Au=Au=—) l2(l—v’)h1/005m0 Tt L, : (28)
a3 |

A=y TR L

[~
[
o))
N

where we employ the follow1ng notation

w=F)un+VEY Boai|
po = F (6,) bo + ]/— V ‘Po; 29

_r sin 6,
F0- 4/ 5):

sin 0

6,
W, = l/ smofl % + (] +v) R—cth ay;

6o
Wz = V.S_In—é; ?o (1 + V) Ctg 6 ﬁo; Wo = powz— aOWl‘

7. 1In order to determine the accuracy of the solution, the compliance
coefficients for the sphere, computed according to formulas (18) and according
to the customary asymptotic method Geckeler approximation) were compared with
the more accurate coefficients for several values of the wall thinness I =

'é—,
1 L L L d f th 1 6. f 5 to 90° °
50 * 100’ 200° 500° 2" or e angles 6, from .

(30)

Figure 4 presents an approximate graph for the compliance coefficients
corresponding to the Bessel (solid line) and Geckeler (dashed line) solutions
with respect to the more accuract values (assumed to be unity on the graph)
for the parameter R/h, equalling 50 and 200. The compliance coefficients
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corresponding to the solution (18) were close to the more accurate coefficients.

For all values of the parameters, the divergence between them did not exceed
5%. For purposes of comparison, a dashed line was drawn for the value of the
compliance coefficients obtained from (18) by substituting sin 6 ¥ 6 in every
exXpression.

Thus, the variational simplification, consisting of substituting the type
sin 6 3 6 only in the coefficients of the initial equation, without complicat-
ing the calculations, made it possible to widen the range of applicability of
the Bessel asymptote up to 90° at least. However, it is not advantageous to
employ it at larger angles.

Thus, the graph shown in Figure 5 makes it possible to determine the
angle 60 beginning with which the Bessel solution may be replaced by the

significantly simpler Geckeler solution. The curves shown on the graph corre=
spond to the errors of the Geckeler approximation as compared with the more
accurate approximation equalling 5, 10 and 20%.
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‘APROPAGATION OF AN ELASTIC EXPANSION WAVE FROM A CIRCULAR HOLE
IN A CYLINDRICALLY ANISOTROPIC, INHOMOGENEOUS PLATE

S~
o
[o)Y
s

f P
V. D. Kubenko * <+ = 7 T . T
: ™
(Kiev) N67--¢452g

This article studies the propagation of stress in a thin, infinite plate
when a pressure which remains constant is applied to the edge of the circular
hole suddenly. It is assumed that the plate material is cylindrically anisotrop-
ic (the anisotropy axis coincides with the z-axis of the cylindrical coordinate
system r, 6, z, Figure 1) and is continuously inhomogeneous, so that the Young
moduli are functions of the radial coordinate

E"-': Elr"'; EO = E,r"', '

-

while

vy = const; %=:—:=k; lm(m‘)=0.‘

The static solution of this problem is given in (Ref. 47). The dynamic
problem for a homogeneous medium was investigated in (Ref. 5, 7). The article
(Ref. 8) studies the propagation of a equivoluminal wave in an isotropic
medium with a shear modulus which changes over the radius according to a power
law (plane deformation). As will be demonstrated, there is a certain analogy
between the present problem and that investigated in (Ref. 8), which was given
in (Ref. 6) for a homogeneous isotropic material.

We should point out that the problem for a cylindrical cavity in an in-
finite medium of the above-mentioned type can be solved in absolutely the same
way.

1. 1If we introduce the following notation ' 165
= r 7 Col L] E,am
r= — = — = .
a’ vt a’ ©o (1 —vpvg)p’
- __ _Ejam™? .= Sp, < %
u_(l—VrVo)"o ! t,r__“_»' °°=°_o
(where u is the radial displacement; oL and Og =~ radial and circular normal
stresses, a -- hole radius), we then obtain the following equation for radial

displacement in the region of Laplace images, with allowance for zero initial
conditions; ' '

17 dyj
A

dr¥ r dr (1)
+k—mupL =0
and the following boundary conditions
L o 1 o
du [ N hamiareuiry ’=1| (2)
'm[—'f’_*—vo?]—[ 0? 7> oo,

Here we have

UG, p) = [eoa ¢, D di i@,
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The second condition in (2) is the condition of perturbation damping at
infinity. Equation (1) may be reduced to a Bessel equation, and in the case
m # 2 we have the following solution

U=ﬁ’7{umK(l”mf‘%)+Bmu( ”mff%)y
| , B =7 (3)

v=2_lm m’+4(k—-mv.)' e . ’ |

1 where Kv’ Iv are the Bessel functions

} of the imaginary argument.

j In the case m = 2, we have the
Euler equation with the following
solution

U= A4 (p) 7 + B, (p) 7;
Ce=—1F VP LR F+T—2%. ()
We should point out that when the
medium density p changes along the

radius according to the power law with an arbitrary real exponent, the solution
of the problem does not differ in principle from the solution investigated,

Figure 1

A study of the Bessel function orders (3) shows that they are always real.
In the casem +~ + », we have v > 1, and for m -~ 2 we have v + =,

2. Let us investigate the case m < 2. Employing (2), we obtain /166
U ' %’K'(%F.) Z @, p)
=;c— —_— pl—] Ty P,
l—a4av—vy p) p =r N (5)
P K'(7)+K'“'(T) %
a==l-—%;.

Significant difficulties are entailed in directly changing to the class of
inverse transforms in (5). Let us rewrite (5) in the following form

- 2 2 ' (6)
U, pe=N(p)=e"Z(, p)7-'.

b
P
The problem now consists of finding the inverse transforms eaKv_l(g-, el %:Kv

P -
(%D ed 1 Kv (é_; ) . They were determined in (Ref. 3). The absolute con-
3 2 o
P

vergence of the Laplace transformations of these inverse transforms may be
readily shown. If we employ the following notation

EN@) > K@, |

then, according to the convolution theorem, from (6) we obtain the following in
the class of inverse transforms 1%

Sﬁ@ﬂKG~ﬂm=z@bF%i -
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Differentiating (7) with respect to r, we shall have

&G, 9K =9 di= @ =12, hr—?+ 20 DI |

By oy

Combining (7) and (8), we obtain
i

o,(‘ t)K(t-—t)dt (a+v.—l)z(‘, Hr—= 42 @, =

: -
ja. G DK F—)de = (avg + k— )2, D= +2' 7, 7=,

Similarly to (7), we may obtain

1 ¢ o :
§é(r. YK (=) di =2, H L.
Here we have

——iiv———uc+1+l/(at—+ﬁ)- |

— @I =VREF =T+
ECEaES Vel =1 @+ 1 — VR F P =1)"! |
2Vl NT—1 '

0= 2 iy [ )
. x[(“ 1)¢1+1(at+l+l/(az+|)e ) ,2v:_
;(%i;’_l/(at;*_al)a l)v—. l)a:+l(ax’+| o

- VAT )i |

2:(' f)=H (i—’—' [(a’:}-l+l/(at+l)’ ) [

_(aﬂ_ (L-!:_')_’—l) ]

7 ‘ ,'r2l

K(t) =

In the case v =1

6. =H (=) SV T -
o S TR e ) S
——i;lna-*- + ;' ]-

Here H (t) is the Heavyside function.

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

Equations (7) - (11) are integral Volterra equations of the first type.
Since the right hand parts of all the equations obtained equal zero in the

time interval
-1
]

)
. r -1
in equations (7) - (11) we must set the lower limit as . .

It is apparent that we have the following in this interwval
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(16)
At the momentum front we have \
s el
i} an
from which we obtain its propagation rate
- m
c=T =T, (18)
-
or, in the customary notation,
"Eyrm 19
CTY = (19
- o _
Substituting t = E——a—l'+ € for € > 0 in the integral equations, we find that
at the momentum front we have
1 -3
a=0; ﬁ'=—r"T_T"';|
L,
o, F 2 M !
& - : _b | (20)
ref a. —.—Vo; 2 +Tm \‘
-08 - ' )
. li—r-“i—__m \l
_54 \\\ The integral equations obtained may
‘\\\125__* be readily solved numerically, as was
A T done in (Ref. 7), for example,
N - .
0 70 20t When the Bessel functions may be
- expressed in terms of elementary func-
, tions, the transition to the space of
Figure 2 the inverse transforms is possible by

ing contour integration and the theorem
of residues. Figure 2 presents the
results thus obtained for k = 1, Vg

m~ 0.7. It may be readily shown that
in the case t > » the stress state in the plate strives asymptotically to the
static state.

3. Let us now set m = 2. In this case, we may employ the solution of
(4) with the following boundary condition

—— ?=l;
d?+v'"' l " F - oo,
We then have
UG, p) exp(-—lanP’ + %) b=1—v,, g=k+1—2v, (21)

7p (b+ Vittey '
Since u(r, t) « plU(r, p) = U we have
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ljﬁ, p) =R l=In? Vol+gl Vp’ +e (l/ )

b D) i
e+ Vrte) Viote l/( )_H (22)
For transformations like (22), there is a formula for transition to the /169
inverse transform which yields
- . i
o
. - - —_ - |
ca@ D =F@h— (Ve =), () dz [ @) < F(p), |
J : ;
where Jl(z) is the Bessel function.
Determining f(?), we obtain
ng' Ini7 . 1
b ——ee—evmma
E=H(t-—lnr)r"— {e—"' ‘S‘exp{-.f._lfga.a_zz Jl(z)dz]; (23
u_H(t—lnr)—[—-—-:;?be—w 1
fﬂV‘!' Inty ' ‘
—r”jdt j exp{-——-Vg :’—z’}.ll(z)dz] : IL
) inr (24)
i
,__H 7— - L@ V=T i
s (@ lnf)[ l+g1nr§ Vo=t d] 25)
%=H@—MHF—H4+¢—W_%%J+
. tht' inv7
+[(b-—l)’ k]f"jd‘t 5 exp {-——Vg’t’—z}ll(z)dz— ;
" Inr .‘
3, JﬂgVﬁzﬁﬁﬁ l
—g(b——l)lnf Vm ‘!}. ! (26)

Inr
At the momentum front we have
'F:In?

= r, or in the customary

E,\r?
C—V(l—v'rv.)p ‘ (27)

At the momentum front we have

ctl

from which we obtain the wave propagation rate ¢ = e
notation

|

a =0, iz"—' =1, 6 = —1, a. ==V (28)
; 5 onf Sl o, .1
Figure 3 presents the dependence of o, on t for Vg =% Y T 14
Employing the theorem of the limiting transform value, we have the /170
following from (21 Fol+e
BE D imae p=1mie, P ="

fow
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which corresponds to the static case. Formula (25) may be rewritten as follows:

zV('—ln'r
_ 5 dz] (29)
s=H( ]nr)[ 14gin? S —_VT:FW .
Employing the relationship given in (Ref 1)
- |
Jy (%) g l ( )K (_a)
y =
Vx’+a' 2
we obtain the following from (29)
lim’é,=_?—¢,
iQ.
which also corresponds to the static case.
s _ .

a; il b 4. 1In the case m > 2, the argument
) § I Ll 2 1 of the Bessel function in (3) is negative
04 ) Fel2i - i in the case p > 0, and these functions

) I , J do not acquire real values. In addition,
/TN for r > » the argument 2 r® > 0, where
0 N r a
y(/ ‘ Kv has a singularity. Consequently, the

042 .

0 2 4 6 8 t condition of perturbation damping by it

Figure 3 is not satisfied.

According to (Ref. 8), we shall employ this method to try and obtain a
solution in the case under consideration. It is necessary that the second con-
dition in (2) be satisfied only in a finite time interval from the moment that
the load is applied. It is natural to only retain the function Kv in the sol-

ution, setting B(p) = 0. The problem may then be reduced in formal terms to
the integral equations (7) - (11) with the same kernel and right hand sides.
Formulas (16) - (20) also hold.

Let us determine the tlme 1nterval in which the wave reaches infinity:

.7 e m<;
P _'__ -5 1 | (30)
- C(r) —_— m>2
: 1—= 1 S PN
Thus, in the case m > 2 the wave reaches infinity at a finite moment of 171
time t_. It follows from (20) that
- (7 ' - =1 ' '
o |t = -+ ; o, t=—a 4+ 0)> @ (31)

in the case r » «,

Consequently, the stresses at the wave front increase, and become infin-
itely large during the time t_. From this time on, the solution loses any

physical meaning, and the static stress state is not reached.

Let us examine an example. Let us set k = 1. Then v -3 in the case
vg =1, my 5.7 2
e Z ) N e/
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We obtain the following from (5)

e 1+iw A |
ief-?—li_ .f en('- .‘)p—i"f':__ dp;
2xi Ve p(p*+ )\p-{- ha) '

150 A=1l—a—avevy,.
The integrand satisfies the Jordan lemma in the case t < - i— ,» and has simple
poles at the paints p = 0 and pl, 9 = ¢ + iy; the latter are roots of the
equation p2 + Ap + Aa = 0. We obtain

S S A R e el
T e A
+%;-%)Siw(t_?;1)+ e | | (32b)

[ P __ 1 | - |
+8—‘Pr 2)51n¢(t—T)+(—TF 2 4 : ’ (32¢)
- N _5—. "_ -!_l -_\_ i_;‘—l i
+’a8)‘6;__2 )COS\P(‘—’ . )]e F] ( . );' o | (324)
' ’.—l % . l |
l==—-0.l75o "l’=0’5_62v a=—l'85; P <‘ <—?' |
Figure 4 shows the dependence of o, on t for different r. [172

The result obtained above shows that, if only a diverging wave (B(p) = 0)
is taken into account, it is not possible to formulate a solution which is
valid in every moment of time.

Or
o ‘ Let us set the following as the
* ' boundary condition at infinity
UF, pp=0: 7> o, (33)
-‘ .
72 keeping the fact in mind that in the
. Foi Fa15 : case T » = the material becomes rigid.
_ F=1.0 : ' Then the general solution (3), together
0 with (33a) and the first condition (2),
a2 04, ot yields
Figure 4
a7y 2sinvx r}
Alp)==—B(p) B(p)=—53 —: (34a)
R ' 2B S)+-T )
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. . ".' . 2sinve P e . )

ﬁ=_"_7':7' - 253”(‘3@)).:—11(5, ); | (34b)
Sv(p)=(lv—.;~l‘-aV_—_,v..)'K (f) pK'-n(%) . (34¢)
TE =(0—atav—vy)l, (g)+p1._.(-g.) [ (344)

Taking the fact into account that

K@ =gl —1, (z)l.}
.lv(2)~m(3 )- 20,

we obtain the following from (34)

‘T“ Vm=+4(k mvg)

lime (7, t)=hmpU(? p)_— |
fom __.y.+ Vm’+4(k mv.)

which corresponds to the static case.
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;;ONE CONDITION SUFFICIENT FOR THE EXISTENCE OF A SECONDARY LOAD
PRODUCING ZERO MOMENT STATE IN A SHELL

“p. 1. Rudrik #

(Kiev) T N67 c4523

Formulation of the problem. Let ys investigate a shell having p081t1ve
curvature; a+ba1anced force field (X T) 1§+app11ed to the middle surface of
this shell X is the external surface load, T -- the boundary stress. Let this
field be such that the stress state which it produces in the shell differs

>
from a zero moment state. We must determine the secondary load,XO which is

> > >
such that the new force field (X + X,, T) produces a zero moment stress state

0’
in the shell under consideration.

This article establighes the condition which is sufficient for the exist-
ence of a secondary load X for a wide class of shells having positive curvature.
This load is the generalized potential load given in (Ref. 1, page 575). It is
found that, if the edge of the shell which is weakened by one or two holes,
contains the arc of any line which is conjugably isometric on the
middle surface (Ref. 1, page 122), then the load X0 always exists.

Method of solving the problem. In order to solve the problem, we shall
employ the method advanced by I. N. Vekua (Ref. 1). As is known, we may write
t he main system of equations for the zero moment theory of shells as follows
(Ref. 1):

VT + X8 =0 boT®+Z=0; TH=Th(,f=1,9), (a)

where TOLB are the contravariant tensor components of stress; A, ~— symbol
of the covariant differentiation; X1 and x4 -- contravariant components
of the surface load; Z -- its normal component; b , —— coefficient of the

B 17

second quadratic form of the middle surface.

If the given shell having positive curvature (K > 0) belongs to a coordin-

ate system which is conjugably isometric, then -- introducing the complex
stress function according to the following formula
W) =u+iv=gkVse(T" —iT"® 4 - gl/zK—llcz C=x + ixy), (1

we may reduce the system of equations (a) to the equation given in (Ref. 1):
= ._1{a Y
dw—Bo=F, di=x(Z+igs) CeG. @)

where
B=< (P;: —Tu+ 21",,) ry (P:l — T3 + 2I,);
F _ gll2 K’I‘a ( ) Ks/.\""-_?'i' glj,;

!

where g is the discriminant of the first quadratic form of the middle surface
S, and G is the homeomorphous form of this surface in the g-plane. The solutions
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of equation (2) may be called generalized analytical functions. The complex
stress function w may be expressed as follows in terms of the tangent1al
stresses applied to the shell transverse cross-section with the normal L

_—— ? K—II‘T(g)a(n —_ 2_(_' IIBK-'IIIZ at G; ("= .d_s' ‘ (3)

However, since the force field (i, %) does not produce a zero moment
stress state in the shell by definition, at the boundary I' of the region G the
following inequality will hold

w<—- K”“T an—n—j“Kﬂ“Z t=leT.

(b)
We shall now try to determine the supplementary load:
KEXJ.—}-ZOn—ng %_l( )1+ (4)

+‘§ g-ai,(z")r,-{-lgn

> -
where (rl and r, are the fundamental base vectors on the surface S, and A are

> >
the orthonormals to it), so that the new force field (i + X.,T) produces a

0’
zero moment state in the shell. Then at the boundary I of region G we obtain
the following, 1nstead of 1nequa11ty (b)

w=—-2 K—”‘Tazn — gvzx“" Z+2); el (5)

It may be readily seen that a determination of the functlon ZO’ and also /
of the supplementary load X leads to the solution of the generalized boundary

value problem of Rlemann—Hllbert‘

dw — Bw = F; L€G: Re[ivtw] = oK —T . el (A)

dsl'
In order to clarify the solvability of this problem, let us investigate
the correlated problem:

duw* + Bw* =0, (eG; Relivw*]=0, z€l.: (A%)

In addition, let us employ n and n* respectively, to designate the indices
of the boundary values problems (A) and (A*) (Ref. 1, 2, 3). For a shell
weakened by one hole, we shall then have n = - 2, n* = 1, If the shell has
two holes, then n = n* = 0, Consequently, the well known conditions of con-
jugation (Ref. 1, pages 180, 596) must be satisfied in order that there may be
a solution of the inhomogeneous problem (A), since the indices of this problem
are not positive. These conjugation conditions are satisfied each time that
one of the shell holes contains an arc of any line which is conjugably isometric
on the middle surface.

Let us prove this statement. We shall employ PO to designate that portion

of the boundary for the region G which is a homeomorphic form of the arc given
above on the surface S. Let x = x'(s); %2 = const be the equation of the curve
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FO. Then the boundary -condition for the problem (A*) may be assumed to have
- 1
the form Re[it'w*] = ~ g%; Im w* = 0 (on FO) on this curve, It follows that

w* = 0; ¢ € G from this relationship and the uniqueness theory of Kirleman
(Ref. 1, page 158). This substantiates the validity of our statement. Thus,
with the given assumptions regarding the shell edge, the inhomogeneous problem
of Riemann-Hilbert (A) is always solvable,

Employing equation (5), we may now readily find the boundary value of the

normal component of the supplementary load XO (4):
zZ | "ty K ag* (<) 1 Aie’ 1 "d;. ; (6)
o=—(Z + 2:"*g" 12KV (-:)+4z—.g—/2Td—s. €T,

where wt is the boundary value of the solution w of the inhomegeneous problem
(A). The plus sign over w indicates that the limiting value of the function
w is chosen when the point ¢ strives to the profile T inside the region G.
Since in the general solution of the Riemann-Hilbert problem (A) there are no
nontrivial, linearily independent homogeneous solutions (since the correlated
problem (A*) does not have one solution which differs from zero either
for a simply connected or for a doubly connected region), we may extend the /177
function Z0 (6) continuously within the region G uniquely:

Zo= —(Z+20"%g- 2K ew* (0) 4’ g—1/2T :?" : LE€G. )

Substituting (1) in (4), we may find the explicit expression for the
supplementary load XO by means of which a zero moment state is produced in the

shell. It follows from the above statements that there is only one correcting
load (4) for the shells under consideration. We shall investigate below the
spherical shell with a curvilinear hole, and we shall present the analytical
expression for the function w" in terms of which the load XO may be determined.

Examples. Let us investigate a spherical shell with a circular hole which
is loaded by surface and edge stresses. We shall select the parallels and
meridians as the lines on the sphere which are isometric in conjugate terms. A
circle is then the homeomorphic form of this shell in the plane ¢ = x1 + ix2,
It may then be mapped onto the exterior of the unit circle G+.

We shall employ G~ to designate the complementary minor G+ up to the entire
t-plane. We may then represent the problem (A) for our shell in the following
form:

dw—0(p G); Re[it%w] = 2K "I\T :?n —Re[ir"w); €T, (AY

where Yo is the special solution of the inhomogeneous equation 3-w,. = F (for

z 0
the sphere B = 0 [Ref. 1]).

Consequently, the determination of the function Z0 for a spherical shell

leads to a solution of the boundary value problem of Riemann-Hilbert for the
customary analytical functions

Rel@@+ b @) w] =c() atibm=ivh (8)
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= —l’*.g_. it’ . )
c=2K ‘T'ds Re [it"%w,); cel‘.: (8)

As is known, we may replace this problem by the equivalent conjugate problem

(Ref. 3) wt(t)=D()w™()+d(z) (onI);
a—ib % ‘
D=—zFa ‘9=a1m | ®

Here w (g) = w+(%) is the function which is holomorphic in the region
_ 4

G . Since the index of the problem (9) is negative, its solution may be re-
presented in the following form:

X® c __dx
ERUTC A (10)

where X(z) is the canonical function corresponding to the conjugate problem

9): )
L (e,
X () =Ce 2xi T [=3 1

Thus, the components of the correcting load §0 are obtained in explicit /178
form by means of formulas (5), (10), (4).

Let us examine the case when the spherical shell is weakened by an arbi-
trary curvilinear hole without corner points. Then a certain region G which is
defined by the profile I will be the homeomorphic form of the middle surface of
this shell in the g-plane. Let ¢ = z(w) be the relationship which performs the
conformal mapping of the unit circle |wl < 1 in the w-plane onto the region G
in the Z-plane. The boundary value problem (AO) then assumes the following
form

330 =0 @n cire|o| <1); Rela(s)w]=B(s); o€, (11)
where |
a (o) = i (a); B (s) = 2K—IeT 23 - & — Relixw);
where ¢ is a point on the circle y - |o| = 1; ds* -- an arc element of this

circle. Consequently, we may apply this same method of solution to the boundary
value problem (AO) as to the problem (8), corresponding to a spherical shell

with a circular hole.

In conclusion, we would like to note that the homeomorphic form Gt of a

spherical shell in the {-plane may have the form of a triangle, a trapezoid, a
rectangle, or another polygon with rounded apexes. The study (Ref. 4) presents

the explicit expressions for the conformal mappings of these regions onto a
circle.
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‘yGENERALIZATION OF THE GRIFFITH-SNEDDON CRITERION TO THE CASE 179
OF AN INHOMOGENEOUS ELASTIC BODY .

A

¢ V. I. Mossakovskiy, M. 'T. Rybka ‘?’ il

(DnepropetZ{)\vsk) N 6 7 ’ :‘ ! 5 ?..ll'

-,

The study by Griffith (Ref. 6), which is devoted to the formation and
development of cracks in a brittle body, employs the energy approach. The main
assumptions advanced by the Griffith theory state that stress forces, which
are similar to forces influencing the surface of a liquid, influence the sur~
face of a solid body, and that the decrease in the potential energy of the body
W when a crack is formed, having the length 2a, is balanced by the increase in
the surface energy of the crack U.

The necessary condition for the crack increase is
2w—uy=o. (1)

Griffith obtained a formula for the critical breaking point when an in-
finite plate with a rectilinear crack having the length 2a is subjected to
tension by forces which are perpendicular to the line of the crack

. 2ET (2)
Po=V mia—vy)>
where E is the Young's modulus; v -~ Poisson coefficient; T -- surface stress of

the material.

Sneddon (Ref. 4) generalized the perturbation theory of Griffith to the
three-dimensional case. It was shown in (Ref. 4) that a body with a circular
plane crack having the radius a is perturbed when the disruptive stress Ps
which is normal to the crack plane, exceeds the critical value Pg» and we have

=ET

Po=V ma—m" (3)

Based on the Griffith concept, the present article establishes the criterion/180
for the perturbation of the inhomogeneous elastic body.

Formulation of the problem and derivation of boundary conditions. We shall
investigate the problem of the elasticity theory concerning two elastic half-
spaces with different elastic properties. In the plane connecting these half-
spaces there is a circular crack having the radius a. The tensile stresses
p = const. are applied at infinity; these stresses are perpendicular to the
crack plane. We shall introduce the rectangular Cartesian coordinates in such
a way that the boundary of the elastic halfspaces coincides with the z = 0
plane. We shall place the origin at the crack center.

We may write the solution of the problem in the following form
'u=91+zg—i; ”=%+2%§: w=?s+zzvi’, (4)

where u(x, y, z), v(x, y, z), w(x, y, z) are the projections of the elastic
displacements on the axis of the rectangular coordinates; ¢l’ ¢2, ¢3, P -- the
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functions of x, y, z which are harmonic in space and which are related by the

relationship
Al Op)
9 - 4v—3(%+ + ) (5)

We shall employ the index + to designate the functions pertaining to the
upper halfspace, and the index - to designate the functions pertaining to the
lower halfspace. In order to determine the unknowns of the functions we have
the boundary conditions:

— 6
Gi . 9, 2) = % 9. 2); 1Inside the crack ©
Txz (x, Y, Z) =Ty (x. Y, Z); ! _ ‘/—’——- |
WEp )=ty 2; | PTVFHY<a

ut(x,9,2) =u"(x,4,2); o (x, 9,2 =07 (x,4,2);y! ﬁtéide the crack
vr(x g ) =0v"(x9,2; Ly )=15(xy, P=__
: Y, 2) Y. 2) (*.9 2 (y)=u,+y,> )
Wty ) =0 (x, 9,2 2wy =Tyl T L7

Expressing the stress in terms of deformation, employing (4), and intro-

ducing the notation %) (x,9,2) _O?T (9.2 9 (x93

9z - 0x +— oy ‘ (8)
O, (9.9 O (4.2 Oy (xy,2)
% = T

we obtain the boundary conditions for determining the functions ¢3 and ¢4 in

the following form:

lw——l-w] =C; jInside the crack 9
A,y dz z-o P <a:

?; (x, 4, 0) —Apy (x, 4, 0) =

apt (x,
[ % (%2 4,2) a“’ (" Y ')]' } Outside the crack
. - ()

-0z
oF (5. 9, 0) =97 (x g0 ) P (10)
N Oy a’?+ oy,  On the entire
D: i . — Dz o —Bagr —Big =0 plane z = 0,
%, O9, 39, 99, —o<p<,
B: 5 —Bi15¢ 3z —Ds 6z‘ —Dy55 =0 b
We employ the following notation
F— )\1+2F- .- - _.M_ '
4 i G 2&*:(7\1+2\“-1) p: - a2 (12)
B, = #(a2) | B, = Pa(h+2l‘:) D, = B D, = l‘: .
MFam M3 TN TN T

where Al’ }‘2’ Hys U, are the Lamé coefficients for the lower and upper half-

spaces, respectively; C —-- constant to be determined.

Let us set the functions ¢§(x, y, z) and ¢Z(x, v, z) in the lower half-
space, which equal cp';(x, y, z) and ¢Z(x, y, z), respectively, at the boundary
(z = 0), i.e.,
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9y (5 4, 0) =97 (v, 4,05 9 (x,y,0) =9} (x, 4, 0). (13)

We then have

[av: g %)y, z)] ) [a?:' 52 _ ol g, z)L. ;|
- 2m0’ oz 'Y

[ a2 0z 1
[aw,‘ (o) ), z)] . [a-,;' (5.2 _ Pt (x,4.2) i (14)
az3 - o7 7m0’ oz - 0 ],..,"

Employing (13) and (14), we obtain the following from relationships (11)
%, (. 9, 0) = K9 (x, y, 0) — Hy; (x, , O);

- ‘ (15)
?:(x' Y, 0) = H?, (x' Y, 0)_K?‘ (x- Y, 0),
where ,
K = BiBi+DiD; H = B,D, + B,D, (16)

(] 3 ’ hd
DB}  D—B;

Taking (13), (14) and (15) into account, we may transform the boundary
conditions outside of the crack (10) to the following form

?: (x' Y, 0) - Aﬁ?‘— (x' Y, 0) = 0;

— | 17
[3?;'(1.!!.2) 1 9, (x.y.z)] —0. (17)
0 Ay 0z lme
Here we have
A= H
b = &
Introducing the functions

Fy(x, 4y, 2) = 9] (x. 4, 2) — Ap[ (%, 4, 2); (18)

Fy(x, 4, 2) =9, (%, 4, 2)— ﬁ; ¢, x, 9, 2),

we obtain the following problem of the potential theory for these functions
I

Finy 0= [f&ed) _c; p<a | 19)
Fi 9, 0= AFy (1,4, 0) = 0; |l pdutend] _o
B | p>a, | (20)

where we employ the notation

A=A 5. p_ltAdy,
A=BS0 A B=TD0A

Reduction of the axisymmetric problem of the potential theory to the plane

problem. The harmonic functions Fl(x, y, z) and FZ(X’ ¥, z), which satisfy

the boundary conditions (19), in view of the fact that they are not dependent
on the angle ¢, may be designated by Fl(p, z) and F2(p, z), respectively, and

we may represent them in the following form

=@l eds =12, (21)
Differentiating (21) with respect to z, we obtain
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Hpd = Mh@eleds (=12, (22)

Let us represent the Bessel function in the form of the boundary integrals

ctin 1 ] _
I a)=-‘_ (T
olp 2xi r~(l+l,) P .1
2
m_ ! (23)

Qe l _— s’
al, (pa) = 2,‘ ; p*%atids,

[ ™

Substituting these expressions in (21) and (22), changing the order of
integration, and setting

{"(“’ eletda = 0y(s,2) (k=1,2), (24)
we obtain
ctin .
Fe ) =557 | @uls, 2) S _l? ) p*1ds;
K (z+79) E
Y () ) 1 (k= l, 2)'} (25)
AT (1 —2s)
aF,,a(: = f,l?, D, (s, 2) (1 2 )p“’ds;
A r(g3) - |

Let us introduce the functions Ul(x, z) and Uz(x, z) which are harmonic
in the z < 0O-plane, and which are antisymmetrical with respect to the Ox-axis

Uz, 2) = S—:—f,(a) sin(ax)e*da (k =1, 2). (26)
° ' N

{
Differentiating (26) with respect to z, we obtain
MJﬂ.(w)*m(eur)e“dm *k=19. 27

Substituting the following  ctim

-‘- sin(@x) =3~ | V=

2,_,r(1+_‘)' S (28)
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in (26) and (27), instead of the functions 1 sin (ax) and sin (ax), changing
a
the order of integration, and employing (24), we obtain

¢'+rl'- 1 1
i V2T (57— g3
Urit, ) =55 | ©u(s 2) i : x'ds;
N I'(l -—-?S) :
Comion ) (29)
e - 1 . (k=1,2).
Va2—r(l—=3 -
aU.(x 2 __ 2_1_ Q‘(S. Z) : ( - 2 )xl—lds
) o (R
oA *(z+79)
Employing the formulas
( o e LTOT® s,
5 - T 2TE+H | (30)

T 1T@T
Jrrnost o —p-ip = s FLER

we obtain the following from relationships (25) and (29)

£ .
-9 pdp 1 3UA(X.2)
'&5’"‘*(9-2)’/,_?,=7 ox '

pdp 1 .
axSF'(P'z),/,aT,-=T F e

[ 4 .
1 GU (x, 2 . dx . ‘
21!°S .Ox .l/x"'__ P Fk (Po Z), ] !

(k=1, 2)|

P
_l_i U (x, 2) xdx th {p, l)
2=p Op 0z { P — ® oz |
°

1 { dUs(x, 2) dx -
ﬁj.—dx e F"("'z)

(31)

4

- azjk (X, ') xdx — aFk (P' 2)
- 21:p 3' p—x 0z

On the basis of (31) which are valid in the case z = 0, conditions (19)

may be given in the following form

[aula(:. 2)]2-0_ 4C; [ab,(x. 3)]'- 4C,x. le <a: (32)
oU, (x, 2) W, (x| _a. [av, (2,2) _ 29Us(x, z)] -0 d.
[ |6: ~—B 5% ]z—._ 0; 0z A= dz=o 0 |d>a |
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Solution of the plane problem. Criterion of disturbance. Following the
procedure of Muskhelishvili (Ref 3). let us introduce the following notation:
S -- lower halfplane (z < 0); ST -- upper halfplane (z > 0); L' -- segment
- a <X < a of the axis Ox; L" -- remaining portion of this axis.

The functions Ul(x, z) and Uz(x, z) which are harmonic in the halfplane
z < 0 will be regarded as real parts of the functions ‘Pl(c) and ‘Pz(c) which

are analytical in this halfplane, i.e.,
— !
Uhr, ) =5 T +5 B0 C=x+iz; k=1,2). (33)

Let us introduce the functions Ql(c) and Qz(g) which are analytical over
the entire plane ¢, with the exception of the section coinciding with L':
LiO—BY 0 =2,0; ¥©O—A%©)=0,@ in 5; (34)
VO —BY 0 =—2,0); T[0)—AT; @ =9,(in st.

The boundary conditions for Ql(g) and Qz(c) on L' are as follows:

A B — + B +
azer—Boor Ao B of_sc
A]B _ —l- _ N N }|x|<a. (35)
=B —a2=5% — 7= Bg y BQ =—8C

The conditions on L'" are satisfied by the appropriate selection of the
functions £, and 92. Equations (35) may be reduced to linear conjugate prob-

1
lems, whose solution will he
. {—a)l (t—a\™?
g, =20a—B1ci fe| (- (57 ]+ (36)
(—a L—aY"' _orl.
+C[(C+a) (C-i—a) ] 22}' !
2(A—B —a\—1 —a\v__ '
R, = (Vﬁ;)cl {C[(_C-}-a) _(C+¢) (37)
{—a\1 {—a\"v _
—an(eze)+ () "]}
where
s A+ Va8
1= 50 A—VaB".
The boundary values of the functioms g_lifr}{{Lz_) and __g_aUk(};’ z) may be
found from the formulas
au, 2(,1 B,[AIQ"(x)—9+(x)l—B[9“(x)+9+ (x)]},‘ (38a)
""’ m - {19'(x)—9+<x)1—[9-<x>+9+ i (38b)
au‘ 2(A B){A [r (x)+9+(x)]—B[Q_(x) Qf (x)l} (38¢)
%li’ 2(A — B) {[Q-(x)+9+(x)]—'[9—(1) Q— (x)]} i (384)
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The presence of a crack having the radius a in the body lowers its poten- /186

tial energy by the amount

W= %ssp(w"'—w')da.j (39)

Here the integration region ¢ is a circle of the radius a. The surface

energy of the crack is

U = 21'ca'T. (40)

Taking the fact into account that w+(x, y, 0) = ¢§(x, v, )3 w(x, y, 0) =

= ¢§(x, ¥y, 0), and employing relationships (36), (38a) - (38d), (31), (18) and

15), we obtain

_ 2npr et elatmma (N0 o . (41)
W‘T papta [ (X — 1) — pg (G — 1)) (6*+1)8d’, ‘
where ‘ i
M3, L, Mty gl 1, |
u=3e n=TE e=pina | (42)
Lo 1
where g = M —|is the bielastic constant.
b

Substituting the values of W from (41) and of U from (40) in relationship

(1), we obtain the magnitude of the disturbing stress as a function of the
crack radius

p°=l/' Moa iy G =D —pa G =]
@l + mXa+ a1+ LN O+ 1O (43)

In the case of a homogeneous body (ul = = X), we obtain

2 T M X1 T Xy
_VE'I. B (44)
Po=y o TF1°
Taking the fact into account that

E = -
P=m andx— 3 J 4\J,

we have the following from relationship (44)

“=ET
Po=V§‘(r:-\,a)—;. (45)

which coincides with the Sneddon result.

In the special case when one of the halfspaces is absolutely rigid (ul =

w), disturbance occurs in the case

_ 1673Tpt (Ay — 1)
p""'Val. (r*Y, +4x%)in¥y " (46)
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In conclusion, we would like to present the formulas we obtained for /187
determining the normal and shearing stresses outside the crack on the division
plane: .

- ,
_4p En(l-”:)‘i'fs(l-") [(2 -
%= R+ wWA—)—E(F w0 —29
2410¢ at '
—P—-—-gt-,)sm(eln +a‘)+
2p p— ad di .
+(p’—a’t’+ P)aecos(el" +at)+ P—]t’ Vi—a' 1
0
4 Ey(1 =) + Es (1 — ) [( 220% (47)
= ETFwI=2)—E(+WT—2) ) [\F—aB™

-—l‘)cos(em +Z:) +

(o ez ]

The integrals contained in (47) must be obtained by numerical methods.
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oM
-' STRESS STATE OF A PLANE WEAKENED BY A BROKEN-LINE CRACK 4; /188

; For e
“ V. I. Mossakovskiy, P. A. Zagubizhenko, P. Ye. Berkovich .? ;

(Dnepropetrovsk) A N 6 7 - 45??

When an infinite plate which is weakened by a crack is subjected to
tension by forces which are not perpendicular to the crack axis, as experiments
have shown, the crack develops at an angle to the initial direction. It is of
interest to determine the critical load in the case of such a crack propagation.
The concepts of Griffith (Ref. 4) must be utilized for this purpose. However,
we must know the stress distribution in a plane weakened by a broken-line crack
in order to solve the problem of the crack development.

-line

Formulation of the problem. An infinite plane weakened by a broken/crack;
the rupture angle ¢ is so small that sin 2¢ = 2¢, cos 2¢ = 1; the plane is
subjected to tension by stresses applied at infinity having the intensity p;
these stresses influence the middle section of the crack at the angle B; the
length of the inclined sections is small (the beginning of the crack develop-
ment is examined). It is assumed that the opposite edges of the crack lag
behind over its entire length.

The boundary conditions in the middle of the crack have the following
form (the notation corresponds to that .given in [Ref. 2])

Vi=v =X =X7 =0

We shall introduce a local coordinate system which is oriented along the
crack in the inclined sections (Figure 1). 1In this system, we have

Yo =Yy =Xy = _x;; =0.

We may express the boundary conditions in the inclined sections in terms
of the stress components in the unprimed axes based on the well known formulas
of the elasticity theory. Taking the smallness of the angle ¢ into account,
we obtain

Yp=Y,—2X; Xy=(V,2X)p+X,

Since the angle ¢ is small and the length of the inclined sections is also /189
small, we shall assume that the stresses Y;T , Y;T, X;T, X;j have no influence
at the points of the crack inclined sections, but do have an influence at the
points on the abscissa axis located under them. Such a procedure is generally
accepted, for example, in the theory of a thin wing. We thus arrive at the
problem of the tension of a plane containing a rectilinear crack with different
boundary conditions at different sections of its edge (Figure 2):

Y, =Y, =X/ =X; =0 for —a<t<a,
+- + ' ‘
+ ):y =2?)iu =Ov Y;-—2?X:=O }—a<t<—-a;|
(yy _xx)?+xy =0' (Yy _X;)?+X‘= e<i<a.
Let us employ the formulas of N. I. Muskhelishvili (Ref. 2) expressing
the stress components in terms of two piecewise amalytical functions ¢(z) and
Q(z) of a complex variable

Y,—iX,=0@ +2@)+ @20 @) (2a)

(1)
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Y, — X, + 2X, = 220" (2) + ¥ (2)};

: (2b)
.Y”+X,=1Req’(2); i (ZC)
T(@E)=2(:2)—®(2)—20" (2). (2d)
For large [z|, we have

X4y 1 2), !
Q®=P—EEEY?+O;L | (3)

S 0, 2X—iY) 1 1) |

0@ =T+ + 3= t+o(g).

where
P'=B+4iC; I"=B'+iC"
p. =0 B =P! O ==L
B=_T" C=0, B' = 2cos2p. c , 2sm2p.:
. y i
- - ] ' P \td
\\{\\ : | AN
| i
‘ J ) 1o LI ud ‘ @ -a 0 a a *
J’%)T ' ‘
. v _:\ . " » 1 .
ry \‘\\ a ‘ . ) \\\\
Figure 1 Figure 2
Employing formulas (2) and boundary conditions (1), after simple trans- /190

formations we arrive at the following boundary value problems for the functions
of the complex variable:

@—P—Q4+Qt= [©®—0—2+25
O+ P+ Q4+t =— (@ +D+2+ 9 .
{®16i9i§]+= :¢+6—9—§r; —e<i<a “)
[@2—P+Q—Qpt=—|0—0+Q2—QJ;
(kD — D —kQ 4+ Q1+ = [kD—D— k2 + QI o
QO+ @4+ kQ+ Q1 = — (kD + D+ kR + 9 | —a <t < —a; (5)
[@+kD—EQ—Q)r = [O+kD—ER—Q;[e<t<a. '

(@ — kD + kQ — QJt = — [ — kD + £ — Q]

1+ 219 ° It may be readily seen that the first two relationships

(5) are linear combinations of the relationships (4) and, consequently, are
valid over the entire length of the section (- a, a).

Solving these problems of linear conjugation, we obtain
(p(z)=__l-e§(z)+i(C'+2‘PB'~+(2B+B'—-2tpC')z .

1—2ip (1—2p)Vi—a’ (6)
= i(C'+2%B) , 2B+ B —2%C')2
2@ =—k0@)— 1—2y (=2 Vg’
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We must solve two more linear conjugate problems:

[ —8 + kD — kBJ+ = [¢—§+k§—kgl-;}—a<t<_-—¢; N
‘ [P—Q—kD+rQt=—[0—Q— kD + Q)" |2 <!<a.
Combining and subtracting these equations, as well as the last two equations
(4), we shall have the following relationships:
[<I>—§1+=k@—91';}—a<t<—-a;
[P—QI" =k[P—-Q)t |a<t<a
[Q—§]+= [6—9]-;}_
l¢—§F=,@—&F a<lsm.
Let us employ the following notation

() —Q@) = Fi@) @)
O (2) —2(2).= Fy(2). |
We then obtain the following relationships on the crack edge:

Fy (f) = kFy (t);}—a<t<—¢;
Fy () =kFy () |e<t<a

Fro=F o) _, )
f) = f);
L Yoo l—a<i<a.
Fy ()= Fy @o);
Let us map the exterior of the segment (- a, a) onto the exterior of a 191
circle having the unit radius (Figure 3) by means of the function
2
z=w(()=%(C+~f-)-
The following points
atiYat—at
oGg=—";
a
& ——etiVa—a
aa— a .
p : ¢ correspond to the points a, -o, located
! % on the upper edge of the section.
The following points

—Q [ JNPY S
Figure 3 a—'}ia"——a“

°'= a »
_ a—iYd—at
O‘—_——a_

correspond the points -a, a, located on the lower edge of the section.

We shall employ % to designate the interior of the circle, and shall
employ I~ to designate the exterior. The mapping changes F;(t) (i =1, 2) into

Fi(o), and Fi(t) into FE(O)’

Employing the notation
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0103 + 0,0, = L'and 0,0, + 0,0, 4+ L", |

we may write relationships (9) in the mapped region in the following form:
F{ (o) = kF; (@) on L7
F; (o) = F; Gon L',
The function Fl(g) is not determined within the circle. Let us set

Fl(c) = F <l> in the case |z| < 1.

AR
Extending the function Fl(g) over the entire plane of the variable 7, we
obtain the linear conjugate problem for it:
F'l"=kFl- onL";
Ft=F;on L.
The solution of this problem may be written in the following form

€ —s) (c—a.)]' Py (®)
Fy (%) =[((—c,)((—°.) -1

In k; P (¢) = A CZ + Az + A,. In order to determine the /192

201 n 1 2 3 —
coefficients Al’ A2 and A3, we have the conditions:

Here y =

(1) In the case f » » Fl(g) > =T

(2) In the casez > 0 Fl(g) > -T';
the
(3) In/Laurent expansion of the function Fl(;) in the vicinity of an in-

finitely removed point without the term =1, as follows from (3), since in our
case X =Y = 0.

%? ' We obtain the following from these

conditions
-0 -a

l“lg““llllllllllllll|||||

A=—T" A4,=0;
!. Ay = (21‘)1 I = mI.

919/ .

J———v——— -

Finally, we have

Figure 4 F;‘C)= -
- [(c—o.) (c—o.)]’ e —ml
Tl = €=l O=T 7
The functions ¢(z) and Q(z) are found from (8) and (6):
. e n | 2B+ B —25C')7].
(D(z)=—,:,-[e(l+219)F._(z)+z(C ~+2?B)+—‘_V;—’_—_;'-—]'i

. n 1 @B+ B’ —2¢C') )
:Q(z)=—li[(l+2iq;)Fz(z)—t(C +2?B)+(—-—i——z’_;_z]. ‘

Utilizing formulas (2), we may compute the stress at the crack edge. The
graph showing the stress X; is shown in Figure 4. Thus, we have completely

solved the problem of the stress state in a plane weakened by a broken-line
crack.
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/1

. PROPAGATION OF CRACKS OF A NEARLY CIRCULAR PLANAR FORM =

ooz T N3 21526

(L'vov)

Employing the results given in (Ref. 2), this article develops an approxi-
mate method for determining the magnitude of limiting and breaking load for an
unlimited brittle body weakened by a plane isolated crack having a nearly
circular planar form, when the body is loaded by a monotonically increasing
(proportional to a certain parameter) system of external stresses which are
symmetrical with respect to the crack plane.

Formulation of the problem. Let us investigate an unlimited brittle
body with an isolated internal crack. We shall assume that this body is referred
to a system of Cartesian rectangular coordinates xyz so that the plane xOy(z =
= 0) coincides with the crack plane, and the crack occupies a certain limited

area S0 in this plane. Around the region SO in the z = 0 plane, let us depict

a circle with the radius a. We shall assume that the origin of the system XyZ
is located in the center of the circle. In addition, we shall employ RO(B) to

designate the radius vector of the profile Ly of the boundary for the region
SO’ where B is the polar angle shown in the figure.

It is assumed that the crack S0 bounded by the profile LO has an almost

circular form if the maximum value of the function:

e(®)=a—Ro(p) (1)

is small as compared with the radius a of the circle. The function e(B8) rep-
resents a non-negative, limited, and periodic function with the period 27(0 <
< B < 2m).

Let the brittle body containing an internal planar crack, having a planar
in the crack plane having an almost circular planar (in the crack plane) form

be subjected to tension by monotonically increasing stresses Q, directed
symmetrically with respect to the crack plane. In particular, we shall assume
that Q = oz(x, ¥y, @) = 0.

For this case, we shall determine the smallest stress Q = Q4 at which the
crack is in a state of dynamic equilibrium (Ref. 1) at any one point of its
profile, i.e., we shall determine the smallest load Q = Qx at which the crack
under consideration begins to be propagated over the body cross-section. The
load Qx is called a critical, or limiting, load. However, when the external
load value Q = Qi is reached, this does not always lead to unstable crack prop-
agation over the body cross-section and, consequently, the load Q = Qx is not
always a breaking load.

A determination of the load Q = Q, at which unstable crack propagation sets
in and at which the body is destroyed, is also of importance in determining

the strength properties of solid bodies weakened by cracks.

On the basis of results given in (Ref. 2), a method is given below for the
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approximate determination of the load Q, and Qu, for the case when a body is
weakened by a plane isolated crack having an almost circular planar form, and
the external load Q is symmetrical with respect to the crack plane.

Main equations of the problem. The intemsity of cohesion in the vicinity
of the profile L0 of this crack also increases monotonically during the mono-

tonic increase in the external load Q which is applied to a brittle body with
a plane crack S0 (here the plane of the drawing is the crack plane, see the

figure). As is known form (Ref. 1, 2), the following conditions

]i.nl;‘/;ic:(sh pb 0) =.’£(l = l' 2' 3' ¢ “)’YJ (2)

are satisfied for the load Q = Q, in the vicinity of certain points RO(Bi) of

the profile L,, where K is the cohesion modulus (Ref. 1); 0*(5., B., 0) —
z"i* i

0
elastic tensile stresses caused by the load Q = Q, in the vicinity of the points
RO(Bi); Si -— distance between the points of the body located in the crack

plane and the crack profile.

y Thus, the problem of determining
the limiting load Q = Q, for a brittle

/// 17 body with a plane crack having a curvi-

L Z linear profile may be reduced to deter-
/éa ) mining the elastic stresses in the /195
1, R(B) fod vicinity of the crack profile for a
B given external load -- i.e., to deter-
L mining the stress concentration in the
Ry | body with the crack. For this reason,
‘ the study of stress concentration

577 é;/ : ‘ around cuts (cracks, narrow cavities)

L o in a deformed elastic body is of sig-
nificant importance for the theory of
crack propagation during the brittle
fracture of solid bodies.

However, the solution of this problem in the general case —- i.e., for an
arbitrary profile LO -- entails great mathematical difficulties.

The study (Ref. 2) illustrated an approximate method for calculating the
stresses oz(Si, Bi, 0) in the vicinity of a plane crack profile in an un-

limited elastic body, when this profile has an almost circular form and when

the body is subjected to tension by a system of external stresses Q which are
symmetrical with respect to the crack plane. In accordance with the results

given in (Ref. 2), in this case, the stress component oz(r, B, 0) in the

vicinity of the crack profile may be approximately determined (within an
accuracy of small values of ¢ (B)/a, inclusively) by the following formula:

S | (3)
B O = b@ D 4 O @B+
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Ar—ay @B+ |

I

B;'d*.! (3)

.

;ad; [s (@) $ (a, @) ] c@g

1
+ fra

Oty

Here 0 < B < 2m; RO(B) fr<a;r=s+ RO(B); p(a, B) and (B), RO(B) are

known functions, and €(B) may be determined by equation (1) and

2xa T e .
b B)=;‘iSSV_a =it 6 @) + P (e, o)) pdpda “
00

A p—2rpcos@@—B) .
+vVrr*—dp(B)

where t (p, o) is the external pressure applied to the crack walls; p (p, a) —-
normal stresses oz(p, o, 0) arising in a continuous (without a crack) elastic

body in the z = 0 plane as the result of external stresses Q.

If we now employ the formulas (2) and (3), after certain transformations
we may readily obtain the approximate equation for computing the limiting
values of the load Q = Qil) at which a dynamically balanced state sets in at

the points RO(Bi) of the crack profile LO, i.e., when the crack begins to be /196

L

propagated over the body cross-section in the vicinity of the points RO(Bi).

This equation has the following form:

L N WP
VR [be @ B) =3¢ ®I ¥, B+ 5

+ ) [+ @ ¥ @ 9] - ctg 2 ae) ~ k.
[

Here we employ y,(a, B) to designate the value of the function ¥(a, B) at
the load Q = Q.

In addition, employing equation (5), in each specific case we may determine
the load Q = Q,, as is done in (Ref. 2, 3).

The determination of the limiting (critical) load Q = Q4 for a brittle
body weakened by a plane crack having an almost circular planar form is only
the first stage in solving this problem. In order to solve this problem
completely, it is necessary to determine the load Q = Qu4 @lso, i.e., the load
at which unstable development of the crack sets in, and at which the body is
destroyed.

We should note that when the external load Q reaches the value Q*,the
crack profile LO in the vicinity of the points RO(Bi) is in a state of dynamic

equilibrium., With a further increase (even a small increase) in the load Q,
the profile begins to be displaced over the body cross-section in the plane
in which the crack is located.
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Let us determine the profile L (dashed line) of the dynamically stable
crack S which is formed from the crack S0 (solid 1ine) during the monotonic

increase of the load Q up to the value

Q=1Q ©

where A > 1.

The radius vector of the profile L of the crack S may be represented in
the form of the following equation

R() =Ry (®) + &, (), ()

where RO(B) is the radius vector of the profile LO; el(B) ~~ the still unknown

function of the argument 8 and the parameter A.

is
If the function 81(8)/determinedfbr the given profile configuration L, of

the initial crack SO and the given value of the parameter A, the problem of the

profile of a dynamically stable crack will also be solved.

We have the following conditions for determining the function el(B). The
function sl(B) is positive and does not equal zero on the sections Lj(j =1, 2,

3, ...) of the profile L which do not coincide with the intitial profile LO;
the function el(B) equals zero on the sections (L - Lj), i.e., on the sections

of L which coincide with the profile L In addition, we should note that the

0
arcs Lj(j =1, 2, 3, ...) must change smoothely into the profile L, of the

initial crack. Consequently, the function 81(8) must satisfy the following

boundary conditions:

£ Bh) =4 (1) =0 j=123, ...;

[de_;ﬁ@]a-a?, - ‘%ﬂ]a_,:l =0, (8)

where we employ Bij and ng to designate the polar angles corresponding to the

initial and final points of the arc Lj.

Since the sections Lj(j =1, 2, 3, ...) of the profile L (which do not
coincide with the initial profile LO) are in a state of dynamic equilibrium for
the load Q = AQ,, where A > 1, this condition (5) must be satisfied for these

sections.

Employing equations (1) and (7), and the function €(B) contained in equa-
tion (5), we may write the following:

eB)=a—RE)=¢@) —ea@), (9)
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*

*
where 80(8) =a - RO(B) is a known function; B 25"

13

Substituting this equation in (5), we obtain

BB

V3 (R.(ﬁ)+'c_.(p)1{ » B — ‘°(ﬁ)¢v(" 9)+-=1(B)v.r(a 9)+

+4m§ aal%(aw.(a. a)lctgp_'da-—‘ | (10)
m B,, . i
41:a S # & (a.) !P,, (a a)] - pda} K, ‘
=g
where B;J <8 2:833, j=1, 2, 3, .

Equation (5) and, consequently, equation (10) were compiled in (Ref. 2)
within an accuracy of terms whose order of smallness is no greater than e¢(B)/a,
where a is the radius of a circle drawn around the profile of the crack S.

The function 81(8) to be determined from equation (10) satisfies the in-
equality

< € (p) < € (p)'

i.e., the function 51(8) is of the same order of smallness as compared with
the quantity a as the function eO(B). Therefore, without disturbing the

accuracy of equation (10), we may simplify it somewhat if we retain anly
linear terms with respect to 91(8) in this equation. Performing the requisite

transformations, we may represent equation (10) within an accuracy of small
values of el(B)/a, inclusively, in the following form:

(@, a)elas)—,,mEjdareu«w.(a W)l - ctg“*“da—d)(a LB D
=183

Here we introduce the following notation:

0@ =3 @ n—tld 0Oy _

R (12)
_I:z_ag ai (€0 (2) 94 (@, ) ctg da}
O, B = V o —ba (@, B+ e ® 4, @ B—
(13)

— _’_
4xa
0

?17: [eo (a) b, (@, a))ctg B—-—,‘,—“‘ da.
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Equations (10) and (11) are fundamental equations for determining the form
of a dynamically balanced crack for a monotonic increase in the external load
AQx when A > 1. Solving this equation with respect to the function el(B) for

a given configuration RO(B) of the initial crack and for a given load process,

and employing the boundary conditions (8), we may obtain the final function
81(8) and the dependence of the angles B{j, B;j on the parameter ).

In addition, employing the expression for the function el(B) and equation

(7) , we may trace the kinetic propagation of the crack (having an almost
circular planar form) as the parameter A increases, when this parameter
satisfies the following condition: 1 < X < A,.

Here A, is the limiting (largest) value of the parameter characterized by
the fact that the development of the dynamically balanced crack is stable for
all X < A,» and is unstable for A 2 Ay

If the external load Q reaches the value A4Q,, further propagation of the
dynamically balanced crack becomes unstable, and the body is destroyed. Thus,
the magnitude of the breaking load Q = Q.4 for a body containing a plane
isolated crack, which has an almost circular planar form, may be determined by

the equation
Qs =1 (14)

The value A\, is the largest value of the parameter A at which the solution /199
of equation (11) exists and at which the following inequality is satisfied

max {Rq (8) + & ()} < a. (15)

Thus, by employing equation (11), the boundary conditions (7), and formulas
(14), (15), in each specific case we may determine the breaking load for a
brittle body weakened by a macroscopic crack which has an almost circular
planar (crack plane) form, when the body is subjected to tension by a mono-
tonically increasing external load Q which is symmetrical to the crack plane.
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= STUDY OF THE STRESS CONCENTRATION NEAR HOLES IN PLATES DURING /200
BENDING ¢,

% B. L. Pelekh / /,.: 3
(L'vov) 7

The articles (Ref. 2, 3, 6) investigated the prtN].égof 6-\\:&355 .comcentra-
tion around holes in plates during bending within the framework of classical
theory. They are represented most extensively in the monograph by G. N. Savin
(Ref. 3).

It was found more recently (Ref. 7) that, when only two boundary conditions
(out of three natural boundary conditions) are satisfied, the transverse shear-
ing stresses which should equal zero on the profile of a free hole, but which
do not equal zero, significantly increase with a decrease in the hole radius.

It is therefore natural to study these problems by means of the special
plate theories (Ref. 1, 5, 8) in which it is possible to satisfy all three
boundary conditions on the hole profiles. The first attempt in this direction
was made by Reissner (Ref. 8). The problem of stress concentration arocund
holes during bending is studied below on the basis of equations advanced by
the theory of plates given in (Ref. 5).

We shall write the homogeneous equations of plate bending which were ob-
tained in (Ref. 1) and, as a special case, were obtained from the more general
equations in (Ref. 5) encompassing various variations in the formulation of
conditions at the boundary, equidistant planes

Aw+01'+a“ o;
3+2v 1)
T — kN, =R ax +2(| 9 ax(Aw)

3+
Ay, — Ry, = kG, % ta=n" ay( ©),
where k% = %-h 2(2h -- plate thickness).
When the boundary value problems are solved, three boundary conditions on /201
the profile are added to system (1) of the sixth order with respect to the
normal bending w and to such clearly defined independent quantities as the angles

of rotation of the normal element Yy and Yy pertaining to the middle plane.

For example, for the edge x = const:

(1) 1In displacements and angles of rotation
W= T=Ta =T
(2) 1In stresses and moments

N =TV-'. Mx=M; -ny‘=.ﬁ'

rs ’

System (1) may be reduced to the following form (Ref. 5)
Adw = 0; 5
dp— kY% =0, )
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and we have

ow [ a Op

— & — T 00) + 35
dw s 9 - 0

= — o __.l_:._a?(Aw)__ax.

(3)

The stresses and moments may be determined according to the following

formulas (Ref. 5):

2Eh3

where D = m

3(2lb:l’f (‘+%’); N, = 3(1!)E+hv)(v+ay)
D{%(%%+v%’;,")—‘%(ax,+ 2}
D3 (5 + %)=+ G+ 5
D(l;v)[ (6'{x+ ) %%}’

is the cylindrical rigidity.

3 (4)

)

The assumed theory of plate bending (Ref. 5) yields the following express-
ions for the bending stresses:

3M, 2 (1 LN AN
% = o z+2h(1—v)( 3h=)(ax +vo

M, 2 (1 oN, aN,
% =om 2t g —y) v)( 3;;-)( +v

_8H,y 32( _ )(azv, 0N :

W= T u\s " m/\ey T o
T, = 3Ny (h* —2;

443 * o

tlll

System (1) assumed
geneous stress state of a finite rectangular plate.

i

3Ny (b —2%).

tions for two cases of plate loading:

(5)

simple solutions for several cases of the homo-
Let us write these solu-~

(1) Two-sided bending by the moments M and My over the edges

(2)

2D(l
M,—vMy
L=pa=w*
Torsion by the moments H dlstrlbuted over the plate edges

Tx

==57T::5y: Ty
Let us write the corresponding solutions in polar coordinates.

(oM, — M) 1 +
' —VM;+My

—v¥

Sy .
©=pe—n*:
H H

= D —-v)x’

Di—v ¥

(M, —M)g;

(6)

(7)

Let us

first limit ourselves to the case of purely cylindrical bending of a finite

rectangular plate by the moments MX

w"""w

Tp=2,_)——(,—_,,—.)l(1

M. We have

Mp?

(1—+3) ((l

v) + (1 + v) cos 20];

—+a + v) cos 20};

(8)
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o =_—2%;sin 20.} )
For stresses and moments, we obtain
M, - -%(l +cos28); M= _1;1_(1 -—cos20)-; | (9)
Hypy=—sin26; N,=N,=0.

Formulas (9) coincide with the corresponding expressions obtained in the
classical theory of thin plate bending (Ref. 2, 3, 6).

Y
On solution of (8) - (9) let us impose the solution W, $p’ ?e of system

(1) which would satisfy the following conditions on the profile p=a:

For the case of a hole with rigid insert:

w w_ o)
&ta=0

Te +ip =0; (10)
NW+T= Q; |
For the case of a free hole: »
N,+N,=0;
M+ M, =0; o
HutHy=0.)
In addition, the superposition solution must vanish at infinity (in the /203

case p +> ),

We shall try to determine these solutions in the following form (Ref. 4)
w=W,(p) + mngm (p) cos mb + mz..;W"" (p) sin.mb; (12)
e =0, (p) + mzl(l)m (P) cosmb 4 ¥ ®n (p) sin m9,

Mg
where Wm(p), W;l(p) are determined in the customary manner (Ref. 2).

In order to find the function ¢ (p) , we obtain the equation
m+%%_@+ﬂ%=q
the general solution of which may be written as follows (Ref. 8):
@1, (p) = Condm (k9) + Dy (k). (13)
Here Jm(kp) and Km(kp) are the Bessel and Macdonald functions of the order m
of the argument kp.
In order to fulfill the damping condition at infinity, we must select the
solution which only depends on the function Km(kp) (Ref. 4), i.e.,
®,, (p) = DK m (kD). (13a)

With allowance for (8) - (11), we finally obtain the solution to be
. NN ;
applied W, Yor Vg in the following form
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® = CyInp + (Cop™3+ Cs) cos 26;

To = — Cupt + 257 [Cop— 2 oo™+ DK, (k) cos 26;

— h’ | }
0 = — kDiK; (k) + 2670 + 207 (1 — 25 70) —

(14)
— kDK, (kp)],sin 26.

The primes designate the derivatives of the Macdonald function with
respect to the argument kp. The integration constants appearing in expressions
(14) may be determined from the boundary conditions (10) or (11).

By way of an example, let us examine the case when an absolutely rigid
ring (hole with rigid insert) is sealed into a circular hole of a plate.

Condition (10) yields the followsing values for the constants Ci(i—l 2
L ’

30" P55 = 0,2 o -

AT’ 3= IDa—=v - .

) -l+,(T) |
M1 ) © gm

C=mi=y ey D% D= O

TUTh(3) o

Here we have

al 4w 2K, (ka)
f(T) =& —v)[l + akK;(ka)]'
The following expreséions are obtained for the stresses and moments:
M 1—v at - 1 B b 964 _
M=gl+trmpt|i+—p(T=twa—ot

64h ) .
+ =K (k) (K, (kp) — keK,4 (kp)])

—S—P‘}'(l—;,i(%—)ﬂcos%}.

‘.M. 1—v a ! o4 s
M.=—z‘{"‘mf%-+["‘+ a p'(n—v =

)

B4A L .
~ ST K G o (kP) kPK.(kp)l)f

(g~

- M. 1 at 96
Hn=-2-(—l“—') . 9"{2“‘5‘5' T—

a

I+f(7

IG’!’ » _ 'k4Kk_
— sr i =R (7K (ke) — koK (ke) + z(P)l}.
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—"p—‘:‘[l—;—;"(—aﬂ)smzﬁ; ?

4M 20%°Ky (kp)] cos20
No=—1=" [l+a’kK:(ka) "‘"'a" ’
. i—f(;)

. N.=_

The dependence of all the internal factors obtained on the parameter %

M .li’[l__p’l(,(kp) sin20
T— K3 (k Ta\’
v P ; (ka) 1+~f(%)

is apparent.

We may obtain all the previous dependences of classical theory (Ref. 3, 6)
in the case %_+ « from the expressions for stresses and moments on the profile

of a rigid insert.

The intersection stress N, represents an exception. On the profile of a /205

8
rigid insert NG and, consequently, the shearing stresses Tog equal zero in

in contrast to the classical theory, where

Ny=——M__in.

a(l—v)
The figure shows the dependence of the concentration coefficient k =
max
= Op a
= on the parameter — .
0 h
o
P . A
B[ Fear
-~ | nmsemmnenseen=]
2 / '
v -
/ v.ﬁ
‘a 2 4 4

The line corresponding to the concentration coefficient in the customary
theory of Kirchhoff (k = 3.75 for v = 1/3) has an asymptotic form for the
curve obtained as %_increases indeflnltely

It may be seen from the graph that, even for holes which exceed the plate
thickness by a factor of three, the error of the classical theory when com-
puting the concentration coefficient is 10%. 1In the case %_: 4, it is 19.2%.

For very small (as compared with the plate thickness) holes, investigations
based on special plates theories (Ref. 1, 5, 8) canmot provide reliable results.
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Therefore, the graph was not drawn clear to the end, although in the case & =0

h

a finite limit which is close to unity and which depends on v is obtained.
Such a problem would have to be studied on the basis of the equations of three-
dimensional elasticity theory.

For large ratios ﬁ., the calculation of the stress concentration coeffi-

cients in classical theory does not lead to significant errors.

The method presented above may be employed to study the nature of stress

concentration around holes in several other cases of plate loading.
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;yEFFECT OF FOREIGN MACROINCLUSIONS ON THE DISTRIBUTION OF [207
TEMPERATURE FIELDS AND STRESSES IN ELASTIC BODIES

w4

I 528

A study of the stress state in bodies with foreign inclusions, including
cavities, is of interest in determining the stability of many structural
elements. The results of these studies are also necessary for studying the
stability of materials -- in particular, metals -- containing nonuniformities
in the form of non-metallic macroinclusions, secondary phases, macrodefects of
a different type (pores, cracks, etc.)

Depending upon the conditions under which the material is prepared and
processed, these nonuniformities may be three-dimensional, when their dimensions
are of the same order in every direction. They may also be surface nonuniform-
ities, if one of the dimensions is small as compared with the others, or they
may be linear nonuniformities under the condition that two dimensions are small
as compared with the third. 1In this connection, in the last two cases when a
calculational scheme is beirng selected, it is possible to employ the results
derived from the theory of thin plates and shells in the first approximation
or, correspondingly, the results derived from the theory of thin rods.

Due to the fact that many important elements of present day construction
operate under conditions of nonuniform heating, it is necessary to take into
account the temperature stresses caused by the incompatibility of purely thermal
deformations when their strength is being determined.

At least two reasons for the occurrence of incompatible thermal deformatioms
in a body may be pointed out. The first reason may be the change in the temp-
erature of the surrounding medium (external heating), which leads to non-
stationary, nonuniform heating.

The second, no less important, cause may be found in the cyclic deforma- /208
tion when considerable self-heating occurs, caused by internal energy dissipa-
tion (Ref. 11, 18), for sufficiently large loading amplitudes. Nonuniformity
of the deformation field in the body, as well as heat exchange over its sur-
face during unfavorable conditions, may produce significant temperature grad-
ients. Thus, in addition to stresses caused by the external force loading,
additional temperature stresses may arise which have frequently a decisive
influence on the process of fatigue failure. (Ref. 19).

The material nonuniformity, caused by macroinclusions or cavities, leads
in its turn to additional disturbance of the temperature field and stress state.
Therefore, the temperature stresses caused by the disturbance of thermal fluxes
in the vicinity of foreign inclusions -- particularly cavities and holes —-
must also be taken into account when investigating the stability of materials
functioning under conditions of nonuniform heating.

It is apparent that the magnitude and law of the temperature stress
distribution depends on the nature of the temperature field, which is determined
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by the solution of the thermoconductivity problem. Therefore, it is natural to
investigate the problem of determining temperature stresses together with the
corresponding problem of thermoconductivity. A fairly comprehensive account

of the initial assumptions, the derivation of the main equations, and also the
solution of many specific problems may be found in well known monographs on
thermoelasticity and thermocondictivity (Ref. 7-10, 14, 15, 21). 1In this
article, we shall only deal with certain problems related to the influence of
elastic nonuniformities on the distribution of temperature fields and temp-
erature stresses in elastic bodies.

The majority of articles published on this subject (Ref. 1, 12, 22-25)
pertain to the case of plane deformation, when it is assumed that the tempera-
ture t dependsapriori on two three-dimensional variables (xy), and may be
determined by the solution of the differential equation

, , aat=%, (1)
where A = §—§-+ 3—5 5 a2 —- temperature condﬁctivity; T —- time.
X y
Such a two-dimensional temperature distribution -- which we shall call a
plane temperature field from this point on —-- is possible in cylindrical bodies,

whose end faces are thermally insulated, and the initial and boundary conditiomns
on the cylindrical surface are identical in any transverse cross-section.

The articles mentioned above employ this formulation to investigate the
stationary problem of the disturbance of a uniform thermal flux in the vicinity
of cylindrical cavities of a different type, whose surfaces are thermally in- /209
sulated. Since the temperature field is stationary, the determination of
temperature stresses may be reduced to determining the stresses from the corres-
ponding dislocations (Ref. 13).

It is apparent that in the case of the temperature problem the results
pertaining to plane deformation cammot be directly transferred to the case of
the generalized plane stress state, as is done in the force problem, if the
end faces of the plate are not insulated. This is due to the fact that the
heat exchange on these surfaces significantly changes the formulation of, and
differential equation of the thermoconductivity problem. In this case, either
the three-~dimensional thermocondiictivity problem is investigated, or a temp-
erature value is introduced into the examination which is averaged over the
thickness and which satisfies the following equation in the case of heat ex-
change which is symmetrical with respect to the middle plane:

1 o
At—Et'-'—"a?'a';—etc. (2)
where ¢ = _a_ ; o -- coefficient of plate heat transfer; A -- thermoconductiv-
Ah
ity; 2h -- thickness; t, -- temperature of the surrounding medium.

In the case ¢ = 0, the form of equations (1) and (2) coincide. However,
since the averaged temperature value occurs in (2), it is advantageous to call
the corresponding field the generalized plane temperature field.

In both cases, the stresses may be determined by the following formulas
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_ov, U, v
ax‘-—w, GW=5F, U‘”=—Wy' (3)

where U satisfies the inhomogeneous, biharmonic equation

AAU = —o/E At, (4)
whose general solution may be represented in the following form
U=Rerp@ + 11— [ [tazaz, (%)
where @, is the temperature coefficient of linear expansion; E -— Young's

modulus.

Thus, in determining the analytical functions ¢(z) and y(z) = x'(z), in
the case of the first or second main problems the following boundary conditions
hold

v+ @+ =% [t c

2 (2) —29" () —(2) = -f%EStdz. | (6)
These conditions, and also the formulas of Kolosov-Muskhelishvili
—_— — E '
2 (u 4+ i0) = 29 () — 77 @ — ¥ ) + o | tdz;
Our + oy = 219" () + 77 @) — dhE; 7

Ow, — oxr + 200 = 2129 (2) + ¢’ (@) — @ S %:.‘E'

corresponding to the temperature change were first obtained by N. N, Lebedev
(Ref. 6, 7).

*
In the case of plane deformation, we must set o* = a(1l + v), V" = 1 2 N
1 E 52 instead of a, v, E. We may take the following for nonstationary,

E* =

plane temperature field, instead of (5)

U= Reizp (2) + % (2)] — a'a;E { td,

as a result of which (6), (7) may be rewritten in the following form

$@ + 7@ +4@) =20EL [ tat

x9 () —2¢' (J) — F 10 = —2ah0,E 2 S T

20 (u +it) = xp () — 29’ ) — ¥ + 2000 & f 1as;
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Oxe 0y = 219" (2) + @' ()] —40E (t — £ | 1e);

oy — 0ax + iy = 2 (29" (2) + ' (2)] — 4ada,E _( 2 i,

If the generalized plane temperature field is stationary, and the function
t  is harmonic, we may also write the following instead of (5)

c
- a
U=Re(Zp () +X (1 — 2.
Thus, relationships (6), (7) will have the following form
—_ o E 3¢
vEA+ @+ =25 =+C
’ B (9 — afE ?_f.
19 (2) — 29" (2) — () = —2— &
, , — E
2 (uti0) =2y ) =2’ () — § @ + 27 - Z;
Oex + 94 = 219" (2) + ¢’ (@) — daEt; \
. - E
Oy — 9xx + 2ioy, = 2|2p (2)+4”(2)]—4?-'-¢—'g%.
These relationships enable us to solve the class of plane problems being 211

investigated in the case of nonstationary thermal regimes both for a plane and
for a generalized plane temperature field.

However, the formulation of the considerations presented above, pertain-
ing to the theoretical and applied value of the problem regarding distribution’
of temperature fields and stresses in bodies with foreign inclusions, requires
further generalization. This generalization may be done by defining the bound-
ary conditions more accurately, particularly the stresses of the thermal and
mechanical contact of solid bodies.

The formulation of conditions for an ideal contact assumes that the con-
tiguous bodies are divided by an ideal (mathematically) surface, and each of
the bodies is uniform up to the dividing surface. 1In actuality, a certain
transitional layer may be located between the bodies; the properties of this
layer may differ from the properties of the contiguous bodies.

In this connection, a formulation of the problem based on the following
computational model is advantageous. Assuming that the transitional layer
thickness is small as compared with other dimensions, we shall regard it as a
thin shell with definite physico-mathematical characteristics. Keeping these
characteristics constant and extending the shell thickness to zero, we obtain
a certain physical surface dividing the bodies with characteristic, definite
values of the physico-mechanical characteristics. The conditions which must
be satisfied on this surface by the quantities characterizing the physico-
mechanical state of the system will be called the conditions of physico-mech-
anical contact of the bodies under consideration.

We should note that this formulation of the problem corresponds, in parti-
cular, to the connection of bodies by means of artificial layers., TFor
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example, this pertains to systems of bodies which are connected by means of
welded seams, stiffening ribs, etc.

Let us point out the derivation of the conditions of physico-mechanical
contact for the case when only mechanical and thermal processes occur in a
system of elastic bodies. For purposes of simplification, we shall disregard
the forces of inertia, and also the effect of thermoelastic dissipation --
i.e., we shall investigate the conditions of physico-mechanical contact for a
quasistatic temperature problem of elasticity theory.

With respect to the conditions of mechanical contact, as was already
noted, we may employ the results derived from the theory of shells, different /212
variations of which have been adequately developed. We shall deal with the
problem of thermal contact, which has been studied to a lesser extent.

Let us investigate a solid body containing a foreign inclusion. 1In accord-
ance with the computational model, we shall assume that the body and the in-

clusion are divided by a thin intermediate layer, on the surfaces Sl and 82 of

which there is ideal thermal contact with the inclusion and with the body,
respectively.

Let kl and k2 be the principal curvatures of the layer middle surface, re-

ferred to the curvature lines. Employing this surface as the base surface, we
shall introduce an orthogonal mixed coordinate system (a, B8, y) into the region
occupied by the layer. 1In order to determine the temperature t of the layer,

in accordance with the general thermal conductivity theory (Ref. 8), we obtain:

The equation of thermal balance

Hyl, OHJy o _ Py (8)
o T T Halle) = —cHHy g |
where Ha = A(1 + kly); HB = B(1 + sz) are the Lamé coefficients; A, B —- co-

efficients of the first quadratic form of the surface SO; ¢ —- specific heat
per unit volume; T —— time);
Fourier equations
J¢=AXC; Jﬂ=mﬁ; J,"'—KX,,‘ (9)

relating the components Ja’ J JY of the thermal flux vector to the com-

B’
ponents of the thermodynamic force vector

1ot o a, |
Xe=—g, @t Xo=—TF & Xi=—F" (10)
The boundary conditions '
. a _, o .
t=ti Mgr=hgon S an
at o, -
t =ty 1—5,,‘—=7\2 a,,: on 8,
where tl, t2 —— temperature; Al’ S thermoconductivity of the inclusion and
the layer, respectively; 51 and 52 —- normals to the surfaces Sl and SZ;
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Initial conditions

Taking the fact
compared with other d
reduce the three-dime
theory to a two-dimen
erature distribution

| For this purpose

t=1ty for ©=0. (12)

into account that the layer thickness 2h is small as

imensions, and regarding it as a thin shell, we may

nsional problem (Ref. 8-12) of the thermoconductivity

sional problem, based on the hypothesis of linear temp-
over the layer thickness

t=T410. (13)

» let us write the formation of entropy I per unit volume

! as follows, in accordance with (9) (Ref. 3):

and also its increase

Let us examine the quantity

which represents the

surface. It is also apparent that we have the following in the linear formula-

tion

In accordance with (13), we obtain the following according to the formulas

(10)

where

2% = =\ (X} + X; + X)) (1)

d¥ = J.dX. + JydXp + J,dX, (15)
\ .

o= ] 0+ k) (1 + &9 Sy, (16)

entropy in a shell computed per unit area of its middle
h |
do= [ (1 4+ k1) (1 + kuy)dE dr. an
<

X __xri-Eﬂ, X__X‘I+Eﬂ, X~‘=0,

TR T Taa (18)
=1 T ! 1 ®
A at =g g h=—g- 4 (19)

First substituting (18) into (14), (15), and the results obtained into
(16), (17), respectively, and disregarding terms klh, kzh as compared with unity

after integration, we obtain

where

a=—[xh(xf+x:+e')+ T+ f (20)
do =l dx,+ I,dx, + Ly dt, + Ly dby + 1, db, 2L

R ) A -
J, . 2 (22)

A
I, =:L (l + kyy) Jpdys L, =-5h(l + ki7) Jpdy.

It directly follows from (20), (21), and (19) that
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1 o 2 2 1 a9
Iy =—20Mx; = —20\h— - % Lx=—j7\h’51 = \h:T Py
. _ 1 2 1 a0
l,——2khx,—--—2kh-§ L,_.——a-kh E,=—-—-Ah’ 5 & (23)
Let us now rewrite equation (8) in the follow1ng form
Hyl,  OH J |
=+ =\ 2 (1. ) = —eh He
and let us integrate it over y fyom -h to h.
within the same limits
of the order k. h
(23)

(24)
Let us multiply this equation by y, and let us again perform integration
As a result, we obtain the following, disregarding terms
187> k h as compared with unity after integration, and considering
l.AT-{-A[( )
ot
.,hAo+3x[(a1) +(

]_ °01+3Hh’ae)

®y ]——(t+—t"—4HhT—-

|
where A02>\h is thermoconduct1v1ty, c

. _2h

0

(25)
_ 3 -
0= 2ch -- specific heat of the layer;
. its thermal resistance; H = E(kl + k2) -— average curvature, and
= klk2 —= Gaussian curvature of the layer middle surface;
3 (B A 9

A"Zﬁ[aa(A T)'*‘ap(

= +h, correspondingly).

where

(26)

‘\
B Oﬁ)]
(the plus and minus indices indicate that the quant1t1es are taken in the case

T=Ty h=08 ror t=0

Integrating the initial condition (12) in a similar way, we obtain
N

Mb (6 + 1) +2 (02,0

; (27)
. |
3 o
Ty=2 jtm. .=-2—,,—jt.1.a1. (28)
In addition, we obtain the following from (13)
T=g(t*+1) 0= (t+—1), (29)
Let us now omit T and 6 from (25), (27), (29), taking the boundary con-
ditions (11) into account, and in the relationships obtained we find that
in the case h > 0, A, r., c, are constants.
0 0> 70
As a result, we obtain the desired conditions of thermal contact in the /215
following form , |
a(‘:+':).
ot ’ !
Ao (¢ -—-t)+6(). "'l —A i”i)—-—(t —t;) = {on S,
0ol (I ) 13, * In, i 2 '
_ 3(‘1—‘:)
= ¢y —15— %
t1+t:=2ro-
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|
; !
t "—tg=tof0r 1=0

(31)



Conditions (30), (31) were obtained (Ref. 16, 17) by a different method,
and they were employed in (Ref. 5) to solve the plane problem of thermoelasti-
city for an infinite plate with an elastic circular disk. The influence of the
intermediate layer on the disturbance of the uniform thermal flux in the vicin-
ity of the spherical inclusion in an infinite body was studied in (Ref. 20), in
which the results obtianed in (Ref. 24) were generalized for a spherical cavity
with an insulated surface.

Equation (30) leads to different particular cases of the formulation of
boundary conditions_for the thermoconductivity problem. For example, assuming
Ay = A, = A, n, = -n, =mn, we obtain the conditions

1 2 >
)\oA(t1+tg)+2)\a(’l_t’) a(‘la’t'l); ' (32)

alt,+t A, —t
AOA(tl—.t’)-'-Gx'Ll'ai’;—z)——".—(tl—t’) =c°-—-—-——( lat :)'

which correspond to surface inclusion in a uniform body.

If we assume that the contact thermoconductivity XO = 0, instead of (30),

we shall have
az, "‘- =Hdtitt),
4_ 20n, = 2 at °

33)
a *ot a (
x, ’1 l,-—’--.--—(t,—t,)—c il
Also assuming the contact specific heat cy = 0, we obtain
ot ot ot 2
Mgt bt =0 hgt—hgt=2(—t). 34)

Combining and subtractlng the 1ast two relationships we obtain the con-
ditions o | 3 |
. t
o~ =) = g =t =0,
The form of these conditions coincides with that of the conditions given in
(Ref. 26, 27).

t

—2 from equations (30) and assuming ty =t, t, =t , we /216
)

obtain the Newton condition

Omitting kz o

ot -
1-67+a(t—t:) 0,

where o =-;l— is the absolute heat transfer coefficient determined as the
0

inverse value of the thermal resistance of the boundary layer.

Finally, in the case of the contact resistance rO = ( we arrive at the

conditions of ideal thermal contact

a:,+ 20:, 0 ty=ty

In conclusion, we would like to note that these conditions may be directly
employed in the case of a plane temperature field, if it is assumed that tl and
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ty) are functions of only two three-dimensional coordinates, and if we set A =
2

= —— , where s is the arc length of the conjugate profile L For a genera-

0°
3s2
lized plane field, the corresponding conditions will be different due to heat

exchange on the end faces of the intermediate layer. If ty and t2 are the

averaged plate temperatures, then the following relationships must be fulfilled
on the profile LO dividing the regions of plates made of different materials

which are combined at the joint by means of a thin intermediate layer having
the thickness 2§;
B § a‘-——-’—“'+")+2(h a - %)‘—'a‘;'(tl_'*'tz) =

Ot t .

am—m oT?,

where AO = AS; ¢y = c¢S; S = 4h$ is the area of transverse cross-section of the
intermediate layer; ag = alc; Rc = 48 -- the external, circumfluous middle portim
2
of the profile for the layer transverse cross-section ry = %-- EE-; Zk -- the
k

portion of the profile of the layer transverse cross-section in which it makes

contact with the joined plates; kg = 2A1h, Ag = Zkzh.

It is apparent that, with this formulation of the thermophysical contact
parameters, the conditions obtained may also be employed to study the tempera-
ture fields in plates with stiffening ribs. As a particular case, relation-
ships (35) follow from the corresponding general equations for plates and

shells which were obtained in (Ref. 2).

If the plate edge is reinforced by a thin rod made of another material
having the same thickness 2h and the width 2§, in order to determine the gen-
eralized plane field, we shall have (Ref. 4) the following conditions of heat
exchange on the reinforced edge L0

: _— ) ) ‘

(o + (1 + Faro) 0 2~ ]t = (@2 + a) € —10)
which are characterized by the four thermophysical rod parameters: thermal
resistance ro,thermal conductivity Ay , specific heat ¢y , heat transfer ag.

0 0 0

Here we have o~ =d 2 ; A" =X =2 2, .
c cc n n n'k

(36)

Setting a, =a in (36), we obtain the condition

0

ST B a
[xo—a‘-’}, + (14 patr) e — Co“aT]t = al(t —1J), (37)
where & = 2 + ¢, .
c k

This condition may also be applied for plates whose edge is reinforced by
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P .

a thin rod having an arbitrary cross-section, and QC then designates the outer,
circumfluous middle portion of the profile for the rod transverse cross-section.
It may be readily seen that the well known condition of the Newton heat

exchange for an unreinforced plate follows from (36), (7) for zero values of
all four thermophysical rod parameters.

1

Setting rL=g - 0 in (36), we obtain the following condition
c
ot t—1¢
= (38)
&

which coincides with the Newton condition for an unreinforced plate. 1In this

condition, the thermoresistance of the rod ri plays the role of the heat ex-

change resistance r_ on the plate surface. We obtain the well known condition

of the first kind form (38) in the case r* = 0.

k
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- EFFECT OF A DIFFUSION PROCESS ON THE STRESS CONCENTRATION 219

NEAR A CIRCULAR HOLE ..

¥

. Ya. S. Podstrlgach V. S. Pavlina # /- ° N
ey N67-24529
The well known book by G. N. Savinl made a detailed 1nvest1gat10n of
stress concentration around holes as viewed from the classical
elasticity theory. The study of stress concentration in a body representing
a solid solution when the activity of the diffusion process is quite great is
of significant importance. It may be assumed that the substance is redistri-
buted due to the influence of large stress gradients, and this redistribution
may lead to a change in the stress state of the body. We obtained a system of
differential equations reflecting the interrelationship between the processes
of deformation, diffusion, and thermoconductivity. This sytem of equations
enabled us to study the influence of diffusion produced by a nonuniform stress
state upon the change in the time of stress concentration around holes.

This problem may be reduced to solving the following equations at a con-
stant temperature

ac
DAc = < ' 1)
AAU =0; (2)
Ay = EBec (3)
in the case of a boundary condition for the concentration in the following form
Degrad,c + D, grad, o’ = —H (p — 1) (4)
and for stresses which are specifically defined on the boundary surface. Here
D= DC - EBCDG; H —- mass exchange coefficient.
Let us investigate an infinite body which represents a solid solution /220

having a constant concentration o with a circular, cylindrical cavity having

the radius R in the case of unidirectional tension at infinity by forces p.

Introducing the polar coordinates (r, ), the dimensionless time Ty =

=T —25 , and applying the Laplace transformation to relationships (1), (4),
R
we obtain

- ! . (5)
P00, @) =0, cl,0,9=0, EGLI| g 6

(e, 8, 5) ds (p, 8, 5)

=0,
=1

Voo -
where ¢, 0 are the Laplace transforms respectively of the quantities ¢y =

=c - ¢y c'=0¢ +o0 The boundary condition (6) corresponds to the absence

rr 8o’

Savin, G.N. Kontsentratsiya napryazheniy okolo otverstiy (Stress Concentia-
tion Around Holes). Moscow-Leningrad, Gostekhixdat, 1951.
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of a diffusion flux of solute in the cavity.

"
The equations for determining the Laplace transform U, $ of the functions
U, ¥ may be written as follows

1 & 1 |
(0p’+ ? y'*‘ pr 603)(69’+ + Pt a@z)U(P»e 3) (7)
1
(;,,—.~+—-—+,,, aﬂ.)q»(p. 0, 5) = EB&, : (8)
and the stress representations may be determined’ by the following relationships
according to formulas (3.3) given in (Ref. 2):

~ - g = 2 "_'
°"=(T'a‘p+p‘--?ab'-)‘u"*)‘ % = g U — 9 (9)
1. 8 1 )\457 =
o= (p:““T‘w_ae)(U"'q‘)'

The boundary conditions for the stresses are as follows:

In the case p > =
1

(-7 =—2-

. L - ) 1 -\
E 0 tcos ) op=—7 Fsin2; (10)

In the case p =1
;rr=v0; Gro =_0- an

A solution of equation (5) satisfying conditions (6) has the following
form

E(Pv 8, s) = AK! (3 -S-) cos 29, (12)

where K (p Vs) is the Bessel functionm.

We may select the functions U and w which satisfy equations (7) and (8) /221
in the following form

U =ay*+b,In P + (alf" + a; + asp™?) cos 26;

§ =1 Ebe. (13)
Substituting the values of the functions U and lb from (13) in relationship
(9), we obtain ' o = 24, + =2 — (2a, + 4a,p™% + 6azp~*) cos 20 +
+1A[ oV + V-Kl(plﬂ]cosze (142)
o = 20y — + (2, + 6a;p~4) cos 26 — 1A[ K GV3)+ i
2K 6V3) + Ko V9 cos 2, |
o = (2a; — 2a,p~3 — 6a;p™) sin 20 + (14c)

+1A[;,%K=(PV§)+ V-KI(PVS)]Sln29 1= Efe.
The unknown constants agys bo, a;» a,, ay may be determined in terms of

p and A from the boundary conditions (10) and (11). Determining the following
quantity by means of the first two relationships (14)

=2 [21AK V3 — 2p]°3:_’29.7.‘,41{, (pV/5)cos 20
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and substituting its value in the boundary condition (6), we find the desired
quantity

A= b
By - - = (15)
(7 +V3) K1/ 9 +2K06°5)
where :
4D, 4D,
bh=p=mD, " =Dp =D, 10

With allowance for (15), the inverse Laplace transformation of expression
(11) vyields
|
b 20 ‘
oy ) =G+ 3 S — il (b, %) cos 2, (17)

where

f,(‘)-l-f.(t) * .
O == IO =200, Fal) = (s — D), () — 2V o 0,

and J, Y are Bessel functions.

Y, - } —% 4y
lx(P-n)—- Slz(PQfx(f) :(Pf)fa(f)l t,

Similarly, we may obtain the stresses influencing the body 222
Opp = %(l ——%,) + -g- (l —%,+ 39") c0s 26 4 2¢vb, 114 (p, <)) 4+
- 3
+21, (P- %)) €0s 20 — 21byp ’[2’2 (1, %) —'7.12 (1, w)+ (18a)
4+ L1301, 5] cos 2
om= %(l + %,)—% (1 +3p™%) cos 20 — 27bp~4 (315 (1, 7)) — (18b)

— I3 Q1, =) cos 26 — 215, U5 (p, v) — I, (p, 1) — pl1 (p, 1)} cOS 26;
o = — %(] + 273 —3p~4 sin 20 4+ 296, U5 (p, ) —

— 20, (6, sin 2 — 21697 |1 (1, 5) — S0, (0 )+ (18¢)

1 .
where + r L1, t,)] sin 20,

Wmmm—hwhmr“a;
I O+ 1RO

1
I!(Pv 11) = ?

! ( T ) = .2. [Ys(pt) f1 () — J5 (p8) [5 ()] e I'u dl
Pr Ty x P’tl'f’ (t)+ f] )

For a stationary regime (T + ®), we have the following from formulas (17)
and (18a), (18b), (18c):

b;usﬁ)

C(P, )-—Co+ P’ ’

and the stresses do not depend on the solute concentration. For small values
of T1s the formulas obtained may be written approx1mately as follows:

c0.8, %) =a+ 2R [Be ) + 5 TV 5B 19
0w =G (1= + G (1— 4" + 3™ cos 20 + ;
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+ b7t f (l —533) By (1, %) +V— B, (e, "1)] cos 20; \ (20a)
o =201+ — 2 (1 + 39 cos20 + 161 [ 2By (1, =) —

Vb6, 00— Rm3By(p, ) | cos28: .

(20b)
aﬁ=—%(l+2p”—39-‘)5i“20+ ;
in20[ 1 3 2 |
+ "blﬂ%— 'P—(l — 'P-’) Bz(l. tl) + VFB’ (P' tl)].’ | ! (ZOC)

where
B, (ps ) = %{erfc ;—;—% —exp [%; e—D+
e 278
B, (s, ‘tl)——lg{ V—e p[ (P_ll)] (%—}—p—l)erfc;—;/_j—i+
+ﬁexP[‘8‘(9_l)+ " ]eﬁch V‘: 19}/11]]

Let us study the change withﬂtime of the solute concentration and the

stresses at the point o = 1, § = — and at the point which is symmetrical to it,
2

in which we obtain the maximum stress concentration from the solution of the

Kirsch problem. We have the following from formulas (17), (18a), (18b), (18c)

c(l = )_c b b, (b:—t'-—4)e""-dt | (21)

' 9 [ R b. 1c1° t[f (‘)+f:({)] ’ (22)
4Tb1 (b:"f’) "™ gy
tE O+ /01

However, for this same case we may obtain the follow1ng approximate ex-
pressions from (19), (20a), (20b), (20c)

C(l.% ' “1) = t:.,——%b1 {T%[l —exp(ls—g:t,)erfc(% V‘t_l)] +'—45- %} ; (23)

(23)

on (l 5 't,) =3p 4+ - 87”‘ {20 [1 exp( 11) erfc(19 Vt,)] —%—V% (24)

All the formulas presented above are suitable for the case of plane de-
formation, if we assume

000(1 T “1) = oy +°90 =3p +—3

4pD} w0
b = /——— b* = = 1% = E*p". (25)
DT EpDy T oi—pppy ¥ ER

instead of bl’ bz, Yo
We should p01nt out that, since the concentration coefficient of linear
expansion B (B ) may be positive or negative depending on the type of solid
- -1
solution and D(7 = -3 BcL’ L>0, Dc - EBch>0’ the constant bl(bl) has the

minus or plus sign, respectively, and the product y”bl(y*b*) is always negative.
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As may be readily seen from formulas (16) and (25), the constant bz(b;) changes /224
from (0 to 4.

As follows from the approximate formulas (23) and (24), depending upon
whether BC is smaller or larger than zero, in the most extended zones the solute

concentration increases or decreases with time, and the effective stresses in
both cases decrease.

% SR The figure presents a graph show-
' ing the change i? ghe concentration
‘ 1

. 21 « . %og ()

- ‘ stress o = -= ——— wwith time;

606 Yb1

! : this was calculated from a precise
formula (22) (curve 1) and from an
w2 ' approximate formula (24) (curve 2) in

the case b2 = 3. The change in the

quantity oge computed according to
the precise formula (curve 1) shows

X that the concentration stresses first
an W@ 5 increase, reach the largest value, then
slowly decrease, and strive to zero in
the case T + «,
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PROPAGATION OF ELASTIC WAVES ALONG A CYLINDRICAL CAVITY FILLED 225
WITH A CONDUCTING FLUID (

=TI, T. SeleZOij/fV} f s s e '
. L
(Riev) N67-c_1»‘530
This article investiagtes the magnetohydroelasticity problem of axi-
symmetric wavesin an elastic body-conductive liquid system. A cylindrical
cavity having a circular transverse cross-section, filled with a nonviscous,
compressible conductive liquid, exists in an elastic body having infinite di-
mensions. A uniform constant magnetic field is applied along the cavity axis.
It is assumed that the elastic body is magnetically and electrically neutral.
In essence, this system represents a wave guide having an unusual characteristic.
This type of problem is important for geophysical research. ]
Several articles (Ref. 7-11) have investigated steady magnetohydrodynamic
motion of liquid in channels with rigid walls, or without rigid walls. Several
of these articles have advanced definite assumptions regarding either the
strength component of the perturbed magnetic field or regarding the compress-
ibility of the conductive medium. This makes it possible to obtain the solution
containing Bessel functions. However, a more precise formulation of the problem
leads to an investigation of degenerate hypergeometric equations (Ref. 7).

- The notation is as following: H -- vector of the magnetic field strength;

h -- vector of the perturbed magnetic fie1d+strength; E -- vector of the elec-
tric field strength; j -- current density; v -- velocity vector of a liquid
particle; p -- liquid density; p -- liquid pressure; u -- magnetic permeability;
¢ —-- electroconductivity; Yy T speed of light; cy ~ speed of sound in a non-

conductive liquid; t -- time; x -- axial coordinate; r -- radial coordinate; /226
Ty = cavity radius; ¢ -- elastic scalar potential; ¢ -- modulus of elastic

vector potential; o, - radial stress; 1 -- shearing stress; R —— radial dis-
placement; y -- elastic medium density; v -- Poisson coefficient; ¢, velo-
city of distortion wave in an elastic medium; c, ~ expansion wave velocity in

2
an elastic medium; a2 = %%Ef- —- square of the Alfvén wave velocity; ¢ -- phase

velocity; & -- wavelength.

The dimensionless quantities are as follows:

R

. ;_l Lo g (p* o) = L .p*= R,
r')_,.(x' f)?_t “,. t' (p'cr) 1c,.(pv?r)’R ’

(x "

1 2 | (A)

. . l . - i .
V= HY K= (H Rt =2 = s =

. ¢, = -
W=2nz; M=

. e -
Disregarding displacement currents, mass forces, . and viscosity, and

assuming that u = 1 and ¢ = const., we may write the equations of magneto-
hydrodynamics (Ref. 5):
@l | (1)
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rotE—--—Iw;—'d‘VH 01 (@)

I

,.=a(E+ [vaI); | (3)
p:—-__—-gradp+-—llxﬂl-.v (4)
2 4+ div o) = (5)
6p_l 05 : !
57_-‘:-3. (6)

The system of equations (1) - (6) may be reduced to two vector equations for

# and v, if the nonlinear hydrodynamic terms are disregarded:
oH - = (7)
a—_—rot[va]—mrotrotH. '
C A (8)
g % 1 () T
raddivo— . — — — . = .H}.
grad d s B gt (rot H x ﬁ]

The following assumptions will be advanced below:

+
1. A constant magnetic field having the strength H, is in operation

0
along the cavity axis.

2. The perturbed field ﬁ(x, r, t) 1is small as compared with ﬁo:

|hmas| K 1Hol: H=Hy+h.

3. The motion is axisymmetrical.

4. The cavity walls are nonconductive. Therefore, the current density
component, which is normal to the profile, equals zero: j

rr=r0=0.

If we disregard small nonlinear terms and introduce the dimensionless
quantities according to formulas (A), under the assumptions advanced above,

equations (7) and (8) may be reduced to four scalar equations for h;, h:, vi
and v: : , PR
AT . T S B W
or* Co 6x‘ “4morgt,  Ox® | dmorgey ax‘ar‘ : (9)
Oh" 1 c: F 1 -
X * % b B A S X
a‘a H co r* a,t (r U ) 4,‘0,0‘;. o 7 6r‘ (f hr)+ (lo)
' ' cb 19 on :
+ Anorgc, * Or* r* al‘ : ‘
a 1 v* 29%*  Hi, ., OW*
o~ r‘ r*o; )‘*‘ax*ar*:(‘) at's T g avax"*'
[ ]

Hi, . o (11)
P * 5ror |

L1 o awr ot (‘c, )-asv-
- ot awan Ty =\ v ‘ (12)
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Let us investigate the case of infinite conductivity ¢ = », The system
(9) - (12) may then be reduced to one equation of the following type

(Ll % &y, #7101
, [(l +m (c:’ 31"-0:c") +0x"] a Foa )+ (13)
_ o 1 . a2 - o2 1 an 1 o F* ;
+m‘6x"(‘." o™ """) U (5,,:-’ cﬁ"'_ax“‘-)v: =0.

Representing all the desired functions in the following form

f(x"‘, ’.t’ It) ____F(rt) ei(n‘—ul‘). (14)
we obtain the following from equation (13)
d
2 (A (52 o as
where , | ‘ /228

B {" et ("i:' )’“(%)‘ _c:’] (16)
() +alls) =]

The problem under consideration may be obtained as a particular case for
A=0.

By the following substitution (Ref. 3)

11, :
V=r"TeT 4y (k, m, pr*), a7
where

At RS w1 b_A
P=A—4B% m=1; k=%,

equation (15) may be reduced to a degenerate hypergeometric Whittaker equation
! :
4rt)? = [orp = 4L %) + 4mt — 1] (18)

The solution of equation (18) may be written in the form of the combined
Whittaker functions

u=CiMi. m(pr*) + CoMp. —m (pr*). (19)

It may be assumed that the constant 02 equals zero based on the condition

that the solution is regular in the case r* > 0. Thus, the expression for
radial velocity has the following form

L.
14 =C,r‘—-'~’_e7” Me, 1 (pr®). (20)

The pressure derivative with respect to time may be determined from (5)
and (6):

p* _ p..[_n_i. AR
67—_(::87 re 'ar~(' v:)+a_x% ' (21)

Determining the velocity v:; from (12), substituting in (21), and represent-

ing the solution in the form (14), we obtain

(‘-Z'-)"(. '@y (22)

;«£P(r‘) =YC:"P§“ (’_:_)"—_c:, ’lv+%)
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Utilizing the following relationships (Ref. 4)
d ) k 2m 4 |
&Men @ == (Gt — ) M) +

(2m 4 1)2 - 4k (23)
TEmrnentir M i (2
(2m 4 1)? — 442 _ ‘4rn —2kz—1 - ‘
oy ) M o () = — AL "'(’)+ (24)
+@m+ DMe, m—i (2), )
we obtain the following from (22) 229
(&) |
. o 1
“ - 11 | |
%My o o] T,
The axisymmetrical problem for an elastic medium with a cylindrical
cavity may be reduced to solving two wave equations (Ref. 1):
Pp 1 dp 1oy
st T ytm= c’ < o || (26)
g i
gfi’+—-‘,’,~i;-—i+ ¥ = é s 27)

for given boundary conditions on the cavity wall. The displacements and
stresses may be expressed in terms of the functions ¢ and { by means of the
well known formulas (Ref. 1). The condition for the absence of shearing stress-
es on the cavity wall is:

t=0 for r=r,. (28)

The second boundary condition expresses the relationship between elastic
and conductive media and follows from the fact that the dynamic rigidities of
the two media are equal on the boundary dividing them:

% i 29
ﬂ:;—’z’—‘ orr-r., ( )

The solutions of equations (26) and (27) 1s written in terms of Macdonald
functions (Ref. 1), and may be substituted in the expressions for radial dis-
placement R and radial stress O with allowance for the boundary condition

(28). The final formula in dimensionless quantities has the following form

o [ oo cbbotfel),
R P X
Y2 <2_c~=)[1f—(i—:)'c:]T__ - G0
[]_(C.)’t"]z_ : ‘
Aoy | Kt ‘
o si=en?  Kli—en?)
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After substitution of the dimensionless quantities (A) and the dependences /230
(14), condition (29) assumes the following form

iwP (r*) - ) ‘ 31
TV et = 0 RE) e (31)

Substituting the expressions (20), (25) and (30) in (31), we obtain the
dispersion equation connecting the phase velocity and the wavelength:

e GRS
U 2*[-()(5)1, T
i Gl
- e

|
|
1
|
N
|
|
;

c .
— ’tzﬂl i (E) [___ Mk o(P)}
=% 1 (c)’ A+ kv + 2 5w

T \g) !
The dlspers1on properties of the system under consideration may be

determined by the following four characteristic parameters: 3, v, PO , m.
_ Y

If we set m = 0 (there is no magnetic field), then the Whittaker functions

degenerate into Bessel functions, and A = k = 0,and equation (32) describes

wave dispersion in the case of a nonconductive liquid (Ref. 1). Let us study

equation (32) in the two limiting cases of long and short waves.

In the case of long waves, the arguments of the Macdonald and Whittaker

functions are small, and the expansion of these functions may be employed for
small 2z (Ref. 6):

K,(z)zln-z-; K,,(z)z_(n_l)g( ) A

+4m -5 2+m—k
Mon@=d e T

prodgees) . ]

A aTmerm Tt

In this case, equation (32) has one root corresponding to waves propagated /231
at a velocity which is smaller than the speed of sound in a nonconductive
liquid. The approximate velocity may be determined by the following expression

(é)’z-l—{Té—:_)_?-'—'tM' : (33)

where the small parameter ¢ =<%E> is introduced and
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(35).

1}
t

] }'[—'-«?u +m )+ (34)

According to formula (33), the

/2]

02

value of € _ may be determined by the
o
e method of successive approximations.

. The zero approximation holds in the case
‘ € = 0. Substituting this value in the
/ right hand side, we may determine the
first approximation, etc.

- | Let us study the sign of M. It
o1 may be determined by the sign of the

04

hd £ expression in the brackets. The value
of m, at which M = 0, may be determined
by the following formula under the con-

2 -
. c m .
dition <c ) # 1T+35 °

wgllaisee

The figure shows the dependence of m on %—' , corresponding to formula

It may be seen that for small m the quagtity M < 0 and the magnetic

field decrease the phase velocity (the region located under the curve), and for
large m,M > 0, and the magnetic field increases the phase velocity (the region
located above the curve).

In the case of short waves, the arguments of the Whittaker and Macdonald

functions are larger, and the asymptotic representations of these functions may /232
be employed (Ref. 2, 6):

| M, m(2) = 27%e?

Ko.(z) =V2:i-'e"‘(l——é+ ). K, (2) =V—21:é—’(l +§3; 4+ j' ). 36)

|
. a1y l
T _femtl) ]+(k_+_-2_)__f_+... ) , 37)

(o)

2

When there is no magnetic field (m = 0), formula (32) may be reduced to

an equation describing Rayleigh wave propagation. If we confine ourselves to
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the case ¢ < cg,we may obtain the following approximate relationship from the
dispersion equation (32) by means of formulas (36) and (37)
(1)’~'7'_(£e.)’9_o =, (38)
Co ~'L+ﬁ s/ 1 I*
Formula (38) has a more formal meaning, since the magnetohydrodynamic
model is not employed for short waves.

If the cavity wall is absolutely rigid, then the displacement R* -+ 0, and
therefore V(r¥) *a1” 0, from which we have the lower root

c m

(£) = I;—;’ ‘ (39)

For small m, we obtain the Alfvén wave velocity ¢ = a; for large m we
obtain the speed of sound ¢ = o In the case of arbitrary momentum, the

solution may found by superposition of waves having the form (14).
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|
~" A CASE OF DYNAMIC STRESSES IN AN UNBOUNDED ELASTIC SPACE WITH 233
A CYLINDRICAL CAVITY £

L M. M. Sldlyar,¢ L.

(Kiev) 6 . L‘, 5 3 1

This article investigates the dynamic problem of stiesses in unbounded

space with a circular cylindrical cavity having the radius ry = 1. These

stresses are produced due to the influence of force sources which change harmon-
ically with time and which are uniformly distributed in two planes which are
parallel to the cylinder axis x = + £(£ > 1). In particular, the stress state
around the cavity is analyzed.

In an unbounded elastic medium with a cylindrical cavity having the radius
ry = 1, let plane force sources be in operation in the case x = + £(¢ > 1).

The strength of these sources changes according to a harmonic law. Plane
elastic waves are produced, due to the influence of the force sources in the
medium. The cylindrical cavity will disturb the fundamental stress field
which is produced due to propagation of elastic waves.

Fundamental stress field. 1In the case of the given system of sources,
the displacement and stress will only depend on the variables x and t.

The equation for determining the displacements u is (Ref. 5)

w1
g_x_‘: c’al:+c’q(x’ =0, &)

where c is the velocity of elastic wave propagation,
a6 ) =2 (Bx—H—3(x + fler. (2)

Here 9, is a constant characterizing the strength of the force sources; w —-—

oscillation frequency; 8§ -- Dirac function (Ref. 2).
We may select the solution of equation (1) in the following form 234
u (x. t) = Uy (x) eid. i (3)
For uo(x), we then obtain the following value
U (x) = __qu e—ikE Sln kE: x< t, k= -;— X | (4

The fundamental stress is

o, = o,e = A(w)e™ cos kx, (5)
where
‘ A4-2 .
Aw) =— t.: L goe—*t = — g e—ikt, (6
Disturbance stresses. The additional stresses which are produced due

to the disturbance of the fundamental state by the cavity, may be conveniently
determined by means of the potentials of longitudinal and transverse waves ¢
and Y,which satisfy equations having the following form (Ref. 3)
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ok P o0 b= %
where fi=2, ly=4,
c,=Vl+;2”,_ C = %.
In our case, we have
Fo = e, (8)
Conditions on the cavity surface will be

(l) (2

P + 0(2) }E (9)

Tré Y + e = 0 .

and conditions of radiation, correspondingly w1ll be

-~ } — {0 o
limf,=0; limVr (b% +'ikf.) = (10)

r-0 . r=0
The upper index 1 in (9) pertains to the fundamental stress state, and 2
pertains to the disturbed stress state

The fundamental stress state may be determined by expression (5)
determine the disturbances according to formulas given (Ref. 3), which assume

We may
the following form with allowance for periodicity of the phenomenon and equa-
tion (7): . & 0$ g

- e

o = ’?+2P{6r’ r7'$+7°0r00);

~2) - - e 1 a8y oy,

=g ,¢+2P(“W—F‘E“éﬁ)' ‘ (11)
=—2(1+p)— —o : ‘

l

Correspondingly, the amplitudes of the stress tensor components for the
fundamental state in a polar coordlnate system are (Ref. 4)

“’ ._-—o (1 4+ cos 26); 1 .
W —%c, sin 20; (12)
o= %;, (1 — cos 28).
Let us employ the following series  for cos kx (Ref. 1):
cos kx = Zoa;,, (kr) cos 2n8, (13)
LT
where
ag (kr) = Jo(kr), a3, (kr) = (=1)"],, (kf). (14)
and J2 (kr) is the Bessel function of the first kind

Knowing (5), we have
5, =A (m)n}_:oa;, (kr) cos 2n9. (15)
Then (12) assume the following form

o = _;_ A(w) 2 as, (kr) cos 2nf; (16)
. nemo . o
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=1 A(w)z b,,l (kr) sin 2n0 (16)

where . : .

g (kr) = Jy (kr) = Jon (R);
aga (kr) = (— 1) {20z (kr) — J 20 (BF) + J2np2 (R1)); (17)
ban (kr) = (—1)"" {Jon—2 (kr) — J2ny2 (R1)}, |
Conditions (9) may be written as follows

(2)+ A(w)z ag,.(k)cos2n0=0
© e | (18)

W — % A(w) 2 ban (k) sin 28 = 0.

nej . i
Taking (18) into account, we shall try to find the solution of equations
(7) in the form of the following series:

$n = 2, 9aCOs 2nb;
n=0

o | (19)
ba =X, $asin2n..
N R Lo
With allowance for (7), we then obtain the following equations for
determining the functions ¢ and 1,() :
daf, v df (w’ 4n’) 0 (v=1,2
= = 20
g + c@ 3" fe ( ): (20)

|
|
, " fi=9as f2=4'n' ,
Taking (11) into consideration, we obtain conditions (18) in the following
d 2 d:
.—')‘T?n"}'?l"(;:: by ¥, + =. :;n)"i'

+?A(w)ag,, (kr)=0; ' (21)

©? ’ 2 .
B+ 2 (7"%—;2;?,,)+2LA(w)bg,.(kr)=0.

form:

We shall select the solutions of this system, satisfying the conditions of
the problem, in the form of Hankel functions of the second kind (Ref. 1)

¥ = A, (w)H"’( r); 9. =B, (w)H‘”( ) } (22)

We may determine the constants from (21) in the following form:

"zn( ) Fpy (0) — b!n( ) F ps (w)

‘4"(‘”)‘_'_"” ) Fr @ Fa @ =Fa @ Fa@ (23)
' bz (:) m(“’l—‘hn( )Fna("’)
B,.((!)) A( ) Fnl(“’)Fnc(“’)'— nz("’)Fnl("’) '

where

Fn;(of) (-2 (2) + 2 (2)) 24)

F g (w) = dpn {:L: HE (c’ ) HY (c’ )} .
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P =8 ()4 ()]
Faa () = 5 (H‘”’( )+2H‘2"(c')}. (24)

Then, substituting (23) consecutively in (22), (19) and (21), we may

determine the stresses o,, 0_, T 6
6 r

Stresses on the cavity surface. The stress amplitudes on the cavity
surface may be determined according to the following formula:

w=o"+a& (r=1). 29
However, we have
P . . .. ~ 2~
W 4o =200+ = — 20+ 159
1
and then
o =—20+p% ? +of —o" =
=_—2(x+»);.(p+(o%"+°£") @+
1
or, taking (12) into account, we obtain
w=—20+p5F+05,—0,. (26)
, ’ 1 ' )
On the cavity surface 3 = 0, and consequently,
a=—20+ 925 +35 =1 (27)
Substituting (15) and (19) and taklng into account (22) we obtain
2
op = efot E don (w) cos 2n6, (28)
Nw=
where
2
don () = =20+ ) 5 A4, ) H () + A () a, &) (29)
N Sler
and we may determine a;n(k) and An(w) from (14) and (23), respectively.
Case of long waves. 1f the wavelength is large as compared with
the cavity size -- i.e., k = & << 1 ~- when calculating the stress we may

(o

employ expansion of Bessel functions in series in powers of the small argument
(Ref. 1).

Retaining terms of the second order of smallness with respect to k, we
obtain the following expression for stress on the cavity surface:

Re(a0) = — g (1 —2cos2ﬂ)cos.w(tf--5-)+ 0
+ qo {(fbo — @, cos 20) cos w (t _i)_ ‘

(lt“n—(bzcos%)smw(t-—%)}"”, -

3
Cl
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where - 238
_ 1 A-{'-21*( o 2) L1420
(D.,—T-}- % lnc‘ -y,
' ct
%=%ﬁﬁl+%+20+ﬂumi—m%;
G a T (31)
q " 2
Q=L (142 <= .
=7 P( +c:). in2 = 0,11593
If k > 0, we obtain the well known solution of G. Kirsch for'the static case
from (30).
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/1

- CONCENTRATION OF MOMENTS AT HOLES IN THE BENDING OF THIN PLATES /239
WITH ALLOWANCE FOR PHYSICAL NONLINEARITY .. . ]+ 5 3 2
* A, V. Stepanov ‘/ 3 ; 59 N é7 2' -

(Kiev) =

Hooke's  law lies at the basis of classical (linear) elasticity theory,
which considers small deformations. This law assumes a linear dependence
between stresses and deformations. However, there is a nonlinear dependence
between stresses and deformations in many materials employed in technology
(polymers, alloys, non~ferrous metals, etc.), even in the region of small de-
formations. Thus, Hooke's law is replaced by a nonlinear elasticity law.

If the geometric relationships of classical elasticity theory remain in force,
we arrive at one of the variations of the general elasticity theory -- the so-
called physically nonlinear law. The monograph by G. Kauderer (Ref. 2) pre-
sents the fundamental laws and hypotheses for physically nonlinear bodies. In
this monograph, on the basis of experimental research the nonlinear elasticity
law for the metals indicated above is represented in the following form:

T = 3KX (o) Dy + 2G1 ($3) D", (1)
where T is the stress tensor; DO’ D' -- the spherical tensor and the deforma-
tion deviator, respectively; X(eo), Y(w%) —— extension and displacement fun-

ctions whose behavior may be established experimentally, just like the moduli
of shear G and the volumetric contraction K; €0, Yo —— the average extension
and intensity of the shear deformation, respectively, which may be expressed

by the well known formulas i
1, . ‘
) Eo=?(ix+£‘,+€z); ' “
=2 2 ' |
¢VWEV5@+%+£—Wfqﬁ“%J+‘
1 2
| + 5 (bey + i + $22) - |
This article investigates the problem of the bending of thin plates for 240
small deflection, whose material follows a nonlinear law of elasticity, and
small deformations. A solution is provided for the problem of the moment
concentration in a circular plate which is loaded axysymmetrically, and also
in a plate which is weakened by a circular hole, under conditions of
pure cylindrical bending. The influence of the external loading and the

elastic properties of the material upon the moment concentration coefficient
is investigated.

Fundamental bending equations of thin plates and method of solution. The
article (Ref. 6) investigated the problem of the bending of thin plates for
small deflections, whose material follows a nonlinear elasticity law (Ref. 2),
and small deformations. In this study, we obtained the fundamental relation-
ships for the bending of thin plates.

The equation for the bending of such plates in cylindrical coordinates
(r, ¢, z) has the following form
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(A—vo {Faswt 2F, Zdw + 2 Fo 2 hw 4 (F, 4 Lo, +
._d),,)w,.,+( .+ F,,-i-(l),,)( w+r,ww)-'|-

) 1 B

(2)

where w(r, ¢) is the deflection of points in the middle plane of the plate;
q(r, ¢) -- continuous load which is perpendicular to the middle plane;

vo ~- Poisson coefficient; D -- cylindrical rigidity, which is related to

the plate thickness h and the moduli K and G by the following formula

_ 1 K4G
D—? 3K+4GGh
and A designates the Laplace operator.

The functions F(r, ¢) and ¢(r, ¢) represent integrals of the following

type
'?% _
12 TP .
F(r, ) =133 XWZ dz; 3 (3)
f?
4—2
o, ?)___ 1(¢)v(=o.‘lf,,) ‘dz
.J V(to.'}') (4)
v d]) = L. 3y (¢9) — 201 9
0 Yo 2 3K7-(‘o)+01(%) |
and the following formulas hold for average extension and the square of the 241
shear deformation intensity
g = ——; -:—'_'—'h"zAw;

.¢'—%{v1[wr,+,—l,-(w,+%ww)]+ w,,(w+ w,,)f|-

+ % (wr? - ‘:‘ w?)’} 2,

where

) 2
v‘=ﬁ——'v%.§'+l; va =g Yo

— 1L

From this point, the subscripts indicate the derivatives with respect to
r and ¢ of the functions obtained.

The following expressions are obtained for the moments M_, M¢ and Mr¢
M, ——D(l-—vo)[Fw,,-i-(D(—w + 5 w,,)]
M, =-—D(1—vo)[F( w, + ww)+<bw,,] | ()
M,,=—D(l—vo)(F—‘D)(-'—w,,—-%wv).
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In order to obtain the expression for the intersection force -- for exam-
ple, Qr -- instead of Mr’ M, and Mr we must substitute their values in the

¢ ¢
expression
Q=M M _ M 1 om,
r or r r r Oy

and must perform the corresponding operationms.

We shall confine ourselves to studying the case when there is a small’
deviation of the nonlinear elasticity law from Hooke's law. For many materials,
the functions of extension and shear then have the following form

X(E)=1 74 =1—gbs @& D), (6)
where 8y is an elastic constant which may be determined experimentally. Taking

(6) into account, we obtain the following expression for the function v(eo, wg):

s 1 3K—26G(1—gp
v (eo, '%)—j'z" K+G(1—ady

Expanding the right hand side in powers of gz,and taking into account the

term which is linear with respect to 8, in the first approximation (gzwg <«<1),
we obtain
1
V(2o Yo) = Vo + 3 (1 + ve) (1 — 2v9) g1bor

: . . . 1 242
Let us introduce this value in the expressions and —_

l - \)(eo’ U’(z))

\)(80, w(z))

5 which are included in the integrals (3). Expanding these

expressions in series and truncating them at terms which are linear with respect
to 8ys We obtain
1 1 T

1—v (s, 4::) - l—Vol_
¥ (¢, 3 v, : v —_2v
YW % [1+1 ST 2.,)&‘,,:].

1—v(e, &P:)—'—‘o T;-" vo(l—v)

1 v —_2y, |
g CEO=2ogu]:

Let us now calculate the integrals (3), expanding them in series and re-
taining only terms which are linear with respect to 89 in these series. TFor

the functions F(r, ¢) and ¢(r, ¢), we then obtain the expressions

A F(f, ?)=l-1v; —.ls(r, ?); \

Q(r, (P) = 12,,0—)“(" ‘P)-

where A = g2k is a small parameter which characterizes the deviation
(3K + G) G2
from the linear elasticity law; the functions s(r, ¢) and t(r, ¢) have the
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following form

2 (1 —vD0 1 1 " -
s(r, ?)=Z§-g(—l_*_—z)—ﬁ-vl[vl[w:,+7,(w,+7ww)]+

+?wrr(wf+%wvv)+%(w —-:—w,).}; |

36 (1 — )2 D I PR T I
t(r, ?)‘:_5'%1—-}%1:4—" {"1 [w:r+,_|(wi+',‘w") ,]+

+ %’ W,y (wr + %ww) + ,—3.' (wrv - ‘l,"wv)‘] ¢

Introducing these expressions in (2), we obtain the equation for the plate
bending in the following form:

Adw — AL [w) = 5 7

and thus Lfy] has the form

Lol =(1—v) [sAAw+2s,-g;Aw+r%§,%Aw+ |

-i-(s,, ’F%lr +%t;9)wn +(‘:'sr+;l:‘397+trr)('lr—w'+71rw"’) + | (8)

+ 2w —te—L o=t (0 — L)}

The formulas for the bending moments (5) will have the following form /243
y= =D + v (L 0+ Ho) =\ s, +
+ t(-:— w, + ,l,ww)] t —"o)} ,
My=—D {Vowrr + (%w, + ;l;ww) —X [s (%w, + %w,,) + o
+ twr,](l —*o)] ,
M,,=—D {-:- Wo -—rl, Wy — A [(s —1) (-:— w,; —’l,‘wp)]} 1— vo).

We shall try to find the solution of equation (7‘) by expanding it in
powers of the small parameter A which is contained in this equation (Ref. 1, 2,

4): ‘ -
) w(r, ¢, N =wO(r, 9) + Ao (r, ) + N (r, ¢) + ..., ©)

where w(0) (r, ¢), w(1) (r, ¢), ... are the functions of the zero, first, and
higher approximations.

Substituting w(r, ¢, A) in (7) and setting the coefficients equal to zero
for identical powers of A, we obtain an infinite system of biharmonic equations
for determining the functions w(m)(r, ¢) (n =0, 1, 2, ...).

We obtain the following equation for the function w(0) (r, ¢)

|
Aw® =F, (10)

which corresponds to the bending of thin plates, for whose material Hooke's
law is valid.
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For the function of the first approximationvv(l), we obtain the following

equation
Adw) = L [@'9).
=Ll (11)

Let us confine ourselves to the approximations of the zero and first
orders. The solution of the thin plate bending problem in the first approxima-
tions may be reduced to integrating equations (10), (11) under the correspond-
ing boundary conditions.

Circular plate which is axisymmetrically loaded. Let us investigate a
circular plate with a hinge-supported outer edge subjected to the moment Mr =M

which is distributed uniformly over the outer profile, We shall assume that
the inner profile is free. Let us employ a and b to designate the outer and

inner radii of the plate. The functions which may be employed in solving this
problem do not depend on the coordinate ¢.

The function w(0) may be found from equation {10) (in the case q = 0) 244
for the following boundary conditions

W =0; (w‘,ﬁ’ + 2 (O)) M for r=a; |
(wf.?’ 4% (0)) 0; ——D—— Aw® = Q for r==b.

According to the 11near theory of th1n plate bendlng, we have

Mab? r Ma?
0 — _ Ma
w0 = Di—g@=m "7 T oarye—m@ -_”)'

If the function w(0) ig known, in aceordance with equation (11) we may
write a differential equation for the first approximating function:

864a°bAM? 14ve
Adp(h = 5(l+v0)(a’—b’)’Dh‘( —2 =" -+9 ) (12)

Thus, the following boundary conditions must be satisfied:
: (0)

(v w 0 w
wh =0; w4+ 2w = (1—v) (s(°)w$,_’+t(°)——’r)

for r=a

and .
o w0 ( (13)
P20l = (1 — vy (5009 + 102 )forr— b;

—d_r Aw“) = (1 —v,) (s“” 7; Aw® 4 5% 4 t‘,o’ + ‘)

We may represent the solution of equation (12) in the form of the sum of
the particular solution of this equation and the general solution of the
corresponding homogeneous equation adw 1) = 0. The integration constants of
this equation may be found from the condition (13).

The function (1) will thus have the following form:

w<l>—Rlln—+Rz(1;~)+R,(l——)+R.(xo—‘,’-}).’: (14)

In order to calculate the bending moment M, in the first approximation,

¢
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the following expression is obtained
My = =D {12 + (Lo + L) + Al + (L 4
: w!® ww’
o)l ) o).

As is known from the linear theory of thin plate bending (Ref. 5), M¢ >

> Mr’ and reaches the largest value on the inner profile. Thus, the concen-

tration coefficient is

My 2
_’Z r-b_k’—l.

In our case, the expression for M, on the profile is as follows:

¢

2k2M 54 [4k¢ — (k2 4 1)) 15
M, = kz—l{l_ 5(RT—1)2A% M’}‘} )

and the concentra?ion coefficient

M 2 54 [k — (k2 4 1) a)j
(ﬁ),-b“kz_l{l_ B(R—1)Zht M”‘}( =7

will depend on the external loading, the mechanical properties of the material,
and the plate thickness.

Figure 1 presents a graph showing the change in the concentration coeffici-
ent of the moment M, over the imner profile as a function of the external

¢

moment M for separate materials in the case k = = 1 em. Curve 1 represents

3
2,
copper with the characteristics K = 1.33.107 n/cm2 G = 0.47-107 /cm 3 8y =
=7.26° 106, A = 0.98-10"7 cm4/n Curve 2 is for pure copper with the charac-
teristics K = 1.37.107 n/em?, G = 0.46+107 n/cm2; g, = 0.18- 106; A = 0.255.10-8

em®/n2.
As may be seen from the graph, the reduction in the moment concentration

coefficient around the hole, which is frequently observed, may be explained
by the behavior of the material which is nonlinearly elastic.

" T . Pure cylindrical bending of a
\ h\“\ - thin plate weakened by a circular hole.
34 <. Let us investigate a rectangular thin
\ plate which is weakened by a circular
\ hole having the radius a, under con-
32 ditions of pure cylindrical bending.
*’ We shall assume that the hole radius
\ { ‘ is small as compared with the plate
30 \ dimensions (length and width), and the
\ hole is so small that it has no in-
28 fluence upon the stress state over the

0 20 40 aﬂ!,dzge cm external plate profile. Under these
‘ em

Figure 1 assumptions, this plate may be
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conditionally regarded as an infinite plate which is weakened by a circular
hole.

S~
N
I~
(=)

The function w(0) may be found from equation (10), when q = 0
AAw® = 0,

|

under the following boundary COnditions-
- D[wﬁ?’ + ,o( o 4 —;w(o’] 0,
—D[ (w‘rg’ + = w"”) +( 3wy +2w’,‘¥v) v ( wﬁ)v Loy w‘°’)] o

for r=a,

Dl 4 (bl 4 hut)] = Meosty
_D[( @ + 5 w‘°’)+vowi?’] Msin'e; pfor r = oo,
—o{lur— Lut) = sz |

represents a solution of this problem in the linear formulation (Ref. 3), and
may be written in the following form

w7, ¢) = Cu* + Gy 1nr+(c,r=+c + )coszq»,

where
M Mat

fFwD' = —s57=yp
M O — Ma? . _ Mat
C'='—4(1—v,)o' Co= 2@F D’ Cﬁ‘4(3+'v_,)o'

en According to (11), we obtain the following differential equation for
(r, ¢)

C1=—

A" = Al + rio + ra + (As + + 710 + ris + ,u) cos 2? + (16)
+ (Alo + All + All + Ana + All) cos 4 ? + (Alb + Au) cos 6?,

where

. 216a%
A= —(l_—_\WTo)( +15"o+63’o+l)

A= TR (29— 21+ 5 Ay — T (135 — 40 +19); |
A= BBL A.=-———'§4fr"v’:(5o—2vo+13). !

Ay = g (B0 + 372, —30v +81), |
B e o G L |
‘ 11664 (1 — vo) a% .8 Coa 17496 —vga®

A= — G (e 2t TN A= gy 8 247

7776 (1 —
Ap = 3—24—(:(13 +7ve)i Au= fe#\l)

Ay = — 19440 (1 —vj)a'c; Ay =

alc;
15552v,a% .
3+4-v
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2916 (1 — vy)?
Ay = —_(3.{.—»,00)&’ Ay =—3888 (1 =g
216a%c il |
A= — 5o, B+ 98w — 119 ¢ = grsmroyp .

Thus, the following boundary conditions must be satisfied:

(”+Vo( o 4 L w(vlg) —-(l—v)[s(mw‘o)-{-t“”( o® 4 1 wa))]

Wrr
FENWNE I
= (1= {s0 2w 4 ) - Hee | T 4

|

© 40 w®  of® |

Yree (34 (0), (0} 4 4(0) v® ‘

+t(0)(___._’_+__ +-zwrr +t r +7 + '
20 (0

4260 — ) (Z 2 forr = o an

wﬁl’+io( o + 5 w(v‘;)-'(1—“0)[5(°)w£2)+t(°)( o 4+ 4 ‘°’)].

( w" 4 w"’)+§ow£}’__(1 — ) [sw)( w4 & w‘°’)+t(°)w‘°’

for r=o; ' ‘

1 1 S
7 W — T AW = (1 —v) (5@ — 1) 7 Wre —53We ).

Here the functions s(0) and t(0) equal the corresponding functions s and
t, in which w(o) is substituted instead of w.

We may write the solution of equation (16) in the form of the sum of the

particular solution for this equation and the general solution of the corres-
ponding homogeneous equation aaw(l) =

0. We may find the integration constants
of this equation from condition (17).

The function W(l) may be expressed as follows
CwW (P =Ry +RInr+ B+ B+ B+
A+ (Ry+ Ry + +as",‘.'+ +a+ +,u)cos2(+
+ (am 4 ay, h:,r + = + + ) l:‘r +-B a“ s+ G“)COS 49 +
+(au+°" +2 R )cosﬁv. .

where /248
A A Ay As
=54 2=t = 3pac T {0’
— A. '. —_ .A. A‘l Al
8= —"328° %=34° M= Tgm' % =70’
A . An 1.
% = Tag00 ‘0T ‘uT g n 160°
— AN All
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and RO’ Rl’ RZ’

conditions (17).

R3, R4, RS’ R6’ R7, R8 may be determined from the boundary

The bending moment M¢ in the first approximation may be calculated accord-

ing to the following formula
My=—D {vowﬁg’ + ( w4+ - w%) + 2 [vowﬁ’ + |
w'®

+( W 3%2 ]_)\[s(o)( ‘°’+ W)+l‘°’wﬁ3’](l—vo)}.«

As is known from linear theory (Ref. 5), the bending moment M, reaches

¢

the largest value on the hole profile at the points ¢ = + E , and the con-

centration coefficient at these points is

(M?’) _ 543v
—M— rmg 3+V.

In our case, the expression for the bending moment M, on the profile at
1 ¢
the points ¢ = -2- T is
“ 54 3v oM |
Mo =M -i-"ou[l 350 B+ vo)® (5 F 3v) A (8583Vo+72308v,,+

_ (18)
+ 206 050 + 222612v, + 45867)] ' l

and the concentratlon coefficient at these points

M, _5+3 oM™,
T [1 350 (3 3 vo)® (5 + 3vg) ¥ (8683v - 72308\',, 4

+ 206 050%% + 2226124 4 45867)]

depends, as is known, on the external loading, the mechanical properties of
the material, and the plate thickness.

Figure 2 presents a graph showing the change in the concentration coef-
ficient of the moment M¢ over the inner profile at the points ¢ = + .TZL as a

function of the external moment for separate materials in the case h = 1 cm.

Curve 1 is for copper with the following characteristics
K =133 10n/cM?* G =047 - 107n/cx?, g, =7,26-10%
) A=0,98-1077cuém?;
and curve 2 is for pure copper with the characteristics
K =137 1000/cu* G =0,46-10" ncm?, g, =0,18.10%
A = 0,255 - 1078 cu/m3;
Curve 3 is for open-hearth steel with the characteristics
K =1,821 - 107 njca.

G = 0,870 - 10" n/cm3; ‘
£,=0,085 - 10% A=0,032 . 107® cmu*h '
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Figure 3 shows a diagram of the bending moment M, on the hole for a material

¢

with the following characteristics

K =1,33° 10" 0ca®; G = 0,47 - 10% tiew®; A = 0,98 - 10~ cxt/n 2
and in the case M = 200 n-cm/cm, h = 1 cﬁ, where the solid line d;signates the
diagram of M¢ compiled on the basis of the linear theory, and the dashed line
designates M¢ for our problem. The reduction in the concentration coefficient
of the bending moment M¢ may be explained by the behavior of the material

which is nonlinearly elastic. As may be seen from the diagram of the bending
moment M¢, there is an insignificant increase in the bending moment on the

hole profile at the points ¢ = 0, ¢ = n. This is confirmed by a decrease in
the bending moment M¢ at the dangerous locations due to the existence of

sections which are loaded to a lesser extent.
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</ STRESS CONCENTRATION NEAR CAVITIES IN AN INCOMPRESSIBLE MATERTAL /_, 251

“G. s. TaraS'YeV'le A. Tolokonnikov r~ L
(Tula) N67-24535
General considerations. 1In previous articles (Ref. l,>4), the formulation

of the problem regarding plane deformations of an incompressible material has
related the fundamental stresses (01, 02) with the octahedral normal stresses

(X), the octahedral shearing stresses (1), and the stress functions (U) by the
following formulas , _
3‘} =Y +V15+
2
= 4P’Uzz 723

VIV —opUath | 1

f=2VT5 (<) ds

where p is the characteristic value of the stress; 31 -— deformation intensity.

We may select the law governing the change in the form as follows
:=Gths, 2=2VTBs; (2)
and we may represent the stress function by the series
U=+ W, + W+ ... (3)

Let us confine ourselves to calculating the first two terms of the series.

As was shown in (Ref. 4), if the region of the complex variable plane z = Xy +

+ ix2, which is occupied by a body, is mapped onto the exterior of a unit

circle of a plane by means of the following function

z=Rl+ hZOCkC_‘. ‘ (4)
then the problem may be reduced to the well known problem of successively /252

determining the biharmonic functions according to the boundary values on the
region profile and at infinity.

The biharmonic function OU may be calculated according to the Goursat
formula in terms of the two analytical functions (Ref. 2)

U = Re(Zpg + %). (5)
The function lU satisfies (Ref. 1) the following equation
. | .
lez'z; =—(U. on'zé)zE -7 (oUzzioUzii - oU"zouii;)‘ (6)

Employing (5), we may find the particular solution (6):
W* = Lioggo— (s + W) (5 +Tl, )

where
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a1 -
& 7" (8)

[l

U=

We may express the biharmonic function lU - ly* by means of the two new
analytical functions

W = Re (U* +32¢; +%). (9

Let us now turn back to the formulation of the boundary conditions. The
following must hold at the point on the profile with the outer normal (cos a,
sin a) where there are no shearing or normal stresses (Ref. 2)

= -
ds 2pe-’
where ds is an element of arc length of the profile.

We thus obtain the following conditions

dUs . '
e _Fsz_ = am lkFP-k; ‘ (10)
oF = 0; 1F = ULetw, |

Employing the boundary conditions

ds=—ie=e3%; o=, a1
let us formulate the boundary conditions for the analytical functions
S — {*
@+ TOFE + Tl = -2l —2{ F@o A (12)
: k=01, ...). !

The calculation of the right hand parts of (12) may be simplified by the

boundary conditions
- - \
Vo= —go—20"py;
-y "y 14 ’ '-'—' -_r ’r_0 (13)
¥, =.e_2m (3'Po -+ 0'Po) — 20’ ('pg)’.

We thus obtain

o1 (0) +2(6) T @75 + Te ) = 2 @) go=0;

1 1 —r— - 9ja 1 v —r=—=1 zd“ (14)
g1 = -7 (9'¢g + 3p) (o + Poe* )_'_Q'S("’ Po +0'90)* -

Employing the well known methods presented in (Ref. 2, 3), we may write
the analytical functions in the following form in terms of conditions at
infinity .

e = @l + ?:, Ve = bl + ¥, ,
] o0 [ ] t 23
Qe = _R (kUzz'—kU:; ), b[; = —2R (kUzz—kUZZ )i (15)

%
k

Since we are interested in stresses at the profile points, and not the
stresses on the profile surfaces, we may calculate the second fundamental
stress o_ at the profile points according to the following formula

t
or =28 = p ot + lagp), - (16)

where ¢§, ¥ are functions which are holomorphic outside of a unit circle.
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where L
%o =4V 15%;;

Employing (5), (9), (13), we obtain

ct=4VﬁReo'cpJ;' - ) ' (17)
1o, = V'TE Rel49; + 909" (0'9¢)'] + 5 “of.

Thus, it is sufficient to compute the boundary values ¢0 and ¢1 in order

to determine the first two approximations of the concentration coefficients.

Let us investigate an infinitely extended body which has a cavity in the
form of profile mapped onto the exterior of a unit arc by means of (4). The

x3—axis is directed along the cavity axis; therefore, the stress state in the
state
X xz—plane is studied. The stress/at infinity is assumed to be given in the

form of a compressed, uniformly distributed load having the intensity 2v1.5 pq,

forming the angle 6 with the xz-axis. We must determine the stress distri-

bution around the surface of the cavity which is free of stress.

According to the fundamental stresses given at infinity

o =0, of =—2VT5pg (18)
we may calculate the invariant quantities:
= =pi; D=—VTBpg [ =—gzlIn(l—pi). (19)
We thus obtain the formulation of the conditionsAat infinity for the 254
stress function .
2U; = —qe?®, W;=0, ..., Ua=—g5q
(20)
1U-=‘—_q. X
Employing (15) and (20), we obtain
$ 2
6 =L by=20% e=e; o =22 h=—2J% (21)

The holomorphic portions of the function ¢y are determined below for
particular cases.

Elliptical cavity. In this case, we have the following from (4) (Ref. 2)

] . _a+b, a—b
=—R(C+l:—). R—T. m= a+b’ (22)

where a and b are the semimajor and semiminor axes of the ellipse.

The boundary conditions (14) may be reduced to the following form

ot = o ‘ (23)
?:(°)+%' 1"'._.+,,,,s?k (°)+‘Fk(°)"—ak(°+— m+ )+g..

| — mo?
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Employing the method of Mhskhellsthll, We obtaln

b d
?k(c)"—ak T *+2ms ,_CC- (24)
1
In the case k = 0 the classical solution is obtained (Ref. 2)
~a(c—mE2), (25)

and the correcting component may be determined by the function

e

4 m O—m
+“+’"’1 — VR - D (26)
mVym t+Vml® . _ “

Formula (16) is obtained for transverse stress at the profile points,
where we must set
‘ 4a, 1-42m—md 4 2cos2t,
R 1—2mcos2t-{-ms °*

0o = —
4d} : N .
1g, =-§3 =2 F 16m — 8m?® 1 4m® + 6m* F 4m® +
-+ (F6 4 16m F 22m?® £ 10m* — 4m®) cos 2 + :
4+ (—4 £ 4m — 12m* T 4m® 4- 4m* cos 4f) + (4m + 2m*) cos6f] X |

[ amemat ey (F2EELETHT

The superscript corresponds to 6 = 0; the subscript corresponds to 6 = %’. /255

The figure presents the calculated stresses at the profile points of an
elliptical cavity in the case m = 0.2 and © = 0.5. The dashed line designates
the stresses calculated according to the c13351ca1 formulas. The computational
results point to a decrease in the classical concentration coefficient, amount-
ing to 12%. 1In particular, in the case m = 0 the well known result (Ref. 4)
is obtained for a circular cavity.

Cavity which is almost square.
Developing the well known results of
G. N. Savin (Ref. 3), we may set

| z=—R(t—% - %) (27)

We may calculate ¢0, ¢l, and we

o"]

obtain the following for the case 6 =

0
2 1,1 1
el ® 2o b d)
af, . 2 1 1 25
?1'=§Te[c+7'T+F'—' A 1+2c¢+ | (28)

46 48 (*
+S( 1+2c4+ 7 1+2cc)dC]
Formula (16) may be employed for the stress, Oy, and 1o may be computed,

t t
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® o

and the stress values at individual points of the profile are as follows:

Angle, Degree Stress Angle, Degree Stress
0 —1,48—0,21p 50 l,oo+7 59,; %
15 Z170—0315 55 0,27
30 —2,70—1,94p - 60 0,71 l 931‘.
e =3 386—87—5 s ® O4ito; 33
—_ ,95u g y
s —3,00—1,51p +

Similar computations were performed for a triangular and rectangular
cavity.

REFERENCES

1. Gromov, V.G., Tolokonnikov, L.A. Izvestiya AN SSSR. Otdel, Tekhnicheskikh
Nauk (OTN), No. 2, 1963.

2. Muskhelishvili, N.I. Nekotoryye osnovnyye zadachi matematicheskoy teorii
uprugosti (Fundamental Problems of Mathematical Physics). Moscow,
Izdatel'stvo AN SSSR, 1949.

3. Savin, G.N. Kontsentratsiya napryazheniy okolo otverstiy (Stress Con-
centration Around Holes). Moscow-Leningrad, Gostekhizdat, 1951.

4., Tolokonnikov, L.A. Prikladnaya Matematika i Mekhanika (PMM), 23, 1, 1959.

232



o

" BENDING OF REINFORCED PLATES ' 256

<. L mrenty £/ N 67 - 24534

The articles (Ref. 1, 2, 5-9) investigated the problem of reinforcing
plates with thin elastic rings, where the ring is regarded as a plate or as a
solid fiber having the elastic characteristics of the reinforcing ring.

In the latter case, the actual profile of the junction is identified
with the ring axis, which cannot be achieved many times in engineering tech-
nology.

Let us introduce the fundamental boundary relationships for the theory of
reinforced plate bending, and let us discuss the above assumptions

Isotropic plate. Let the edge of a bounded, or unbounded, isotropic
plate having the thickness h be reinforced by an isotropic ring having a vari-
able transverse cross-section, one of whose main inertia axes lies in the
middle plane of the plate. We shall employ the term transverse cross-section
to designate the cross-section which is orthogonal to the profile of the
junction L.

Assuming that the middle plane is the x0Oy-plane, we shall locate
the origin at an arbitrary point on the plate, if it does have any holes, or
in the middle .of one of the holes if they do exist. Along L, we shall intro-
duce a mobile coordinate system (nt) which is detergined by the unit vector
relative to T and by the unit vector of the normal n which is directed toward

the plate exterior.

Without restricting the generality of the discussion, we shall assume that
the ring is not influenced by the external stresses, and we shall regard it as an
infinitely small element separated by two transverse cross-sections. Employing
the generally accepted (Ref. 5) complex potentials ¢(z), ¥(z) and disregarding
the ring axial deformation, we obtain the following boundary relationships from /257
the condition of elastic equilibrium for the separated element and from the
condition that the corresponding deformation components of the plate and the
ring are equal along L,

(=i @ +¢ @+ |(1—v— L) @ -
~+v=2)FB)i—nr@—FFE=
i[na(9)+(p-;-£)cll;

B @+ @i+ 1o @+ F@E= & [1(2~1)—

“He-u-+d)l @

I, () = 5 (Ms + iHy) — i (M, + iH)).

(1)

where

(3)
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Here M2 and H2 are the bending moments and torque which are in operation

in the ring transverse cross-section; b -- ring width; p -~ radius of curvature
of profile L; v and D -- Poisson coefficient and plate cylindrical rigidity;
z = %g-, i=v-13; ds -- arc differential along L; 6 -- angle at which the

vector @ intersects the Ox-axis; B and y -- angle of torsion and bending angle

of the ring; and Cl -—- arbitrary real constant.

When deriving relationship (2), and from this point on, we assume that
the differential of the ring axial line ds = [p - de.

o

2
On the basis of the well known relationships of Clebsch-Kirchhoff (Ref. 4),

the right hand sides of the boundary conditions (1), (2) are interrelated by
the differential relationship

Mt ith= 5 (a+ [5G+ B—ia+B)]+

: d oy - (4)
+ (=1 [Fa—#®) +ig=m]},

where the ring rigidity in bending is replaced by its rigidity in torsion by

means of the relationship A = nC.

By way of an example, investigating the case of an infinite copper plate
with a circular hole having the radius R reinforced by a steel ring having a
constant transverse cross-section (height of the ring hl = 1.5,h =1.5 cm and

R - b =10 cm), we arrive at the conclusion that the solution to this problem
which was obtained previously (Ref. 7, 8) may only be employed in the case

a < %63 where o = ETEE:_E) .
Let us introduce into the investigation the concept of a cylindrical /258

stopper, which will designate the particular case when the ring having a
rectangular transverse cross-section degenerates into a rod in.which h1 b <
< 1.2hl,and h 2 hy £ 1.2n.

Let us assume that the plate and the ring are made of one and the same
material (copper). Assuming that b = hl’ h1 = h, in the case of cylindrical

bending by the moments MX(W) = M in the most dangerous cross-section {6 = g— s

we find that the following moments are in operation over the junction profile
in the plate

My =0,98M; M,=—0,08; H, = 0. (5)

It is clear from (5) that the plate under consideration functions like
a solid plate. Consequently, the stopper model which we introduced takes into
account the fundamental physical laws which are characteristic for problems
of this type.

By way of an example, let us discuss the case when a steel stopper in

which b = hl and h1 = 1.1h is soldered into the copper plate.
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Cylindrical bending of an infinite plate. 1I1f the plate is bent by the
moments Mx(w) = M, then the bending moments and the torque, which are in

operation in the plate over the junction profile, have the values shown in

Table 1.
TABLIE 1
Ratio 6, Degree -
0 x = 5x x 7= 8x =
18 6 T8 3 “i8 08 | T
My .
R 0,345 0,349 0.381 | 0430 | 0,453 0,472 0,484 0,489
M ’ ’
M 1,600 1,539 1,091 | 0406 | 0,074 |—0,196 (—0,373 1—0,434
My _
'R —0,456 |—0,428 —0,228 | 0079 | 0,228 0,349 | 0,428 | 0,456

Twisting of an infinite plate. 1f a plate is twisted by the moment ny(m)=

= H, then the bending moments and the torque, which are in operation in the

plate over the junction profile, have the values shown in Table 2.

Thus, as may be seen from these examples, the stopper represents a
concentrator, and the moment Mp becomes a reference moment.

Antostropic plate with an elliptical hole. Let us investigate an infinite
anisotropic plate having the thickness 2h, at each point of which there is a
plane of elastic symmetry which is parallel to the x0y-plane.

TABLE 2 /259
katio 0, Degree :
0 _x x x 5x o I= 8x [
18 6. i} “18 18 “18 =z

Me ) : ‘
W 0 |—0,049 (—0,125 |—0,144 }—0,142 |—0,093 |—0,049 0
M, ) ’ ' . .
H 0 0.696 | 1,762 | 2,034 | 2,003 1 1,308 | 0,696 .0
H

0911 0,856 | 0,455 —0,158 |—0,698 {—0,856 —0,9l‘l

|3
o

Let us assume that the hole weakening the plate is reinforced by a thin
elastic ring having a constant transverse cross-section and A = C. Without
restricting the generality of the discussion, we shall assume that the ring is
not influenced by external stresses, and the stress state of the plate is uni-

brm at infinity.
As is known (Ref. 8), the boundary conditions of the formulated problem
may be written in the following form
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B2, (21) + B,2,7' (2,) + Bsé—lq)' (21) + Baz2¥' (29) +

+ R® () + R, Y (25) + Rs‘p (z1) + RY (25) = 0, ‘ (6)
dz.
where zj =x + ujy, éj = E;l , uj -- complex parameters of the plate (j =1, 2);

the constants Bk’ Rk (k =1, 2, 3, 4) may be expressed by means of the elastic
constants of the plate (Ref. 8), and the functions @(zl) and W(zz) are as
follows (Ref. 5):

O(z) =He; +Dp(21); ¥ (22) = (H, + iHg) 2, + Wy (22), (7)

where HO’ Hl’ H3 are the given constants and @0(21), Wo(zz) have the expansions

®, (2,) = gbkz,—" P Wolz) = zl‘, bl (@)

Directing the Ox-axis along the semimajor axis of the ellipse, employing
the relationship

we may map the plate region onto the exterior of a unit circle y, in which
C = o,

On the basis of (9), we have the following for points on the junction
profile

z=2[a—ie)(o+2)+ 0 +ia(me+ L)]i (10)
and, taking (8), (10) into account, we may rewrite (6) in the following form /260
10 1B,9; (0) + Ba¥i ()] — < (Bs3y (0) + By (9] + |0’ (0) | [Ryp (9) + |
+ R (6) + R0 () + Refo )] = L (RyBy + RyBy — | (11
— o (KB, + K;Bsl —| o’ (o) | [(KyR; + K3Ry) 0 +
+2 RiRy + KiR)) | |
where —
Ki= SR —ip+m( 4 ip)), K, = XL, (12)
' X (1 —ipy +m (1 +ip)l,
and the functions ¢0(o) = ? ako‘k, wo(c) = § all(o'k satisfy the condition
@ (z) = Kio ¥ 9o (0 W (22) = Kyo + o (o). (13)
Assuming that |w'| =R [1- %(02 + 0'2)], we obtain the following by the

method of N. I. Muskhelishvili from (11) and the equation connected with it
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CINE 4 £ — RIR0 (€) + Rato (01 — i 1By (8) + Bay, (18—
—\Rya; + R4} + (Rya, + R.a)) § + (Rs8, + Ra) )= \
= [R(K\Rs + K.R) —i (K\B; + KZ_BI) —AKRy + KyRp)I U1 — |
— (KR, —FKiRAL™ |
I\ (24 0% — R1Rs%0 (©) + Rapo (01 — ¢ [Bsgo (1) + B (10—
B sz-ﬂz + —ﬁcaz + (—ﬁaal + _Rlal) (— (—ﬁxt_h + Ezal) =
[R (KR, + K,Ry) — i (K,B, + K;By) — (K:Ry + K3R) G — (15)
—MEK,R, + KGRI 02

(14)

By comparing the coefficients for identical powers of the variables in
(14), (15) we obtain an infinite system, from which we may readily fincli all
1 = 1
a2n+1, a50+1 (n 1, 2, ...), employing the well known constants ay, al,

51, Ei. In determining these quantities, we may make use of the fact that the
functions wo(a) and ¢0(C) are analytical outside of vy, i.e.,

limay=0; limal =0. (16)
Since, for the given degree of computational accuracy, the index 2 always
exists, which makes it possible to set the following, without disturbing the

accuracy,

a;, =0, a}.=_0 (if:2n.+l>l). -1 (17)

combining the adjoint equations with (17), we may thus determine the coeffici- /261
ents a,, ai al, ay -

Similarily, the coefficients a (n=1, 2, ...) may be expressed

al
2n+1, 2n+2

by means of a,, a]2', 5.2, al ; in order to determine these quantities, we must

2
set m = 2n + 2 in condition (17).

The functions <I>(zl), ‘P(zz) have now been found with the determination of
¢0(§), wO(C) according to (13), and the solution of the problem under consider-

ation is concluded.

For the particular case of the problem when m = 0, we obtain (Ref. 9)

20(0) =a,lh ¢ (0) =alt-y, (18)
where ‘
a, = 4 {I(RRy —iBy) Ry + K, (RRy— iB,)) (iB,— RR) — - (19)
— (iB;— RR,) (RR, — iB)) K, + K, (RR, — iB,)1};
a} = 3 {(RR,— iB) K, + R, (RR, — iB,)) (iB, — RR;) — (20)
— i (By— RR;) [(RRy — iBy) K, + K3 (RR,— iB)1}; -‘
A = [(iB; — RR,) (iBy— RR) — (iB; — RRy) (iBs — RR )l # 0. | (21)
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veneer, and the Ox-axis is directed along the core fibers, m =

My(w) = ny(w) = 0, and the reinforcing ring is copper with a height of h

Table 3 presents the values of the moments Mx’ My’ ny for high quality
0; Mx(w) = M;

1

= 2.2h and a width of b = l.86hl. The angle 8 is read off from the Ox-axis

counterclockwise.
TABLE 3
katio 8, Degree
o X i Sx = I . *

18 6 18 3 18 18 7T
M, -l
A; - 1,085 1,155 1374 | 1,583 1,353.1 1,298 | 1,162 | 0991
My ’ i e .
. 0,034 { 0,018 |—0,125 |—0,043 |—0,057 |—0,070 |—0,084 —0,091
H,, . .
M —0,091 |—0,088 |—0,173 [~0,107 | 0,010 | 0,048 0,000 0,134 l

\
Comparing the data given in Table 3 with the computational results for the

same plate, but with a non-reinforced hole (Ref. 3), we find that the ring
reduces the stress conccentration coefficient in the zone of the hole by a
factor greater than two.
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;s
- A METHOD OF DETERMINING THE STRESS CONCENTRATION AT "NODAL POINTS" .»

© A. G. Ugodchikov X~ s . 2 ] 5
11, ¢ o -
(Gox"kiy) NG7-24553
Very little research has been devoted to the problem of the stress field
perturbation around holes or external chamfers. The most detailed examination
has been made of the plane problem of elasticity theory concerning stress
concentration in an elastic medium around the exterior of a curve L (Ref. 5).
It may be assumed that the solution of this problem does not entail any
particular difficulties, since sufficiently effective methods have been develop-
ed (Ref. 6, 10) to formulate the function mapping a circle onto the exterior of
the given curve L. Much greater difficulties arise when dealing with the
problem of stress concentration around holes in an infinite region reinforced
by elastic rings, the problem of stress concentration in the case of doubly-

connected regions, the problem with mixed boundary conditions, the elasto-
plastic problem, etc.

The Structural Mechanics Department of Gor'kiy Institute of Structural
Engineers has recently devoted a great deal of research to stress concentration
in elements of engineering constructions, and has solved many numerical examples
[see the summary in (Ref. 7), and also see Trudy Gor'kovskogo Inzhenerno-
Stroitel'noy Instituta im. V.P. Chkalova, No. 39, 1961 and No. 44, 1963, 1964].

Other research has been devoted to such problems as the following:
1. Torsion and bending of box-like welded and curved profiles.

2. Torsion and bending of orthotropic rods with doubly-connected trans-
verse cross-section.

3. Stress concentration around holes and external chamfers in compressed
compounds.

4. Stress concentration around small holes of the observational type in
semi-infinite blocks and around chamfers on the outer boundary.

5. Stress concentration in the teeth of toothed wheels.

The method of electromodeling of conformal mappings (Ref. 8, 9) was
employed in these studies to formulate the function z = w(z), conformal.
mapping the circle |C| < 1 [eircular ring] onto the given simply-connected
[doubly-connected] region. Electronic computers were employed to overcome the
difficulties entailed in the calculations.

We have significantly changed the method of formulating the conformal
mapping functions (Ref. 6). Interpolation Lagrange polynomials in the complex
region lie at the basis of the analytical section, instead of trigonometric
polynomials which approximate only the real portion of the boundary value of
the auxiliary function u + iv = 2 .,

C
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The initial studies performed by I. I. Serebryakov have shown that the
formulation of mapping functions, by means of electromodeling and Lagrange inter-
polation polynomials, has signficant advantages in solving the problems of
elasticity theory. At the "intermediate'" points the deviations of the given
boundary L ad the boundary L', corresponding to the formulated function z =
w,(z), are thus smaller and -- which is the essential point -- "oscillations"

of the stress curves, caused by local deviations in the radii of the boundary
curvatures L and L', practically disappear.

We cannot deal with this problem in greater detail here, since the purpose
of this article is to investigate another problem.

The development of research on the plane problem of elasticity theory
shows that methods based on employing the complex variable functions and the
method of N. I. Muskhelishvili (Ref. 3) are most effective in studying the
stress concentration. However, these methods cannot be successfully applied
in every case to solve the applied problems. In particular, great difficulties
are encountered in solving mixed problems for doubly-connected regions with
composite boundaries, etc.

The method of finite differences (and several of its modifications) has
been extensively used in recent years. This method makes it possible to
determine satisfactorily the stress state, but it leaves the problem open
regarding stress concentration at nodal points with a given radius of curvature-
around outer chamfers and inner junctions at the hole boundary.

We shall assume that the method of finite differences (Ref. 1) or p-trans-
formations (Ref. 4) may be employed to solve the plane problem for an elastic
medium occupying a certain region S in the plane z = x + iy. A portion of
the boundary of this region -- curve L -- has a '"nodal" point with a given
transitional form b from section a to section ¢ (Figure 1). Curve L may be /265
both the boundary of the hole, and the outer boundary of the region. We shall
also assume that the boundary conditions are uniform on the section b and on
the ends of the sections a and ¢ which are adjacent to it. We shall divide a
portion of the region S -~ region §, in the vicinity of the "nodal" point --

of the section b by the curve L. The boundary Ll of the simply-connected
region will consist of a section of the boundary L --section b and the adjacent
ends of sections a and ¢ -- and the boundary L2 lying within the region S.

The boundary conditions at L are known from the formulation of the problem,
and the boundary conditions at L2 may be approximately determined by the method
of finite differences. If we select the boundary L2 sufficiently far from the
"nodal" point -- section b -~ then the magnitude of the radius of curvature

will not influence the boundary conditions at L2.

As a result, we obtain the first (or second) fundamental problem: to
determine the stress state in an elastic medium occupying the simply -connected
region S in the plane z with boundary Ll’ at which the external stresses are

given (or displacements).
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As is well known, the solution of
this problem may be reduced to determin-
ing the function z = w(g) conformally
‘ mapping the circle || < 1 onto the
Zexely : region Sl’ and then to finding the func-

b o tions ¢(z) and ¥(z) which are regular in
1 AL ’4\ — the region of a unit circle and which
E ! / satisfy the following condition at
S/ Icl = 1 v
190 + 52 @+ =IO +C. 1)
\_ L Here ¢ = el® is the boundary value of
t = peld; £(o) -- the function given
on Y.

~.

Figure 1

For the first fundamental problem, we have

) f(o)=i$(xn+émds: )

and for the second fundamental problem we have

f(o) = —2p(uo + ivg), - | (3)

where X > Y are the components of the external (at Ll) stresses; ug, Vg —- the
displacement components on Ll; n =1 for the first fundamental problem; n = /266

= -x for the second fundamental problem, where X is the elastic constant intro-
duced by G. V. Kolosov.

In the case when the mapping function z = w(f) has the form of a polynomial
z = wn(c), the complex potentials ¢(z) and Y(Z) may be determined, as is known,
in closed form by the method of N. I. Muskhelishvili (Ref. 3).

In the case under consideration, the solution will have certain singularit-

ies. 1In the first place, the form and location of the ends of the section
boundary L2 can be selected arbitrarily, which considerably facilitates the

formulation of the mapping function zwn(g), and sometimes the calculation of
the functions (2), (3).

In the second place, the functions f(o) cannot be determined analytically
from the solution in finite differences: only the values of the function (3)are

known at the nodes of the grid, if the displacement problem is solved, or
the values O oy, Txy at the nodes of the grid, if the stress problem is

solved. Therefore, both in the case of the first fundamental problem and in
the case of the second fundamental problem, it is necessary to formulate the
interpolation polynomial in a complex form fn(c), which would coincide with the

value of the function f(o) at the given points (interpolation nodes).
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If we employ the points Mj of the boundary Ll’ corresponding to ¢ = Ej =
= 18], where ej = %fj (j=1, 2, ..., m), as the interpolation nodes, then

the coefficients of the interpolation polynomial

2
| (4)
he)= L A
l——z-
may be determined from the expression
- _
1
=—,,72f/e"“'l. | ()
i=-1

where fj = f(ej) is the value of the function f(o) at the interpolation nodes

T =1z..
CJ
If the initial problem is solved for displacements, then the value of the
function (3) at the points

Zi=o,(e%) (G=1,...,m) ‘ (6)
is obtained by simple interpolation of the known values of the function (3) at
the nodes of the grid.

If the initial problem is solved for stresses, in order to determine the /267

function (2) at the interpolation nodes, it is necessary to replace the integral’
(2) by the finite sum

'-I

: ) . glv—1) . ) — <=1 :
fi= Z‘[ﬁ%’—— (x —X'—l) .____”__2L. - "’.'I--l)]

v} . . . J
RS M 4 o) ) o=1) | ™
. 9 ¢ - ] v —_ A Ld i
+ i Z[L'__zx— (yv—yv.—l) —x_y—f':!—( v—xv—l)] ’
vy ] .
where c(v), o(v), T(v) are the stress values at the points z =2z, = x iy ,
X y Xy v j v+ v

determined by interpolation over the values of these quantities at the grid
nodes.,

We should note that an increase in functions (2) or (7) when passing
around the contour L1 would have to equal zero (principal vector equals zero),

axd the coefficients Ak of the function (4) which are found must satisfy the

following equation (principal moment equals zero)

Im ch,,A,, = o
where Ck(k =1, 2, ..., n) are the coefficients of the polynomial z = wn(;), 268
p —- larger of the quantities %-— 1 or n.

By way of an example, let us study the stress concentration around a

242



) |
N - i
§
| S
refH H °
X : g |
" t s, 4
r &
\\ﬁ L < ’ N
TN
Le” l
S ﬁ \
™) e AW
. L4
Figure 2
"right angle", when the radius of curvature r =-% H = h. The solution of the

problem in finite differences was taken from the book by L. I. Dyatlovitskiy
(Ref. 2, Figure 61, 62).

The boundary Ll of the region S is plotted in Figure 2. Figure 3 shows a

graph of the stress oe at points of the radial transition boundary.

In particular, at the dangerous point max ¢, = 2.403q. For purposes of

8
comparison, we shall write the values of max 9 presented in the monograph

(Ref. 2): max Oy = 2.204q -- for a large grid employing the formula of Brass;

max o, = 2.220q -- for a grid with a non uniform step.
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-
= SOLUTION OF SEVERAL PROBLEMS FOR DOUBLY CONNECTED REGIONS WITH 270
CONTIGUOUS CIRCULAR BOUNDARIES -,

~ Yu. A. Ustinov "‘}N 97 L 2'4 5 Bé

(Rostov na Donu)

This report presents the results derived from solving certain problems
for doubly-connected regions with circular boundaries. The solutions presented
in the literature for the problems investigated below are not valid when the /
boundaries of the region are located close to each other. A method given in
(Ref. 2) is used to formulate valid solutionms.

Extension of an eccentric ring by two concentrated forces. Let us assume
that we must determine the stress state of an eccentric ring pulled along the
line of symmetry by two concentrated forces applied from the outer profile.

The inner ring radius will be designated by Tys the outer ring radius -- by

Tys the thickness of the connector -- by h, and we shall assume that the in-

tensity of each force equals P (see the figure).

The study (Ref. 6) investigated this problem by means of bipolar coordinates
and the Fourier method. However, the result obtained in this study is not
valid, when the ratio n = h/rl is small.

In order to formulate a valid solution, we shall employ the method
advanced in (Ref. 2). For this purpose, we shall relate the region S, occupied
by the ring, to the bipolar coordinate system a, B8 (Ref. 3). We shall assume
that o = @, on the inner profile, and a = o, on the outer profile.

2
Employing the general solution (Ref, 3) of G. Jeffery, we obtain
g‘p = (po + Q‘. (1)
where ¢ is the Airy stress function;
Pcha e
O, = T (sh’a,;—sh*a,) {2a che(cha — cos B) + 2)
.+ cosP[she(2h — 1) 4 chesh 2a, —she]};
| . 271
" Pcha F(xy) eik8
D, =— 2 :
T ,,_Z.(xi—e'mxo‘ . S
k+0 ‘
f(x) = (x* —e?)sheshleshxshix + e2(mxchy +
+ ch e sh x) [ch Ae sh Ax — (x/e) sh e ch Ax], ) (4)
: A (x) = shix — m3x3;
e=a;, —a, a —a=2>~, X,=2¢k; ! (5)
g-_—a_—l(cha—cosﬁ)' O<Aigl, — B ‘ (6)

We may determine the parameters Ay Gy 2 by the following relationships

sh* 3 = g , Q)
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sh2 3t

7 = 5.1—(7‘":__1)(1 = ryfry,
‘N =h/r)), sha, =a/r, @)
shag = a/r,.

Solution (3) is not wvalid for two
reasons. In the first place, due to the
singularities on the outer profile, the
series (3) converges nonuniformly in
the ring region, and it even diverges
at the points where the forces are
applied. This may be readily eliminated
(Ref. 6) by isolating the solution for
the disk without a hole, whose radius
coincides with the outer circle radius,
and which is subjected to the influence
of the same concentrated forces. In the
second place, the convergence of the
series depends essentially on the magni-
tude of the parameter € which in its
turn depends on n, in particular. There-
fore, even a solution which is trans-
formed by this method is poorly suited
for calculations in the case of small ¢,

X

Let us now transform the series (3) according to the formulas given in
(Ref. 2), after which we obtain

o, = 00 + o 4 0P, B (8)
Here R . o :
0 = — P [ sheshde— (n 4 cho(Aehre—EXY]; .
o) = — 2 | LT dx (o =B ‘
o= P Nl o
Ny : : (11)

In formula (11), z, are complex zeros of A(z2) lying in the first fourth /272
of the plane z = x + iy (Ref. 1).

The solution (8) - (11) is valid for the interval R € (-m, 7). In order
to have a solution in the vicinity of 8 = 7, we must replace B by B' = B -1 in
formulas (10), (11). This substitution is permissible, since the function @1

has a period equalling w, as follows from (3).

Determining the stress field by means of formulas (8) - (11), we should
note that the field is symmetrical with respect to the cross-sections B = 0
and 8 = . In view of this fact, when studying this field, it is sufficient
for us to limit ourselves to the segments B, B'€ [0, n/2]. Therefore, if we
take the fact into account that Imz, > 0 4.212-0.0338¢2 (k = 1, 2, ...), in
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the case of ¢ < 1 we may disregard the function ¢ and the stresses corres-

(2)
1
ponding to it. As may be seen, the validity of relationships (9), (10) does
not depend on €.

We may obtain comparatively simple formulas for a numerical analysis of
stress. By way of an example, we shall present the computational formulas for
o, on the inner ring circle.

B

For 0 < B < 7/2, we have

. P(chc; ‘—cos ) 2cha . om ‘
?F = -ur:sh ay Lh ¢ (shta, -]: sh? n,)(Ch € Shral-lf-Sh ¢ cos ) Tmi =1 +P] o (12)
In the case 0

<
T = (4m/e) [0,411 (1 — 0,210¢%) + 8,599¢* (1 — 0,0913¢%) — (13)
: © — 10,4194 (1 4 0,0291e3) 4 14,0899, |

and in the case 0.4 ‘; ¢ < m/2e

=t b ebey1,086 4 001039 sinap— - |
|

¢ < 0.4, we have

¢ 2(che—m)

— (0,203 + 0,0847¢% cosa,p} + e~ [(1,037 4 0,0054¢}) sina,p —
— (0,1225 + 0,0455¢%) cos a,p] — e—b+* [(1,022 + 0,0034¢?) sin agp —
— (0,0883 + 0,0312¢%) cosd',?]} s ay =2,251 + 0,1811¢%,;

a, = 2,769 + 0,1729¢8; a5 = 3,103 + 0,1?035’; 6,= 4,212 — 0,03385¢%,
by = 7,498 — 0,02042¢%, by = 10,712 — 0,01472¢2,

. (18

The formulas for OB in the case 0 < B' < /2 may be obtained by replacing
¢ by ¢' = 8"/e in (13), (14).

Calculations based on the formulas obtained point to the strong stress
concentration in the vicinity of the connector. Thus, for a ring with the

pérameteré Yy =2and n = 0.09 gﬁg%l’_g.)y = 14.4.
gT1°

Let us now study the behavior of 9e in the case h + 0 (we shall assume
that ry and r, are specified). The following relationships follow from (7)

@y = EVn+0 () ag =k, V' 7 +0(m) (kx V=, (15)

=i

2
b=V 1)
3 V'I(’l—-l)
In addition, if we introduce the polar angle 6, just as in the figure,

we find that in the case GE [0, m - 8] the following asymptotic equations hold
(16)

- qu .
B =,/ 7tg8/2 + O (n¥2), cho, —cosh = [ogey + O (1)

In the case h >~ 0, the constant § may be chosen arbitrarily small. We
should note that B = + 7 is independent of h in the case 6 = + .

By means of relationships (12) - (16) we may readily establish the form
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of OZ ~- of the principal term o

g For 0 < 6 <m - 6, we have
* PAgn—11e

_ Coa 2k (2 — ky) 6k, i
% = it cesh Bo= - (17)

Ktk Fr—Fkp " |

The latter relationship shows that in the case n + 0 o, > ®, having the

B
order n-l/z on the given segment.

In the vicinity of 6 = 7, o, also increases indefinitely, but has another

B
order with respect to n. Thus, at the point 6 = 7 we have
* — 2P511]—'/! LA = 2k, — 6
% a0t k(B k) k(= ky)r” (18)

Formulas (17), (18) once more point to the strong stress concentration in
the vicinity of the connector when its thickness is comparatively small.

A more detailed analysis of all the components of the stress tensor in-
dicates that in the case h » O,GB increases indefinitely in every region S

(including the boundaries), and o increases indefinitely only at the inner

points of S, and the shearing stresses strive to zero everywhere.

In conclusion, we would like to note that formulas (1), (2), (8) - (11)
contain, as a particular case, the solution of the problem for a halfplane
with a circular hole, when a concentrated force is applied to its rectilinear
boundary above the connector. The solution of this problem is obtained by a
limiting transition in the case a, > 0.

Stress concentration in a halfplane and a plane with circular holes. Two
particular problems are investigated: (1) extension of a halfplane with a
circular hole; (2) extension of a plane with two equal circular holes. The
solution of the first problem was first obtained by G. Jeffery (Ref. 4) in
trigonometric series. However, his solution contained an inaccuracy, which [274
was corrected by R. Mindlin (Ref. 5). The solution of the second problem also
in the form of Fourier series (Ref. 1, 3) belongs to Ch. Ling. These solutions
are not valid, if n = h/r is small (h -- connector thickness, r -- hole radius).

In order to formulate valid solutions, the trigonometric series were
transformed according to the formulas in (Ref. 2). 1In order to calculate the
stresses, it is possible to obtain comparatively simple formulas for a suffici-
ently small 7.

When the halfplane with a circular hole is extended, the law governing the
normal stress distribution along the connector for a sufficiently small n may
be determined by the following relationships

Su/p = (W22t (1 —§) (2 + 8 —3tH) (¢ = y/h); (19)
os/p — {(smwzs for y+0;
WP = 44/15) (2q'12) for y = 0.

Here p are the tensile stresses at infinity; y is measured along the
rectilinear boundary. Since these expressions represent the principal terms
of the corresponding stresses, the smaller is n, the less accurate are the
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results derived from calculations based on formulas (19).
The following formula is obtained for the cqncentration coefficient:
k“("““'*‘u_aoo“)' (20)
where € = 1n(1 + n + /_55_17377.

In calculations based on formula (20), the smaller is e, the smaller the
error will be, and if 0 < ¢ < 1.9, it does not exceed 2%. If € > 1.9(n > 2.42),
it may be assumed that the concentration coefficient practically equals three,
since k = 3.04 in the case ¢ = 1.9.

When a plane with two equal circular holes is extended, the concentration
coefficient may be determined according to the following formulas

b =A(Sh:,‘m1+ )i k= A m—1); by = A%,

A_zmqmc+n_~
T sh2e-2¢

(21)

The subscript 1 corresponds to transverse extension, and the subscript 2
corresponds to longitudinal extension; the subscript 3 corresponds to uni-
directional extension; € = 1n(l + n + Vn + n2/4) . The constants m (s = 1, 2,
3) may be determined from the following equation s

”

e 2shée shte -
m‘e’(0,716—003935’+ ) =T Fr T et (22)
sh €

(o 769 —0,179¢* + 0,341e9)..

In the latter formula the superscrlpt is chosen for the case of transverse [275
extensions, and the subscript is chosen for the case of longitudinal extension.

For unidirectional extension, the components with a double index must be

omitted.

The error of the calculations based on formulas (21), (22), does not exceed
2% in the case 0 < e < 1. If € > 1, the Ling solution is sufficiently valid.
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- NUMERICAL METHOD FOR CONFORMAL MAPPING OF SIMPLY AND MULTIPLY /276
CONNECTED REGIONS, BASED ON TRIGONOMETRIC INTERPOLATION

) VN .-
211 ~ Jii @ -~
@ p, F.(Eiivihakov § -. §§7-£453?

1. Let us investigate the problem of mapping a unit circle lcl < 1 onto
a simply-connected region z = x + iy which is given beforehand and which is
bounded by a simple closed profile. We may standardize the mapping function
z = £(¢), as is customary, by the conditionms

2=fQkao=0 2=F()|ai =2z, (1)

'

i.e., we require that the points ¢ = 0 and ¢ = 1 be mapped at the points
z2=0 and z - X (Figure 1),

Figure 1

We shall to determine the mapping function in the form of a polynomial
with complex coefficients Cn:

z=§lc,,c"; Co=A,+iB, (2)

In the case of m » », the polynomial (2) is transformed into a series
which will perform the precise mapping function, according to the Riemann theory.
Let us divide the unit circle ICl = 1 into 2m = 4u equal parts, so that
the polar coordinates of the division points cn = rne1¢n will be, respectively,

rll=1; ?"=n_’:; n=0’ l' 2, "'l2m—l‘ : (3)

We shall designate the transforms of these points z =X + iyn in the
region z as nodal points (Figure 1).

The orthoganality conditions of the trigonometric functions of the
discrete argument will play a significant role below in the case of equally

spaced data. An elementary proof for these data was given by A. N. Krylov 1277
even in 1906 [(Ref. 2), Section 53; (Ref. 5), Section 59], namely:
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< Ofor j#v
ngsmm,smv%={ or

m/2for j=v;
ims, '_[ 0for j=#v | g (4)
iy €0° I COS VP, = mi2for j=v; |

"gl sin JPacOS vp,=0 fqr any j, Y ‘

In the region 7, let us now change to polar coordinates and, employing
the Euler formulas for ¢V, ‘
0 = r'e™ = r*(cos ve + isin vy),

let us represent equation (2) in the following form

Z=x4iy= ;2, (Av + iB,) {r* (cos ve + ¢ sin vg)l.

Separating the real and imaginary parts, we obtain

m m . o
x=Y,r (A cosvp —B,sinvg); y= 21" (A, sin v - B, cos vg). | (5)
ym] L] :
In particular, for the nodal points for which r = 1, ¢ = ¢n = iﬂ-, we
have
m . .
‘ Xy = 'gl -Av COs VP, — B' sin YPpi
n N (6)
Yn = 'gl A', sin V?a + B, cos VP,
Equations (6) enable us to calculate the nodal points readily from the . 278

known coefficients Av, Bv' However, we are also interested in the opposite
problem -- determining the coefficients Av’ vafrom the nodal points. For

this purpose, we must invert system (6), which may be regarded as a system of
2m equations with 2m unknowns Aj; Bj; i=1, 2, ..., m. The solution of the

system of linear algebraic equations for large m is a problem which is extremely
complex in technical terms. However, in this case, if the angles ¢n are

selected as equidistant, and if the orthogonality conditions (4) are employed,
system (6) may be transformed quite simply, and as a result we obtain:

A

fl

1 ' . .. :
;{EXACOS[?"-}-E/HSIU]?"; ?n=";'l;‘ 7)

Rl

-, ) i

' 1 “ . .G , .
B,,;;Ey,,cosyqa,,—,x,,smn,; i=L2 ..., m ’

A=l v
Actually, multiplying the first of the equations (6) by cos j¢n, and

the second by sin j¢n and summing up the results with respect to n, we obtain

m ’ m(m } ) . _
Elxn €OS j§, + Y, Sin jo, = 21[2 (A, cos v, — B, sin vg,) cos jo, +-
N .

N yu]
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m o m m '
+ El (A,sinvp, 4 B, cos ve,) sin jo,} = 'El A El COS j, COS VP, + |
mo . m ' m S . _ ) )
+ nglsm j9nsinve,) +'§1 B, {nz_:lsin j®n cos vo, f"glcos joasinve,) =
=4 (3+5)=ma

since all the inner sums, with the exception of only the two sums with respect
to Av = Aj’ vanish in view of the orthogonality conditions (4). We may obtain

the formula for Bj in a similar manner.

2. Formulas (7) reduce the problem of calculating the coefficients of
the mapping function (2) to determining the nodal points which are not known
at the beginning. Let us now formulate the iteration process for determining
the nodal points within an accuracy which is determined beforehand. This
represents the basic difficulty of this problem.

For this purpose, let us investigate two systems of m nodal points: even
n=2vand oddn=%k=2v -1, v=1, 2, ..., m.

The coefficients A,, B,, formulated according to a system of m even nodal

points, may be designated by A(+m) §+m) , and by A( m) §im) according to
odd nodal points, so that we shall have the follow1ng, according to (7)
. A;-M) = —;xav €OS jpgy +!/zv sin jog; i— L, 2..., m. (8)
B;+m) Z!/zv cos I‘Pav — Xz, 8in J‘Pan Zimn =2 ' |

ym]

and correspondingly

on—1 . . ' ' .o
Ac—m) = — E {ckcosi<p1+y,,sm[qa,. ]—-l 2, ..., m (9)
B"'""_——Eykcosm,,—x,,sm](p,,, k—l 3,5 ...,2m—1.

kom]

The following formulas hold for the quant1t1es 1ntroduced (Ref. 4):
A(im, E (1) al+"'l =q; .'.t Qitm+Giygmt ... ‘

(10)
Bm') 2 (1) bipwm = b; & bjym + bjyam :l: ceoy

where a s bn are the coefficients of the series representing the precise

mapping function, i.e., the series into which the polynomial (2) changes in
the case m »> =,

Let us assume that for given m = 2u the values of the even nodal points
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are known in the zero approximation

=P iy v=1,2 .., m =z (11)
This enables us to employ formulas (8) to compute all A§+m), B§+m);
j=1, 2, ..., m, and the corresponding polynomial of the mth power (2)
20'= P, (0) = CI"C+CiM03 + ... +CRe™,
- ™ = A™™ 4 iB{t™ (12)
N
maps the unit circle |C| < 1 onto the region z0, so that its boundary will
precisely pass through the given nodal points (11). This statement follows
from the derivation itself of formulas (8), since the quantities A§+m), B§+m)

were determined from a system of linear algebraic equations, whose right hand

sides contain the coordinates of the given nodal points xég s yzo).
v

If we now assume approximately the following ‘
AFmaaf® B P, (13)
we may calculate the odd points %k = gk + iyk from these coefficients

according to formulas (6). These points, generally speaking, will not lie on
the boundary of the given region z (see Figure 1).

Let us plot them on the normal to the profile or by any other method
(Ref. 5). As a result, we obtain a system of m odd nodal points

210) = XLO) + [yl(‘o); k=1, 3, 5 ... y 2m—1, (14)
(-m) _

according to which, according to formula (9), we may calculate all Cj
NCINC)

The new polynomial ,
W =P_ () = C™MU 4 CEM o o O (15)

maps the unit circle |C| %2 1 onto the region ;(l), so that the boundary of the

region ¥(1) will now precisely pass through the odd points (14) 1lying on the
given profile. Therefore, setting

- 1 - 1
A =a"; B™ b, (16)

by employing the same formulas (6) we may calculate the approximate points

{\J r\' . 3 .
Zy, = Xy, + iy2v; v=1l, 2, ..., m, and, plotting them on the given profile,

we obtain a more accurate value of the desired even nodal points (see Figure 1).

We may repeat the iteration process until the subsequent and preceding
approximations coincide within the given accuracy. Thus, employing the coeffici-
ents (13) or (16), we may calculate an arbitrary number of points, in particular
2m, 4m or 2Vm, which enables us to double, quadruple, or increase by a factor
of 2V the magnitude of the iteration cycle m. For sufficiently large m = 2V,
the quantities A§+m), A§‘m) and B§+m), B§‘m) coincide within any degree of

accuracy which is specified beforhand, which is a signal that the process has
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ended.

Actually, in view of the Riemann theorem, the series obtained from (2) in
the case m » » is a converging series. Therefore, for any ¢ which is specified
beforehand, we may always determine the number m such that the following con-
ditions are satisfied

‘iai+m+ai+'zm.i ---l<%: I-:l:b;+m+'bzt+zm.‘i:----|<%; (17)
Also, according to equations (10), within an accuracy of £ we shall have
AT AT =a; B =B"=t; j=1,2 ..., m. (18)

We may determine the initial values of zéo) graphically [(Ref. 5, section
v

631)] or by means of electromodeling (Ref. 3).

3. The iteration process described in section 2 may be significantly /281
simplified if we obtin formulas which directly relate the even and odd nodal
points. The necessity is thus eliminated of calculating at each step the
intermediate approximate coefficients A}*m); B§im), since the entire iteration

process will be immediately satisfied by the nodal points. Determining the
nodal points within the requisite degree of accuracy, we may_calculate only

once the desired final coefficients A§+m) = A}‘m) = aj; B§+m = B}‘m) = bj

according to formulas (8) or (9).

Let us now derive the requisite formulas, and let us express the k-points —
i.e., the odd nodal points —-- by means of the even 2v-points.

Substituting the coefficients A§+m) and B§+m) in formulas (6) for the

odd n = k = 2v - 1, we have
m .
=) At cos jor— B;‘M) sin jo,;
=1 “+m) (+m)
m .
Yo =3, AP™sin jo, + Bit™ cos jo,.

=1

Thus, omitting Aj’ Bj by means of formulas (8), we obtain

s

.l
%=
i .
N m m
. .. 1 .
+ (%zy Sin Pgy — Y2y €OS jp2s) SIN jop = - E : E X3, €0S ] (Pav — ) +

jwl vml

+ Y2 5in j (Pev — )y

2 (x5 €OS jPay -+ Yo SIN jPg) €OS jipa +
vl 7 ) ‘

1

or, taking (3) into account, we obtain
m

. 1 m . .
e = E E X3v COS [Pav—i + Yav SIN fPge_y; -, (19)
f=1 vl X .

m m
E 2 Yav €OS jPay—k = X3, SiN jpge—y,

j=l yml

«
ar
-
3|-
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where

Pav—k = Pav — P =

In addition, since

@v—R)=n

m ,.

+="1_, 2 ., m;

(m—j) ey =T=DE=B=_ (5, pyx—jor s
TABLE 1
- m=4 m=8 m= 16 m =32 2":2'
Tav—i * Tov—k Tev—k T2v—k 5

1 0,60355339 | 0,628417 44 063457315 | 0,636 108 36 1

3 | 00355339 | 0,18707572 | 0206034 89 021067039 | 3,
5 0,08352233 | 0.116929 28 012475699 | 5
7 002486405 | 0,076 156 47 008733790 § 7
9 ' 0.051 292 42 006607257 | 9
11 \| 003340695 | 005213748 § 11
13 0,018 959 17 004213575 | 13
15 0,006 155 71 003447906 | 15
17 {, 002832335 § 17
19 002317658 | 19
21 001873053 | 21
23 001478015 | 23
25 001118143 || 25
27 000782772 | 27
29 - 0,004 63550 | 29
3l 000153521 | 31

we have the following, taking the fact into account that the number 2v - k is

always odd

In this case, for anym; 2v = 2, 4 ..., 2m; k =

Substituting these values in (19) and changing the order of summation, we

obtain

€OS jpgv—r + oS (m

- ]') Pov—t = 0; COS% Pav—t = 0;

COS MPzu— = €OS (2v—Fk)r=cosm = = —1.

i=1
mp—1

‘

' 2 €os j?,._./, = cos—';l Pav—k + COSMPgu—s +

+ 2 [cos 1?,,_. + cos (m - ?,._g] -1,

=1

X, -,—— Xo + — 2 2 Yar SiN jguy;

vyml

yal [-l

Yp=— 2 Yy, + Tm 2 Zx,.r‘sm iy.._.

vl jaml

f
i

|

|

1 3 e 2m - l we have
N

(20)
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Y

100002 | 7 Zu

4 . ] Z- -m(!’)
NP AN

1,00000 ~

4099 X
199998 - 2 12;’
itd a au 42 03 X
Figure 3
or finally
’ oom ‘m-
X = ax + '1§|ylv1lv—k; yk = U” _‘vglx!'.‘"—k’ (21)
where . L - . -
1 oo 1 1 _ N —Fk)x,
Tav—r = m 2 Sl_n l?zv—g = _”TCtg? ?ﬂv—k; Pov—r = '(—m)— ’ (22)
s jml .
m ) lii PR
—1 - o
Oy = 0 X35 Oy = ylv_'
: m v—1 m vl ’ T (23)

Exchanging the roles of the numbers 2v and k in (19) and taking the fact
into account sin ¢2v—k = - sin ¢k—2v’ axicos¢2v_k = + cos ¢k-2v’ we obtain the

formulas for directly computing the even nodal points from the odd mnodal
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TABLE 2

& cxY v 2v 3,
1 1,476 618 0,214 983 0 1,500 052
3 1,307 548 0,589802 . 2 1,409 688
5 1,043 827 0,839 197 4 1,181 805
7 0,768 660 0,963 235 6 0,903 756
9 0,531 995 0,999 488 8 0,643 750
1 0,353 268 1,000 000 10 0436 547
i3 0,203 945 1,000 000 12 0,276 286
15 0,066 794 1,000 000 14 0,134 426
16 0
;;:vl b2'0 x;/‘l y;’vl
0 0,000 052 1,500 000 0
0,415 409 0,000 048 1,409 644 0,415 389
0,731 595 0,000 044 1,181 775 0,731 562
0,914 909 0,000 038 0,903 740 0,914 874
0,989 642 0,000 027 . 0,643 746 0,989 615
1,000 022 0,000 022 0,436 547 1,000 000
1,000 017 0,000 017 0,276 286 1,000 000
1,000 015 0,000015 0,134 426 1,000 000
1,000 015 0,000 015 0 1,000 000
points in absolutely the same manner:
-1
’ . © Sme=1 .
== @ == . ’
T * kgx yn"‘*'- Ys, = 0y — hgn Talay g (24)
where
- am—) m—1 . oo
v __ e | . T —1 2 c k=1 3 2"1 1
o, = Xar Oy = Y Yur = dy Uy seey =1 (25)

and the coefficients You—k retain their previous value (22).

We should stress that all Yoy—x 2re constant quantities and do not depend /283

on the form of the mapping region, so that they may be calculated once and for
all. Thus, for given m different basis values of Yoyei® M =.% only will hold,
since according to (22) we have b

Ta=—Ts Timta = % Tn (26)

Table 1 presents the basis values of the coefficients You_k form = 4, 8,
16, 32 computed to  eight decimal places. All of the computed formulas
assume a simpler form for the symmetrical regions.

Example. Within an accuracy of |§] < 0.00005, let us map a unit circle
ICI X 1 onto the region z bounded by a box-like curve, i.e., onto a rounded

rectangle, whose dimensions are shown in Figure 2.
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TABLE 3 /284

i Al('+32) AE'_”) II ! A ; +32) A ;—32)
1 +1,201 333 +1,201 361 - 17 40,000 253 -+0,000 254
.3 0,246 170 0,246 188 19 0,000 016 0,000 016
5 0,047 952 0,047 957 21 -—0,000 142 —0,000 141
7 0,002 871 © 0,002 872 23 0,000 059 0,000 060
9 -~ 0,000 840 0,000 841 25 0,000 054 0,000 053
11 0,001 164 0,001 165 27 ~—0,000 068 —0,000 069
13 —0,1:00 298 —0,000 299 29 . 0,000 008 0,000 009
15 . —0,000 254 —0,000 254 31 | - 0,000 040 0 000 040

Starting with the given x, = 1.5 and Y, = 1.0, determining the even nodal

0
points successively in the case m = 4, 8, 16 in the zero approximation, as is
shown by the crosses in Figure 2, and then performing three steps on the level
= 16 and two steps on the level m = 32, we may solve the formulated problem.
Table 2 presents all the computations for the second half of the fifth step
(n = V), the deviation from the profile GZv’ of the approximate nodal points

zzv. Table 3 presents all the coefficients A;im), computed on the basis of the

even and odd nodal points which are found, in the case m = 32, and A2 = A4 = ,.
eve = A =0,
m
In the case of symmetrical regions, all the coefficients B§im) = 0. Fig-

ure 3 presents the approximating polynomials Z =P + m (z) found for m = 32 in
the section 0 < x < 0.30. For greater clarity, the scale on the y-axis is in-
creased by a factor of 2500.

A more detailed treatment of the computational method and further examples /285
are presented in the studies (Ref. 4, II, and 5 chapter III, § 59-63).

4. The method presented above may be readily generalized to the case of
external and doubly-connected regions. Thus, for external regiomns the given
accuracy is achieved, as a rule, for considerably smaller m, so that the amount
of calculations is much less than for mapping of the same inner regions. 1In
the case of doubly-connected regions, we may formulate the iteration process
similarly to the manner employed in the articles by B. F. Shilov (Ref. 6) and
Yu. V. Blagoveshchenskiy (Ref. 1). Employing the results given in section 3,
we may establish the direct relationship between the even and odd nodal points.

We may formulate another method, which may be applied to the mapping of
regions having any connectivity, by means of the method of successive con-
formal mapping. For this purpose, we may first reduce the n-connected region —-
drawing the n - 1 branch cutsin it -- to a simply -connected region. By means
of the method of successive conformal mappings (or combining it with the method /286
of trigonometrec interpolation), we may map this region onto a halfplane with
obligatory specification of the transforms of all the branch cuts. All the
transforms of these branch cuts will be located on the real axis. If we then
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map the halfplane with a n - 1 branch cut on the real axis onto the correspond-

ing canonical region, so that the branch cut transforms change into the corres-
ponding branch cuts reducing the canonical region to a simply-connected

region, we may formulate the requisite mapping. Figure 4 schematically shows /287
the mapping of a simply-connected region onto a halfplane with a horizontal

branch cut, which may be most conveniently used as the canonical region when

solving the problems of hydroaeromechanics. Thus, in the first step (without
drawing the branch cut) we may map the deformed halfplane z onto the halfplane

zy5 and may simultaneously calculate the series of the transforms of points

on the contour F2, according to which we may formulate this profile in the
region zq- After the line Pl is mapped onto the real axis X, Wwe may draw the
branch cut ABCDE and may employ the function Es to map the simply-connected

region zq which is obtained onto the region ZZ’ and then onto the halfplane ¢,
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as was discussed in detail in [Ref. 5, chapter III, sections 51-55]. When

the canonical region w is mapped onto the halfplane ¢, it is advantageous to
employ the Christoffel-Schwarz integral. The method for determining the con-
stants of this integral was also discussed in [Ref. 5, chapter III, § 51-55].
The dashed lines in Figure 4 show the mamner in which the results are gen-
eralized to the case of triply-connected regions. 1In particular, this method
yields good results when solving the problem of an underwater wing in a shoal,
when the bottom has an arbitrary form. When solving the problems of elasticity
theory, it is advantageous to select a concentric ring with concentric branch
cuts (in the case n > 3) as the canonical region w.
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N
' COMPLETE ELIMINATION OF STRESS CONCENTRATIONS AROUND HOLES /288
IN PLATES

e Tpin .
“» N. P. Fleyshmanf’B; L. Pelekh ) .

(L'éov) NJ6:7 :.é_;.}SBg

The problem of the bending of thin plates with holes has been investigated
in studies by several authors. Only two conditions are satisfied out of the
three natural boundary conditions on the hole profiles in these studies, as
well as in the elementary theory of plate bending in general. Due to this
fact, the problem regularly arises of the reliability of the stress concentra-
tion coefficient thus determined around holes. Actually, the transverse shear-
ing stresses, which should equal zero on the free edge of the hole, do not
equal zero. Their influence on the plate deformation thus increases with a
decrease in the hole dimensions, and we cannot overlook them, as compared with
the influence of bending moments (Ref. 6).

We can raise a similar question with respect to the problems of total
elimination of stress concentration by equivalent reinforcement of the holes
when thin plates are bent (Ref. 7, 5). This is due to the fact that only two
boundary conditions are satisfied here on the profile of the plate joint with
an elastic rib. It is therefore natural to make an attempt to clarify these
problems, based on special plate theories which enable us to satisfy all three
boundary conditions on the hole profiles.

The problem of the accuracy of the stress concentration coefficient
obtained by the classical theory of thin plate bending has already been studied
by several authors (Ref. 6, et al.).

However, we should point out that the main problem in designing laminated
objects with holes is not, as is known, determining the stress concentration,
but. the elimination of this concentration. This article is devoted to this /289
problem.

Let us investigate a finite elastic plate with curvilinear holes which are
bounded by the profiles Uk(k =1, 2, ..., n). The hole edges are reinforced

by elastic curvilinear rods having variable rigidity, which are joined to
the plate. It is assumed that the reinforcing elements are thin, and therefore
the conditions under which they are joined to the plate are not investigated

at the profiles L'k, but on their axial lines Lk' The rod axes and one of the

main central axes of inertia of their transverse cross-sections lie in the
middle plane of the plate.

We shall call such a rod-like system (ring) an equivalent reinforcing
system of the kth hole of the plate. For a given loading, this system complete
ly replaces the influence of the absent portion of the plate within Lk’ i.e.,

it specifies that the stress~deformed states of a solid plate without a hole
and a plate with a hole, reinforced by an equivalent ring (the condition of
equivalence), are identical.
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By definition, when solving the problem of the equivalent reinforcement
of a plate with n holes, without restricting the generality we may confine
ourselves to investigating the case n = 1.

In different variations of special theories [see (Ref. 1, 2, 9) et al.],
the plate bending is described by a system of differential equations of the
sixth order with respect to three independent quantities, namely the normal
bending of the middle plane w(x, y) and two functions which are introduced in
various ways by different authors.

In order to solve the boundary value problems, we believe that a system
of differential equations of plate bending is expedient, in which the normal
bending w and the elastic rotation angles of the normal element Yx and Yy’

pertaining to the middle plane, are included as the desired functions. This
system was obtained by B. F. Vlasov (Ref. 2). It was also obtained as a
particular case, out of the more general equations encompassing different
variations specifying the conditions on the boundary equivalent planes, by
M. P. Sheremet'yvev and B. L. Pelekh (Ref. 8). If the external stresses on the
bases of the plate equal zero, then these equations have the following form
(Ref. 8)

H, r

Aw+-a;' 3y =0',
. 5 5 ,_q0w 3+2v 0 .
ATx——g-h_’Tx=3h aﬁ'*'m—:)‘ E(Aw)' (1)
5

5, . _e 0w 342 d,,"
A= gh =k = e e |

where A is the Laplace operator; 2h -- plate thickness; v -- Poisson coeffici-
ent.

By means of the functions w, Yy Yy’ we may write the conditions of

equivalence in the following form
w(x, y) =w(x, y); | * ;
7% §) =T1e (x, gk | @
Ty (x, y) = T; x, ), ‘

where the quantities on the right are the main bendings and rotation angles for
the solid plate, and the quantities on the left are the bendings and rotation
angles for a plate with a reinforced hole under the same loading.

The junction conditions at L. between the plate and the equivalent ring

1

have the following form :
p(s)=N,; h(s)=H,; m(s)y=M

. ~ - (3)
Wp=w, T()=—1a(8)i 72(s) = 1s(s), &)
where p(s), h(s), m(s) are the transverse forces, the bending moments, and the
twisting moments influencing the ring from the plate; wp, yl(s), Yz(s) -- bend-
ing, twisting angle, and bending angle of the ring; Nn’ HnT, Mn -~ intersection
force, torque, and bending moment in the plate at Ll; Ys’ Y, " pertain to the
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middle plane of the rotation angle for the normal element around the main normal
n and the tangent T to Ll'

The right hand sides of conditions (3) and (4)  are known, since only
the corresponding problem for the solid plate will be solved. In the general
case, the quantities Y, and Yo may be expressed by the following formulas

Ref. 8): .
( ) _ . e
Tn = 57,‘+enzv TS=__£ + €2, (5)

in which e . and e, are displacements pertaining to the middle plane of the

plate.

The problem of selecting the equivalent ring consists of determining its
rigidity according to the given loading (3) and deformation (4). We have the
following from the Clebsch relationships (Ref. 4) for a thin plane ring

. d
= +qu r=—qp, (6)

where dp and 6r are the increases in curvature and twisting of the ring; q —-

variable curvature of the ring axis; s -- arc along Ll.

Comparing formulas (5) and (4), we find that, if the displacements differ
from zero in a solid plate, we may obtain the solution for the problem only
by utilizing the deformation theory of reinforced rods which takes the fact
into account that their transverse cross-sections do not remain normal to the
curved axis, in general.

Adopting this hypothesis, we may add one relationship to (6) for the
displacement ep of a reinforcing rib.

o= @

We may write the dependences between the internal stresses in the ring and

the deformation parameters in the following form

n = Asp;' Le=Cr; V= Be,, (8)
where Ln is the bending moment, LT -- torque, VB -- intersection force; A, C ——
the desired ring rigidities in bending and in twisting; B -- ring rigidity for

displacement.

The quantities Ln’ LT and VB

of statics for the portion of the ring subjected to loading (Ref. 3).

Taking into account the junction conditions at L1 (4) and formulas

(5) and (7), we may express the desired ring rigidities from (8) in the follow-

ing form

L 4
A =i C=———; B(9)=—2

dw"
ds —Tin “‘J—:‘_‘ns 1:+;§' (9
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may be determined by integrating the equations



The existence of solution (9) must be studied in each particular case.

When there are displacements in the plate, the rigidities of the equiva~
lent ring in bending and in twisting differ, generally speaking, from the
corresponding rigidities obtained within the framework of the classical bending
theory (Ref. 7). 1In addition, this approach enables us to find one third of
the rigidity for displacements, and to determine more accurately the para-
meters of the reinforcing element.

Let us investigate a rectangular plate having finite dimensions, loaded
at the edges by bending moments M%, My which are uniformly distributed and by
torques HXy (the x, y-axes are directed along the plate axes of symmetry). The
solution of equation (1) for this case has the following form
1
W= o5 —w (OM, — M) x* + OM, — M) y* —
=2(1+v) H, xy);
TI = m[(Mx—vMy)x + (1 + V) nyyl;
1 . .
W= M, — M)y + (1 +¢) H . 1

We may employ formulas (5) to establish the fact that in this case the
displacements equal zero, and the same internal stresses and moments in the plate
are obtained as in the elementary theory of plate bending. In particular,

(10)

VB = 0.
We find from (9) that displacement rigidity B is arbitrary, and 292
we obtain the following for the rigidities A and C in the case €z = Cz = 0:
' L L,
Yom ~ o 95 t onas

Formulas (11) coincide in this case with similar formulas obtained in
(Ref. 7). 1It thus follows that the rigidities A and C, found in (Ref. 7) on the
basis of the elementary theory for several cases of equivalent reinforcement
of holes having a different form in an isotropic rectangular plate, are correct
from the aspect of a more correct theory of plate bending (Ref. 2, 8).

As we have already stated, the amount and type of ring rigidities to be
determined depend on the manner in which the ring deformations are described
by theory.

Let us now assume that a reinforcing ring is a thin-walled, plane curvi-
linear rod with a small initial curvature, whose largest transverse cross—-sec-
tion dimension is small as compared with the radius of curvature of the
rod axis (Ref. 3).

Let the hole in the plate be circular, having the radius R. In order to
determine the rigidity in bending A = EI, the rigidity in twisting C = GIa’
and the sectorial rigidity of warping Bw = EIw,just as previously, we obtain

the following for the problem (10):
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R'on o dndss T R~ Os%
o 1w O _‘_‘2';“’) (12)
(m‘*"rg"a‘sT)(nas "R " os

Here B is the bimoment which is in operatiom in the ring transverse cross-
section and which may be determined by integrating the equations of bimoments
(Ref. 3), which may be reduced to.the following form

!

Htw 1 Aw Pw 1 0w
g s TR e, L, TR
C 6w 1w C dw 1 ow *

dnos TR o5 mst R &

For the particular cases under consideration of a uniform stress state
(bending and twisting), we obtain

B'+,-},B=o.

|
i

We thus have 293
B =C,cos26 + C,sin20, '

where C1 and C2 are arbitrary integration constants.

Assuming that Cl = C2 = 0, we have B = 0. 1In this case, the expressions

for rigidity in bending and twisting of a reinforced circular rod coincide with
formulas (11), and the sectorial rigidity of warping equals zero. In the axi-
symmetric case, the quantities C and Bw are arbitrary, and A = (1 + v) RD.
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A

" EFFECT OF A STEADY THERMAL FIELD ON THE STRESS CONCENTRATION /294
IN AN INFINITE ELASTIC PLANE WITH CIRCULAR HOLE ¢,
V. L. Fomin! AL

(Leningrad) 3 9

Let us investigate the problem of the stress state of arN élnlte “2lastic -
plane with a circular hole having the radius R in the presence of a steady
thermal field T(r, 6) which satisfies the condition of boundedness at infinity
and the boundary conditions on the hole profile T = £(8). We shall thus assume
that there are no external stresses on the profile, and the stresses at
infinity equal zero. We may solve this problem by employing the well known
analogy of N. I. Muskhelishvili between temperature stresses and stresses
arising due to dislocationsl (Ref. 1). Tt has the following form in complex
potentials of Kolosov-Muskhelishvili:

1ol 1
o) =1, Y@ =L +2R], 9
where z = x + iy = relf; o
__ w R C

1= =7 )‘_H‘a‘ff(e)e"do (2)
in the problem of plane deformation. For the case of the plane stress state,
i.e., for a plate, the Lamé coefficients A,y == «k = 3 - 40, v=_0E (v —-

1-2

constant given by the Duhamel-Neumann law, o —-- coefficient of linear expansion)/295
must be replaced by the corresponding quantities with asterisks -- i.e., by

mechanical and thermal constants in the case of the plane stress state. If we
change to the Young's modulus E and the Poisson coefficient o, the expression
for y assumes the following form in the case of plane deformation

i

3
1= — s ij(ﬂ)ewde 3
and in the case of the plane stress state
' 2z, :'
E
= Rbg,‘(e) e, (4)

Only this latter case will be examined below.

In the case of real y (in principle, this can always be achieved by
changing the order of reading 08), we obtain the following simple formulas for
the stresses:

o = 21(1 —’-?—’)cosﬂ,“

oe——(l-}- )coso )

1 Muskhelishvili, N.I. Nekotoryye osnovnyye zadachi matematicheskoy teorii
uprugosti (Basic Problems of Mathematical Elasticity Theory). Moscow, Izdatel'
stvo AN SSSR, 1954,
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%rd =£}(l -—g-’)sinﬂ,lt

Ty = T2 = 0

(5)

At infinity, the stresses strive to zero, and the order of decrease is r-1l.
Figure 1 presents graphs showing the dimensionless stresses B;.or, R 66 in

2y 2y
the case 6 = 0 as a function of the dimensionless radius r/R. The solution
obtained may be generalized to the case of elliptical and other types of holes
for which we know the function which performs conformal mapping of the plane
with a hole onto a plane with circular hole.

We shall assume that

F®) =f,+ AcosB 4 ceer (6)
and that there is no component with sin 6. Then
= —ZRA— (7N

is a real constant. Employing formula (1) from
G+ou=200@+3E |

we may readily obtain'(or =T = 0 for r = R) the expression 0y on the hole

profile
o = —aEAcosd for r=R.

(8)

(2] :
I\

7 ; . - i
- ﬁ'ﬁr — ! |
. , v T

a4 _—
\:_\
1
12 3 ‘ 5“ 6 7 ] 3 J
Figure 1
Let us apply the stress field corresponding to the Kirsch problem (for

stresses at infinity 0, = P Oy = 0, Txy = () to the solution obtained. For
the total problem, we obtain 0y on the hole profile in the following form

o9 = p (3 —4cos?b) —aEAcosf forr= R. 9)
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The stress o, on the hole profile may be expressed by the following formula
o, —aaslnzﬂ—[p(S 4 cos?8) — aEA cos 8] sin? 8. ‘ (10)

Let us introduce the stress concentratlon coefficient on the hole profile
as follows:

K=

'BLQ

P (11)

we shall investigate the following coefficient along with it

=2 v (12)
—p°
If we introduce the notation »
EA |
=g (13)
cosb=u, ' (14)
the coefficients K and k may be expressed as follows:
K (u) = (3—4u* —au) (1 — u3); (15)
k(u) —411’.-—0“. (16)
297
k) : ; Y, I
r/’, 2 \.&\ ' / /’, \\\
‘/' \QW | / N
‘/ \\U / " 2. \K(u)
/08 | -04 0 | 04\ 08\ L1 \ [\
. 1V AV
-2 \\ / l, ' \ \\
k)|
' fl) // i “ \\
-4 NE B I N T AT 2
. . | 1
Figure 2 Figure 3

The stresses may be arranged symmetrically with respect to 6 = 0, and
the quantity u changes between -1 and 1.

This is valid, if there is no plastic flow at any point in the region,
This leads to the following inequality on the hole profile
—':51/3<p(3—4u’)——aEAu<tsl/é, :‘ an

and the yield condition of Mises is thus assumed. Under the Saint Venant-Trask
condition, we must substitute ZTS in (17), instead of g V3.

Example. Let the values of the main parameters be as follows:

ad
a=12. 10 °‘d“g’5=2 1005, ~moo‘-’i;ll'l,,,6000<1Yne'

cMs ® |
and the thermal f1eld changes on the profile according to the following law

F®) = fo+ 100cos & (°0).
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Then A = 100, a = 4,

7 ;z?u) =3— 4#’ —4u; K(gy=(( —~un) & ().

The condition that there be no plastic flow on the profile is thus satisfied.
Figure 2 and 3 present graphs showing the change in the coefficients k(u), K(u).
The maximum k(u) is achieved in the case u = -0.5 (8 = 120°), and equals 4.

The minimum is achieved in the case u =1 (8 = 0) and equals -5. The maximum
point K(u) is u = -0.250 (6 = 104°30'), and the maximum itself equals 3,5156.
The minimum point is u = 0.781 (6 = 38°40'), and it equals -1.0000. For
purposes of comparison, graphs of ko(u), Ko(u) corresponding to the absence of

a thermal gradient (a = Q) are presented.

We should note that in the general case, when the stress field at infinity
has the following form

o, =p; o, =@+ 0); Ty =0, -
it is advantageous to introduce two concentration coefficients characterizing
stresses in the profile zone:

Ox . s |
K‘=_p"’ K”=Eso ’ . (18)
If we investigate the following coefficients ) 298
sk (19)
X p oy oy = B_ = T »
along with them, we then have
, . . *
Ky =k,sin*8, K, =k, cos?0 = 3 cos*. (20)
Let the boundary function for temperature be expanded in Fourier series
F(8) =fo+ Acosb + Bsin + ..., (21)
and then S : S
k(u)=3—4u*4+3(4u*—1)—au—byY1—us, k, (u) = (22)
. 1 :
N . = Tkx (u)' :
- l :
Ky (u) =k, () (1 — )" K, (u) = 5 uPk, (u), : (23)
where ' ' ’ ' ‘
EB-
b= (24)

The condition of no plastic flow on the profile may be expressed by the
inequality

k(u)'<%§. (25)

where Ty is the yield 1limit in the case of pure ghear.
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-" EFFECT OF THE CREEP PROPERTIES OF THE MATERIAL ON THE STRESS /299
CONCENTRATION AROUND A CIRCULAR HOLE IN A PLATE [
“ L. P. Khoroshun “ - ©+ /.- 4 . e
cte) N67:24540

-~ e

When the stress concentration around holes in plates and shells is in-
vestigated, it is interesting to study the influence of the inelastic behavior
of the material upon the stress distribution around the holes. Studies in this
area have only pertained to elastoplastic problems (Ref. 4). As of the
present, there has been insufficient research devoted to the influence of the
material creep properties upon the stress concentration, although it is of
great practical importance for studying the supporting power of structural
elements (Ref. 3).

This article studies the stress state of a plate with a circular hole on '
the basis of the nonlinear flow theory of steady creep. The problem may be
solved by the method of successive approximations. The biaxial stress state
of a plate and the particular cases following from it are investigated. ,

Formulation of the problem. We shall start with the stress-deformation
relationships assumed in flow theory (Ref. 2).

B O S B 1
€ — : om— .
& = b (di/ ?Ukksi/) +ﬁ okkﬁ,-,, ! @D
Ny o1 .,
ey = [(T) (‘fu—gck/csii) (i, j=1 2, 3),
where Eij are elastic deformations; égj -- rate of inelastic deformations;
Oij —— stresses; Y ~- shear modulus; K -~ volume modulus; T -- second invariant
of the stress tensor deviator,

T = of, + o, + 0%, — 031922 — O119ss — %20 + 3 (o}, + of; + AN (2)

A power law for the function f(T) is assumed in flow theory. 1Im
general, this law closely coincides with the experimental data, with the
exception of stresses which are close to zero at which the rates of inelastic /300
deformations are proportional to the stresses. It is usually assumed that this
drawback is unimportant. However, in certain problems, it may qualitatively
distort the actual process, as will be shown below. Therefore, we may write

the form of the function £(T) as follows:
- [(T)=a+bT". ’ (3)
In the case of the plane stress state, it follows from the relationships
(1) that . i/ 1 - .l . 1
Gi=p ( i °”’8"") + gg osdij + F(T) (°ii -3 °k1¢51/) ’
| G i=1, 2, ()
where ;ii = éfl + é,‘-;; T = (o121 + 022)’ +3 (G:I -_ °u°g:)- .

(5)
Employing the equation of compatability and the equation of equilibrium,
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and introducing the stress function F, we obtain the following equation for
the stress function . .

“+3KAAF+ aAAF =gq. (6)
The right hand portion q has the following form here
_ FTn OF | o 0°Th @F , &Tn PF
- [ THAAF+ oxt T oxt 26xay 6x6y+ ar s @)

-—-AT" AF+ 4 (a;n.a::_'_?_ aAF)].

Equation (6) may be convenlently written as follows:

t .
oK _.i‘a_K'_‘(g GaKu.' X (8)
BAF =2 +§K e K g (v) de 4 & *FIKAAF,,
S

where FO is the stress function at the initial moment of time.

We will solve equation (8) by the method of successive approximations,

assuming q = 0 in the first approximation, etc.
’ SaKu, .

AAFO) = ¢ KAAF,

. ' 9K. ! 6aKn SoKu . GaKu.
AAF(?)A;FﬁSe 3K q(l)(g) dt+e "w 3K AAF., , (9

.
* & B s+ e s s e s e s e e .8 e D )
.

Biaxwial stress state of a plate with a circular hole. Let us investigate
a plate with a circular hole under the condition that the hole profile is free, /301
and the following stresses are given at infinity

o =pi oy =ps t5=0. (10)

Xy

Thus, we may set n = 1 in the flow law (1), (3), which fully coincides
with the experimental data for many materials. Introducing the dimensionless
coordinate

=L
P=7 (11)

where r, is the hole radius, and assuming that the initial stress state is
biharmonic (AAFO = 0), we may write equation (8) in the following form

& .1 8,1 ofe 3 ) ~
(Bt 2+ @lpti atemFs
9Kuro 6aKe ) (12)
° — (x|
= ——— e w+3K q('t) d‘C, ‘;
3
b+ 3K p l
where - o o )
b 2 l —— - & ep— —
q=_.E{RTAAF+-3—[cg(23P—'__T'.TP P’»‘”’)- N
. |
“(@#T 2 oT 2 &T or 3@, +e) 1 o (13)
—a'(W_—P-'—G?—?' 09’)+ (69' Frami e R Rel

Xd(a,;-ce))]_%’o‘%(%.%)}. \
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Under the given boundary conditions, the first approximation of equation
(12) has the follow1ng form, as is known (Ref 4)

F(l)=“(P1+P2) (-——-111 P) 7 > (pr— Pz)(l —-;—’—gz-;)cos%. | (14)

Determining the stresses and substituting them in (13), we obtain the
equation for the second approximation

AAF"*”:&’S*;:"(& +3K“ ,,m()dt L, as)

0

where
gV = — {(Pl + p)? (P' + ) + (o1 + p2) (Pl Pz) (78 %!i%“l'

+7,1;)+(P1+ Pz)z(Pl—Pz)(—F'l‘?—-l—:%)cos29+

+ (1= po(— ,.+4°8—%%+7‘,i,§ %) co 0520+ (16)
+ (p1+ p2) (P — P")z( l + e y + p“) cos 49 + .
, i
+ (8 2) o]
The solution of equatlon (15) is as follows ‘
9Kubry ‘
F(2) = F‘" _8(P :—;K) SK( [(pl + ps)? (In P+ 4‘,: + qu) +
+ (p1 + p2) (1 — p2) (973%‘ 2 + 5 12‘,. 12?. + 108 ) [(Px 4+ pe)* X
3lnp.
X (pl—Pz)( 30+3OP’+ +3P¢ )+(P1“’P2)’ X (17)

333 3057 , 12 lnp 21 27 )]
x ( 140 8409’ + + 2F4 20?' + 20?‘ 569” (0] 26 +
7 61 91
+ (o + pz)(p,—p,)z(ﬁ— npy 8 olnp_ 19
LAY )
+ 5-6—93) cos 46 4 (p, —Pg)s (T — W’ -+ T(')? 20p° ) cos 60} dx, ‘
where the loads P, and p, are functions of time. We obtain the following

stresses from (17)
C @t —Keb ':5"“ ’{(' + )’(l - l) |
AR T PP\ p g — )t
' 13 27
+ (py + p2) (Pl—Pz)’(w“P-z—gp‘.'*‘gp‘.—sTm) [(P1+Pz)'(P1"" ‘
142 192  8lnp 8 6 4737
2) (ISP:—WA_ P - _) + (pl Pz) (35P’+ 1409‘ (]_8)
721 68 61 ‘
-—ﬂ—ﬁ+$ w+wﬂm%+m+mm—m'

g P
108 93
x(= 3=+ “+§+m“’hﬁmw+m~m'
. 1159 |
X ( P,+ 200t p.—}- 09') cosﬁﬂ} dr; A |
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.,
o 9Kub [ —SaKe(s g |
B=R—spym) e " {00+ parte — o (D=

_ 49 18lnp 10, 42 333 , 6417 72In k
5 ———s,,—.+57-)+(m—9=>’(70—,.+rw—7—’—

85 427 189 297 .
S + 1058 — Top1 +WP")] sin28 4 (p, + p,) (s —P:)'(—«;;—. +

72lmp 678 |, 743 | 180Inp 81\ . ) !
_+-—P.——7P—.+.—7P—.+T—W)Sm49+(p;—pa)'(—2%+

549 69 861 .
+W‘_T' + W)smﬁﬁ}dz;
' . 6aKp . (18) /303
(%) __ 9K|.Lb ——z({—1) 1 3 5

+ (p1 + po) (P, — p.)? ("—3'%:_2 + 3%‘5. — :_‘,g‘P]. + g—:;?,) + [(Pl + pe)* X

18Inp 126 11457

4
X (Pl—‘Pz)(5?+ P +3£:.:—--5—P—e)+(p1-—p,)’(—w+

72Inp , 170 19281 378 1485 )
ot + T 08 + Sp_lo-iﬁ?ﬁ’)] €05 26 + (p1 + ps) (py — pa)* X

765 36lnp 428 180In 8l
X (7‘;‘— P T _P'_f +‘7‘,_m)C°540+(P1-Pt)’X
183 , 46 86l B |
X(_2—0—P‘ +T.——W‘)C0569}dto ‘
We may obtain the following particular cases from (18): unidirectional
extension (pl = pz), uniaxial extension (p2 = (), pure shear (pl = —pz).

34

We have the following stress on the hole profile

t
. - 6aKn

— ‘ - 9 -
.082) = (pl + Pz) - 2(P1 _' Pz) cos 20 —W‘Iﬁ‘a%o e P+3'K“ 4){

3(pr+
+ pa) + 2 (o1 + o) ( 'y |2 : |
T Pl T 5 (Pr - pa) (P — po)* + —5 (P14 Pl (pr— po) — (19)
608 .
— 3 (pr— Pz)ls] 0s 26 4 '1;—8 (P1 + p2) (P1— pa)* cos 40 —
31 !
, -5 (p1— p;)®cos 69} dx.
In the case of uniaxial extension, we shall have
- ! 6aKp ‘ (
b ——E(t=)
o = p, — 2p, cos 20 — 8-55%"—_‘;3,?) )¢ W3R 03 (2) de (2576 — (20)
— 3686 cos 26 4 1770 cos 48 — 651 cos 60),

i.e., [6 =+ L) at the most dangerous points
—2 L eake
9Kpb 8683 { ———x(—v
agz)=3p,—':"3—l(,mje arak " P} (%) dr. (21)
. 0 .

If we assume that the load Py is applied quite rapidly and remains con-

stant, it follows from (19) that 6aKp \
8683b — et
°§2’=3P1[1"_—1 (1—e P+3K)p:]’ \ (22)
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i.e., the stress state is established with the passage of time, and the con- 304
centration coefficient k strives to the following value
_afy__ 86836 , (23)
R=3(1 -5 ).
The situation is entirely different in qualitative terms in the case
a = 0. In this case, it follows from (22) that
’ : 8683Kub ).
) — —_— DB : 24
o= 3|1 g a4 | (2
It may be readily seen that the results (17), (18) may be easily trans-
ferred to the case of biaxial stress state of a nonlinearly elastic plate with
a hole (Ref. 1). For this purpose, we need only replace the time operators
by the corresponding constants.
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R A

. PHYSICALLY NONLINEAR ELASTIC PLATES WEAKENED BY AN /305
ARBITRARY HOLE

el
C1. A, Tsurpal J /4
(Kiev)

6 41
Non-ferrous metals and their alloys, high-strength steeﬂL erbeZs‘L!‘ 5
polymers, and glass-like plastics.are used more and more in modern technology. :
Even for small deformations, these materials do not obey Hooke's law, and there-
fore it is necessary to take into account the nonlinear dependence of deforma-
tion on stress. Nonlinearity of this type is called physical nonlinearity.

The influence of physical nonlinearity upon the stress state in the stress
concentration zone in a plate with a hole is of particular interest. The
stresses are several times greater in the concentration zone than they are
outside of this zone. Therefore, the relationship between stresses and de-
formations outside the zone will be linear, and it will be a nonlinear relation-
ship in the concentraion zone for one and the same external loading.

This article investigates the stress state around a square hole with re-

inforced corners, in a plate, for nonlinear dependence between stresses and
deformations, which was advanced in (Ref. 2).

Since the nonlinearly deformed material under consideration is an ideally
elastic material, the objects being studied have an elastic potential. Repre-
senting the potential as the function of the deformation invariants

|
A=A(Jl, Jz, J'), " (l)

where Jl’ J2, J3 are the deformation tensor invariants, and taking the fact

into account that the volumetric deformation follows Hooke's law in the region
of small deformations, we obtain a nonlinear elasticity law for the generalized /306
plane stress state in the following form

& = 3K °0+ 2G (U,‘—Uo) + to(or—ao)
€y = 3—,'( % + 55 (o9 — o) + t 3 (99 — ag);

1 ‘
Cro = < Tre + t"l:,,, ) !

- l

where K and G are, respectively, the modulus of volumetric deformation and the
shear modulus; e L’ e¢, e o and Ops 6¢, Tr¢ -- the mean values (with respect to

the plate thlckness) of the components of deformation and stress, respectively,
in a polar coordinate system (r, ¢); the mean stress % and the intensity of

(2)

the shearing stresses tg have the following form
1 1 9 .
% = 5 (o + o5); 3 = o = -gG—.-(o: + a: — o0y +372). (3)

The dimensionless constant 8y for certain materials (Ref. 6) has the

order 105 - 106, and may be determined according to the following formula

i

g = 4,5G* (l + ;R) as, '% )
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where the parameter ag is determined from the ¢ - e x diagram for uniaxial

extension of a sample made of a material which is physically nonlinear.

When the elasticity law (2) is selected, the solution of the plane
physically nonlinear problem may be reduced to integrating the nonlinear equa-
tion of the following type (Ref. 7)

OF OF &F @F oF ' (5)
AAF — AL(F LN i W;)=°-
The operator L depends nonlinearly upon the stress function and its derivatives;
A = Frr + = +'l— F¢¢ -~ Laplace operatorl; the parameter A designates the

T
deviation of the nonllnear elasticity law from Hooke's law, has the dimension-
ality bar—2 , a magnitude on the order of 10~> - 10‘6, and is determined

according to the following formula

__ K - __ K a4 6
SBKF6) a- =ufh B v A 0 | ©

Lét us study the stress state of an unbounded, physically nonlinear iso-
tropic plate with a square hole under unidirectional, uniform tension by stres-
sesp at infinity.

The study (Ref. 1) advanced an approximate method for solving the problem /307
of stress concentration around a curvilinear hole in a plate for the elasticity
law given above. This method consists of the fact that, for any hole obtained
from the mapping function

0(€) = RIL+¢f O, Q)

the solution of the problem under consideration may be obtained by expanding
the unknown stress function F(r, ¢) (5) in double series with respect to the
small parameters u and ¢ (one of them characterizes the physical nonlinearity
of the material, and the other characterizes the curvilinearity of the hole)

F(r; g3 ¢) = H, ;OP"E"F"’"’(n ¢ (8)
N
In formulas (7), (8) € < 1; R —- real constant characterizing the hole dimen-

sions; f£(z) is selected from the condition HB: R2 = 1; ¢ = peif,

We may obtain the solution by retaining the following number of terms in

the series (8) F(r; 9; p; €) = Ho[FOO (r, ) + pF1.0 (r, @) + p2F20 (r, ¢) 4
A+ eFON(r, §) + FOD (1, §) + peFUD(r @)l (9)

In expression (9) the functions F( ’ J)(r $) (1 =05 1; 25 j =0; 1; 2)
correspond to: F(0, 0)(r, ¢) -- the known solution of the linear problem
for stress concentration in a plate with a circular hole (Ref. 3)

=L (- :
F0.0) — ST, (r*—2Inr); : (10)
where F(l’ o)(r, ¢) is the solution of the same problem obtained by taking into

The partial derivatives of F with respect to r and ¢ are designated by the
corresponding subscripts.
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account the physical nonlinearity in the first approximation (Ref. 6)
|

F(1.0) — _%g [% (r—l + %r—d) + ]n r]; ‘ (11)

F(Z’ 0 (r, ¢) is the solution of the same problem obtained by taking into
account the physical nonlinearity in the second approximation (Ref. 5)
o= BBy U e L 4 e 59 )], 12
F H:[slnr+4 r gt +r °+80r"')], 12)

F(O’ l)(r, $) and F(O’ 2)(r, ¢) is the solution obtained for the linear
problem for unidirectional tension of an infinite plate with a square hole
(Ref. 4) taking ¢ and €2 into account,

F(ovl)_(r, ?) = %. (r'-’ J—— r"‘) Ccos 4?' F0.2) (r' ?) o (13)

= 'HL." [(;- r-¢ — 3r’°) cosp —31In r] .

For the case under consideration, the function (7) may be selected in the
following form .

IM0=@+gvﬁ,l (14)

where F(l’ D (r, ¢) is the desired solution for a physical nonlinear elastic
plate with a square hole. We may obtain the equation for the function
F(1, 1) by substituting the function (8) in equation (5) and equating the
coefficients in the left and right hand sides in the case ue
AAFU-D = T©0 (r3FOD + rrIFOD) 4 TO:D (,—zF(V%O) + rm1IFO0) 4 I
+ Fg,’r'” (r—zrgo',?m + r—xTio.O)) +4- Fﬁ?,'o’ (,-—27"(::) + r—lT;o,l))__ ’
—9 [(,—17*9‘.’0) — r2T00) (r—q:;%;) — ,—-zF;o.n) + (,—xF;?‘.’o) — i
~2L(0, —1T0.1) _ ;2T ) — 2 (0.1) A F(0.0) (0,0) AF(0.1)),
— rm2FO0) (TN — pm2TOD)] — 2 A (TOD AFO-0 4 TO.0 AFO.)

(0, 0)(r,

(15)

The functions T ¢) and T(O’ 1 (r, ¢) are given in the study

(Ref. 1).

In order to find the stress components o*p, Tgs Tpe in the curvilinearl

orthogonal coordinate system (p, 6) we must employ (Ref. 4) the formulas for
changing from polar coordinates (r, ¢) to the coordinates (p, 6). The stress
components op, Ogs Tpe, just as in (Ref. 8), may be represented in the form of

a double series with respect to y and €. The stress components corresponding
to the functions (9) r(i, J)(r, ¢) may be determined according to the formulas

50.0) — HO%F(O.O)- oo = H, & Fo.. 510.2) — Hoi F(2.0)

0 (0.8) a0t L0y %8 ot (2.0
o0 = H ‘_a_’_[:(o.n_*_H Loy & Fo0. g0.2 — H ip(o.z)_l_ "
¢ T 170Gt (p.0) =1 Tgpt ' e 979p2" (4.9) (16)
ot i gt 1
FH L G 1o (s —25) + 1005 - 1] Foo 4

_ *» o # 1 i
+ HO[L?)"&_',,': + L(zl)(A _2_59_2) + Lg" o0 _P_] Fo.,

The coordinate line p = 1 coincides with the hole profile.
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°(| N — Hng‘FaFf; Ol;+H [L(ll)-g—”"l"l.g) (A—2Tg£;)+

(1 (1,0 (16)
o + L9 5 apao ) -] F(p o
The operators Li depend on the function (14) and may be determined
according to the formulas . .
L{Y = p—3cos 40 i_ p“‘sm 9% LP=Tp (1 +cos 89)1,_ |
_ 1 —s
——P 'sm806 OUp +4p (l—c0889)(00,+pap) 17
LY = 89"" (1 — cos 89); Lm = 8p~® cos 86 - 4p—7sin 80——
-—4p“’(l — cos 80) 350 L =0; L = 8p~4sin 48,
The functions F{i, J)(r, ¢) contained in (16) represent the solution for 309
an equation like (15) in the form of Fourier series:
FG (7, 9) = “ 5 (1) ()sin k7 + g (1) cos ko, (18)

in which the variables r and ¢ are replaced by o and 6, respectively.

Substituting the functions (10), (13) and their derivatives in equation

(15), we obtain P
AAFD = 48 — (56r—10 — 270r~12) cos 4¢p.
Hy (19)

We may represent the solution of this equation in the form of the super-
position of the particular 1ntegral of this equation

(1,1 |
Foart. (ry9) = (2 800r—¢ —3,214r~ 3)cos4:p | (20)
and the integral of the homogeneous equatlon aaF(l, 1) =
(1,1 (y.¢) = Cor—r+2 + Cnar—") cos ng. (21)
F (rv¢) (
homo =2

We may determine the integration constants Cn3 and Cn4 from different

conditions over the hole profile in the case p = 1. The final expression for
the function F(1, 1) will be

Fab(p, 8) = — Ll (2 }28p" — 2,543p~¢ — 2,80p7® + 3,214p™®) cos 46. (22)

Taking into account the functions (10), (13) and (22), we may determine
the stress state of a physically nonlinear elastic plate with a square hole
(14) by means of formulas (16), (17), within the given degree of accuracy (9).
Let us present the concentration coefficient values along the prOflle of a
square hole

k= (‘%’), , = 2(1 —1,500Ap* 4 10,6083p* -+ 0,666 cos 40 +

[ 23
-+ 0,197 cos 860 — 3,152)p? cos 46). | (23)
Tables 1-4 present the values of the concentration coefficient (23) for
linear andnonlinear theory over the hole profile [in view of the complete
symmetry, the values are presented from 0-45° for a different magnitude of the
external load p and different materials (Ref. 6, 8)].
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Table 1 presents the values of the concentration coefficient for copper

A= Al = 1.019:102 bar-2; Table 2 presents the values for pure copper A = Az =

0.266:10-6 bar~2. Table 3 presents the values for aluminum bronze A = A3

0.055.106 bar=2, and Table 4 presents the values for open-hearth steel X
A, = 0.033:10-6 bar-2,

4
TABLE 1 /310
Theory|T.oad Angle 6
p,dyrg - | s | w0 | = 35 I
.40 3,5799 | 3,4136 | 2,9668 1,7999 1,0835 | 1,1215
E{; 50 3,5027 3,3399 2,9031 1,7705 1,1084 1,1599
] 60 3,4132 3,2547 2,8301 1,7394 1,1437 12117
ﬁ 70 3,3143 3,1608 2,7508 1,7095 1,1922 1,2799
— 75 3,2624 3,117 2,7097 1,6961 1,2226 1,3211 ‘
d 80 3,2095 3,0617 2,6684 1,6842 1,2576 1,3677 :
Zo 85 3,1560 | 3,0115 | 2,6274 1,6746 | 1,2977 1,4202 ‘
Lin ear”; — | 37260 | 3,535 | 3,0888 | 1,.8610 | 1,0480 | 1,0620 |
TABLE 2
Theory |Load - Apncle 6
, P> o 5 o | 2 s | s
100 37014 | 35299 3,0681 1,8503 1 ,0531 1,0709
200 3,6294 3,4609 3,0079 1,8200 1,0699 1,0995
300 3,5154 3,3520 29135 1,7752 1,1040 1,1532
% 400 3,3684 3.2121 2,7940 1,7252 1,1643 1,2100
o 450 3,2864 3,1343 2,7286 1,7021 1,2081 1,3015
ﬁ 500 3,2011 3.9539 2,6220 1,6820 1,2635 1,3755
1 550 3,1140 2,9728 2,5962 1,6689 1,3326 1,4652
g 600 3,0296 28935 | 2,5336 1,6635 1,4177 1,56729
= 650 2,9483 28185 | 2,4769 1,6688 1,5216 1,7013
inear | — 3,7260 | 3,5535 | 3,0688 1,8610 1,0480 1,0620
i
We may see from these computations that the stress state in the zone of /311

stress concentration is distributed more uniformly than in the linear case for
the given variation of a physically nonlinear elasticity theory. The concentra-
tion coefficient depends essentially on the elastic properties of the material,
the magnitude of the external load, and the nature of the mapping function.
Comparing the concentration coefficient value determined from a precise
solution (Ref. 3) and the approximate value (Ref. 4) for Hooke's law and for
different approximations in the case of a nonlinear theory (Ref. 5), we obtain
an idea of the rapidity of convergence of the method employed to solve physic-
ally nonlinear problems of stress concentration around arbitrary holes.
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TABLE 3
B ,
Theory| Load Angle 8§ =
_‘p,d 0 5 | 10 20 35 45
200 3,7056 3,5340 30718 1,8521 1,0521 1,0694
300 3,6805 3,5098 3,0505 1,8413 1,0576 1,0789 ‘
400 3.6458 3,4766 30215 1,8276 1,0658 1,0927 1
H 500 3,6021 3,4348 29851 1,8088 1,0772 1,1114 \
: 3 600 3,5501 3,3851 2,9421 1,7883 1,0926 1,1357 ;
=] 700 3,4907 3,3284 2,8932 1,7661 1,1127 1,1664 ‘
'_"} _ 800 | 3,4248 - | 3,2657 2,8395 1,7432 1,1387 1,2046 |
o 900 3,3536 3,1980 2,7821 1,7207 1,1716 - | 1,2513 |
o 1000 3,2784 3,1269 2,7224 1,7000 | 1,2128 | 1,3079
& 1200 3,1222 29798 2,6018 1,6698 1,3260 1,4567
B‘L inear| — 3,7260 3,5535 | 3,0888 1,8610 1,0480 1,0620
L]
TABLE 4
Theory Load | Angle 6 °
p,dyng o | 5 10 20 | 35 45
500 3,6507 3,4813 3,0256 1,8287 1,0645 1,0907
“ 600 36185 3,4505 2,9988 18154 1,0728 1,1042
P 700 3,5811 3,4147 29697 1,8004 1,0832 1,1210
] 800 3,5390 3,3745 2,9329 1,7840 1,0961 1,1412
s 900 | 34925 | 33301 | 258947 | 177668 | 1.1121 | 111655
— 1000 3,4421 3,2821 2,8535 1,7490 1,1315 1,1941
g 1100 3,3883 3,2310 2,8100 1,7314 1,1549 12277
= 1200 3,3318 31773 2,7646 17144 1,1829 1,2669
\ L:i.l‘lea]:‘| — 3,7260 3,5335 3,0888 18610 1,0480 1,0620
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' DETERMINATION OF THE STRESS CONCENTRATION NEAR A HOLE IN A /312
SHELL - IN THE LINEAR FORMULATION /.

o

& K. F. Chernykh * .0 . ° S
K(LZningi:ggr N 67_2[_‘_54%

The problem of determining the stress concentration around a hole in a
shell having a general form was advanced in the study by G. N. Savin (Ref. 4).
This problem is characterized by the following requirement: it is necessary
to determine the concentration coefficient K = OSmax corresponding to the in-

%

crease in stress due to the occurrence of a hole (00 -- stress for the un-

perturbed state).

Problems on concentration are very time-consuming. Therefore, it is valid
to present and discuss considerations which may facilitate the solution of this
problem to a certain extent. This article is devoted to the discussion of
some of these considerations.

It is apparent that the hole under consideration must not be very small,
since, for a hole with a radius on the order of the thickness, a three-dimen-
sional stress state occurs in the vicinity of the hole; this stress state is
not described by the relationships of the theory of thin shells. There is not
much interest in investigating small holes (punctures), since they are rein-
forced very simply in practice.

At the same time, the specific properties of the problem disappear for
very large holes. Essentially, in these cases we are dealing with the cal- -
culation of a shell with an edge. Usually, such problems may be solved by
dividing the desired solution into the main solution (which is most frequently
the solution with zero moment) and the simple (exponential) edge effect.

It is possible and expedient to introduce a certain quantitative aspect
into the concept "the ''upper limit". For example, by employing the
known solution of the stress concentration around a circular hole in a spherical
shell we may assume that we are dealing with a problem of stress concentration /313
around a hole, and the customary (exponential) asymptotic behavior may not be
employed. This criterion for the hole smallness [which depends on the thinness
of the shell walls and the magnitude of the permissible error, see (Ref. 3)]
can be speculatively transferred to arbitrary shells with holes having a gen-
eral form.

The local nature of the problem (Ref. 4) makes it possible to employ the
equations of shallow shells advanced by V. Z. Vlasov. In our opinion, it is
more expedient to imply the somewhat modified equation of V.Z. Vlasov [(Ref. 6),
page 182] . )

-~ i~ {

where we have the following in arbitrary orthogonal coordinates
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Thus the complex stresses may be determined by the following relationships

T.= T—thag+
1 4B 1 a&}
a

1
_'E S+AB O "R 9z
S =8* 4 iEhc

. _1foew 1 A dw 1 éB aw)l |
+‘Eh"{ AB(aaaa ) ‘O?'ET_.T'W'W)]H

2P

These relationships include a system of static functions {T*,

B’ ey
H*}, which satisfies the equations of equilibrium, and a system of geometric
functions {eg , €%, ..., T4} which satisfies the equations of continuity of

the middle surface. In other respects, the functions introduced are arbitrary.

The form which is advanced is more flexible than the customary form. In
principle, it enables us "pick out" the main portion of the solution obtained
when the static and geometric systems are successfully selected. This may be /314
done by reducing the role of terms depending on W to corrections [ (Ref. 6),
page 183].

In addition, in the case of loads which are not self-balancing over the
hole profile, we may guarantee the single-valued nature of the stress functions
obtained by appropriate selection of the functions for the static system.

It is very promising and convenient to employ the isothermal coordinates
related to the conformal mapping [in our notation (Ref. 6), page 69] introduced
by G. N. Savin for studying this problem:

z=a+iB=w(); {=eti, (3)

These coordinates make it possible to map the region with a hole onto
the interior of the circle p < Py (Figure 1).

The condition of a freely-supported cover is most general for the hole

fil :
prone Qot =Qu=0; Qin=0Qs )

n=q
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where [see, for example, (Ref. 4, 1)]

l-—-f-l‘ v for an elliptical hole with the semi-
\v,":_‘\__ - :\\‘, axes a and b
I’ \v” ! ‘\\ VA b
;X <N =p——la—(a—b)cos2
,l '/’ f/—ﬂ=p° J \“ \“ Qpn pa+ b [ ( ) q’]. (5)
i t } = the third condition of (4) is replaced
WA\ —*”/4L/ J by the less restrictive requirement
N <Blpeconsh_ v’ balancing of pressure on the cover by
\7§#L— Vot the intersection stress
T
) ’ e L d
Figure 1 psp Qpn (n - ng) dsy = pS. (6)
=0 ]

>
This is directed along the normal to the surface at the cover center (no); S

is the hole area. In view of the relative smallness of the hole, it is usually
assumed that n - n, = 1 (Ref. 2).

In the studies employing an a priori law for the distribution of inter-
section stresses (5), or which stipulate that (6) is satisfied on the average,
these assumptions represent the most vulnerable point. The problem of deter-
mining the stress concentration magnitude pertains to the immediate vicinity
of the boundary profile, and the redistribution of the intersection stress may
have a significant influence influence on the concentration coefficient. It is
of value to make the following numerical experiment: let us compare the con- /315
centration coefficients for a solution based on condition (5), and for a
solution employing a distribution which is uniform along the profile, for’
example.

The condition of a rigid cover is much less vulnerable (see Figure 2)
p=CQu=0;, w=uw M,=0, (7)
where w9 = w(AYEQW).
Employing the fact that the cover is rigid, let us set w(A) as the normal
displacement of the cover center. Then, if we know the cover form, we may

readily determine the function f(y), i.e., we may define the law governing the
distribution of normal displacement over the hole profile.

Figure 2 Figure 3
The parameter w(A) may be determined from the condition of the cover equilibrium.
We may introduce the remaining five parameters determining the cover displace-
ment as a rigid body, and we may investigate the case in which the influence
of the general form is applied to the cover.

The boundary condition under consideration is usually approximately
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realized, since, as a rule, covers are more rigid than the edge of a shell.
The case of a free edge is no less important:

Qe =Qu=Qn=0; M, =0. (8)

The calculation of this case differs from the preceding calculation in the fact
that, if we remove (as is customarily done) the surface load by a zero-moment
solution, for the homogeneous problem we obtain an edge loading which is non-
selfbalancing on the profile. Due to this fact, the stress function w = Im
will be multivalued [(Ref. 6), page 156]. We may avoid this by employing the
modified relationships (1) - (2) (as was already indicated).

We should point out that the conditions of the free edge are the most
"suited" for confirming the proposed computational methods. Conditions
(8) may be realized in experiments with a sufficient degree of accuracy by
establishing corresponding tensions (Ref. 5).

The case of the rigid edge (Figure 3) is the most important case in
applications. It may be formulated in the following form [(Ref. 6), page 121]

xw=xw=x¢,=0;' sw=0[w=w°=w(A)f(\P)]. ' (9)

The first four of the conditions presented indicate that the edge is not /316
deformed. The fourth condition (which does not contradict the first three)
determines the translational motion of the cover.

In contrast to the freely geometric conditions (displacements and rotational
angle are given), the conditions described may be formulated in terms of the
basic complex function

w=w+ iw. (10)
We should note that in essence the case under consideration includes the

entire problem of designing shells which are loaded over a small section of
the surface by concentrated forces, in particular.

Conditions of elastic coupling with a connecting piece (ring) are similar
to the conditions actually existing in shells. They may be formulated as
follows in terms of static and deformation boundary values:

Q= Q,Cv Mpp = MP(;;
- >
R e, an
(%=%&+%@+%f)l
Xy = %4efp + Xyp€y + %gant/ .
If the edges of the shell and the connecting piece have the same thickness
and are made out of the same material, the following complex coupling conditions
may be successfully applied

- -,

-Qp=bbcv M99=Més :
(QP = 69 + iEhC;;. ‘
MFP =M, + iEhcew) .

(12)
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It is well known that the stresses
Q, and S (Figure 4) are fundamental

stresses for symmetrically loaded shells
_________ | of revolution, i.e., they do not depend
-1 ; Tl on a simple edge effect. The basic
. ' results presented in a paper at the IV
All Union Conference on the Theory of
Shells and Plates (Erevan, October,
1962) indicated that [see (Ref. 6), page
244] similar static boundary values,
which do not depend on the edge effect,
Figure 4 may be obtained for an arbitrary non-
asymptotic profile on a shell having a
general form. This also pertains to
deformation values. The compliance coefficients of the edge were also intro-
duced (also for an arbitrary nonasymptotic profile on a shell having a general
form).

Unfortunately, this entire study was only performed for customary expon- /317
ential asymptotic behavior. The natural generalization of the results to the
case of Bessel asymptotic behavior could facilitate the investigation of the
concentration problem. In order to solve théinsig'problem,it is also advanta-
geous to employ the theory of the complex variable functions(for shells pro-
duced by revolution of curves of the second order around their axes of symmetry).
Particular attention must be called to the case when the fundamental stress state
essentially differs from the zero-moment stress state.

In our opinion, the following problems must first be solved:

1. Stress concentrations in the vicinity of an elliptical hole in a
sphere.

2. Stress concentrations in the vicinity of the same hole, but on a
circular cylindrical shell. It is thus advantageous to process the results
obtained based on the following four parameters: K (Gaussian curvature of the
surface), 32; b (relative dimensions of the hole), h_ (thin-walled nature of

0 oH

the shell), and ‘Fw | %7- 30 [geodesic curvature of the profile,

Po

see [(Ref. 6), page 71].

3. Stress concentration between two circular holes on spherical and
cylindrical shells.

4., Stress concentration under the field conditions of holes with square
and triangular partitions.

The solution of these problems would theoretically make it possible to

transfer the results obtained to the case of shells and holes having a general
form, and to provide recommendations of a structural nature.
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These considerations, which naturally require practical verification,
provide the basis for a study on stress concentration which was recently pub-
lished in the Laboratory of Shell Theory of Leningrad State University.
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)]
... DYNAMIC STRESSES IN A THIN THERMOELASTIC PLATE WEAKENED BY /318
A CIRCULAR HOLE {

R. N. Shvets % ! ./

(L'vov) 4543

The influence of a circular hole on stress dlstrlbutlonNn an elastlc
Plate under dynamic loading was investigated in (Ref. 5). The article (Ref.
2) studied the dynamic stress concentration around a circular hole when plane
contraction waves pass through an elastic plate.

e

e

This study determines the steady stress state and temperature field
around a circular hole in a thermoelastic plate, produced by the influence of
concentrated force which is periodic in time (concentrated force, expansion
center, etc.) at a certain point on the surface of the plate. The deformations
and the stresses corresponding to them produced by these forces will be
propagated in the plate in an undulating manner with a finite velocity. Allow-
ance for scattering of mechanical energy in thermoelasticity equations leads
to damping of these waves as they recede from the center.

The problem is solved in the linear formulation and under the assumption AN
that the wavelength is large as compared with the plate thickness. ‘ A

Formulation and general solution of the problem. Let us investigate an
infinite thermoelastic plate with a circular hole having the radius R. A
concentrated force is in operation at a certain point on the middie
plane of this plate. The thermoelastic state of this plate may be described by
the following equations

V’u+(c‘—l)graddlvu—-2a,(c’.—l)gradt-——lfg': 5-;
~ (D
1 .
V’l—:- -——pt—— . adwu;—pt;,
where V is a two-dimensional Hamiltonian operator; u = le + v1_<2 ~-- displace- /319
ment vector; F -- mass force vector; t, tC —— temperature of the plate and
the surrounding medium; 1 -- time; c=c¢)c,; ¢ “Vp(l—-v’) _.VG
. . — xETy . a ETo l+v
v =Mc, (1 +¢); p=ap/h)\. ’ro-m. € m T—,® Where h —- plate
halfwidth; A, ap -— thermoconductivity and heat transfer coefficients; ¢, ~
specific heat per unit volume for a constant volume; o, == coefficient of linear
expansion.

The stress tensor 6 in two dimensions 1is related to the displacement
vector u and the temperature by the following relationship:

s = L) =, (| + )] + G (T + 5T, @)

where I is the unit tensor in two dimensions.
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We shall try to determine the general solution of equations (1) in the
following form (Ref. 3)

u= (V’—-lr';;a:,) (@, + 0, —-"i-,:-l grad div (@, +<'i5,)'+

a (3)
+ 21,5 grad v, t—(v’ -, at,)w
The functions 52 and ¥ satisfy the following equations
1 1 9 Mg |
R
1
, (4)
9 .. 1 0\ x 1 &\ x
=;‘_:—,-b-td|v(v’-—::--5;,)q’l—ﬂtc: (V’—Za‘;‘:)d’z"o
. ' (1=1a,(1+v) 10l : i
and the function 51 is a particular solution of the following equation
,_l'a’ s__ 1, 03 F
e B0 (e oF O Lbt 2 )

The forces applied at a point will be regarded as the limiting
case of the body forces which are in operation in an unrestrictedly small
vicinity of the point. By employing the device of the &-function, we may re-
duce the problem of determining the stress state in a plate, produced by con-
centrated forces, to solving the equations (4) and (5) in the case of body
forces which are given in the appropriate manner (Ref. 4).

The body force F = Pelwt§ (x - a, y) corresponds to the concentrated force
Pelwt applied to the plate at the point (a, 0). The body force corresponding
to other concentrated forces may be written (Ref. 3) by the following ex-
pression

_— w3 a a 0 T ‘
F=—e¢ [(pua'*‘plza_y—ma)kl-l- 6)
a ) a\1 1. |
_+(pwa+Pz=@+ma;)kz]5(x—a. y)-
In the case of Pij = 0, the mass force F corresponds to the concentrated

moment at the point (a, 0). Assuming that Pyp = m = 0, we obtain the

p =
21

body force equivalent to two forces which are in operation along the Ox and Oy
axes. In the case of two equal forces P11 = Pyy = P, We obtain the expansion

center. If Pip < p22==m.=0,and P1y =Py = s then the mass force F corres-
ponds to a point singularity which may be called the displacement center.
Since thermoelastic dissipation leads to damping of the free oscillations,

we shall 1nvest1gate the steady state. Substituting the mass forces deter-
mined above in (5) in the case t. = 0, we find that:

for a concentrated force

= iPe'™*

1 =4Gm:(1-

m (0yr)) — HY (“h'l)]' 7
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w=_h.le
! 1

o (0rs) + AHY (ary) — BHY @ry); | (7)

for force factors (6)

p— ’elﬁi

I (AN S T VR
(Dl—._ 46(», (l_ct){[(pllax""plla—y m@)kl"'

+ (P;l %“F Pz 6% +m %) Ez] [H?) (0yry) — H (‘02’1)]} ; @)

eltnt

ot 0t
o (ot Byt ) P e

+ AH (ar)) — BH" (Bry)),

where H(l) 82) are the Hankel functions of the first and second type of zero
order; r, = Vr%2 + aZ - 2ar cos 8 (the polar coordinates r, 6 are introduced
here) ;

¥ = -;-lwf-—v—-i(l + 1w+ D); B = ll‘m}—p—i(lﬂ) w.,—Dl;"?
| D= Vlw.-—&*—l(l+T)wol’+4wn(P+two)

w.;{-; 0’1=_—c~l- w:—z;:; A—D'(wn“p’)- B—“("’l—“’)

Expressions (7) and (8) describe diverging waves of three types: expansion /321
waves, distortion waves, and thermal waves. When each of these waves collides
with the boundary of a circular cavity, three types of waves are reflected.
The reflected waves will be described by the following relationships

o, = E (k1 55—k %) (C,cosnd + C. sin8) H® (w,r) « efos;

n=e ‘ €))
= Y (A, cosnd + A, sin6) HY (ar) 4
N}

+ (B, cosnb + B, sinn8) H'Y (Br) - e,

The functions @2 and Wz represent the solutions of the homogeneous equa-

tions (4). The unknown coefficients An, Bn’ Cn’ A;, Bh, C; in (9) may be

determined from the conditions at the boundary of the circular cavity (r = R).
For a surface which is free of stress and through which heat is exchanged
according to the Newton law, we have

(2) "l (
(1)+°r =0, oro__clo)_i_cz)_

forr= . ’ (10)
§—kt=0 = "T) r=R
Expansion center. Let the expansion center, which changes periodically
in time, be in operation at the point (a, 0). Assuming that Pyg =Py =W = 0,
Py = p22 =P in (8) and then substituting in (3), we obtain
-P 0T .
) = joap grad (PBHY (Br)) — 2 AHY (ar)l; (11)
P )
00 = TP (3 (ar) — BH (Br) e,

Assuming that AA = Bé = C; = 0, we obtain the following from (9) and (3)
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U = E{wl (a— c)C (k, % —k, 2 ax) H"’(w,r) sinnd 4
n-o

+ed +v) grad (4, H‘”(ar) + B,H" (8r)) cos ne} et (12)

(0 = Y14, (0} —a®) HY (ar) + B, (0* — B H"(Br)] cos nf e,
n=0
Utilizing the summation formulas of cylindrical functions (Ref. 1)
HY Vv a®—2arcosb =
Sedo(VHY @cosnd r<a, (1=12; (13)

25 HY (1)), (a)cosnd r>a, ¢, —{; :;?

by employing formulas (2) we obtain the following for R < r < a

Orr .= -,:m 2 [%[Anl'n (ar) + BnLn (ﬁr)] +
[}

+ wr(l =3 C,L, (wyr) +‘ p,,] cos nf;

ooy = =N (s, 4 LA 1 ) HY () + (14)
0
+ B, (w*— p=; HY (pr)} cos nf;

267 Z{[A M, (@) + B M, G L +

°r0=_-

+ il —c)CM, (0, r)+q,,}smn0

where

L,(kr) = [(n’ —n— i) HY (kr) + krHD. (krys
M, (kr) =[n(n—1)HY (kr) ner“’ S (kr) (R =a, B); |
L, (w,r) = [n (n — 1y H? (wyr) — moer @ (wr); |

M,; (wer) = [(n’ —_—n— w,r’) HY® (w,r) + wyrHt +1 (we7); |
P, = ;:;; {ﬁ B[(n’ —n— lm,r ) J.(Br) +
+ Brd 4. (Br )] HY (Ba) — 034 [(n’ —n—= wﬁr’) J, (ar) +
+ard,,, (ar)] HY (aa)};
= o B W@l — 8 1,00 HY Ga) +

. + a‘A ((!.)3 —_ a’) J.(ar) [{(1) (an)};
(A n(n—1)J,(ar) —nard,,, (ar)] H? (aa) —

(15)

Sq =

{Pe,

q"=1G ,

~BBin(n—1)J,(Er)—nprd, ., )i HY Ba)}.
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The coefficients An’ Bn’ Cn may be determined from the equations

AL, (@R) + B,b, BR) + @} (1 — ) L, (0:R) C, = — iy
14, M, @R) + B,M, BR)) + 0} (1 — ) M, (@3R) C,= —4,

Nn (GR) An + Nn (BR) B!l = tm

where

by =100 (o1 (20) [ (& — ), 0R) = 2 (aR)| —

—p2HY (Ba) [(,% — k) J,(BR)— aJ,, (BR)]} X

(16)

N, (kR) = (0; — k) [(T’;— - k) HYP (kR) — kH), (kR)] (k= a, B);

For the region1§ > R, we obtain the stress expressions, exchanging the

places of J_ and u¢
n n

we obtain the solution for an elastic plate.

in (15) according to (13). Assuming that Yo = 0 in (15),

Circular plate. Let us now investigate a circular plate which is loaded

over the external profile (r = RZ) by the pressure P0

elWw0T which is uniformly

distributed. Due to the symmetry with respect to the center, there are no
shear waves. Therefore, changing to dimensionless quantities in equation (1):

l=Ziu=lu; x=Ix; y=ly; ==

1 3 I
1—y2

=%1,, t=a,(14v)T; py=pl?; a:s=°—°f°—(—E—-—v—2; Wy =

* [

W,

! -—
we obtain the equation for determining the displacement potential ¥(u = grad ¥)

[[7-n-2)(7=) ~r&wo=o
The solution of equation (17) will be
W = (AL, (@) + BY, (ar) + Ado(6r) + BiY, )l e,
where .
3, B =gl —p—i( + Dol £
£ V& = pe— (I + Dol + 40 (o + L.

We may determine the unknown coefficients A, A

1’ B, B
conditions

aT ’ .

°:,=0; —a-;-—-k,T=0 for r =Rp

o:’ = — PeiT; % +.k2T =0 forr=R,. ]

1

|

(17)

(18)

from the boundary

(19)

We have the following stresses in a thermoelastic plate

. P

4,
‘9= 5 R

where

(20)
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S(ar) Q(ar) S(Br) Q Br)

Fy(a) Ej(x) Fp(B) E,(B)
Fy(a) E, (=) Fy(B) E, ®)

v o 8 HBla=pe 5
a a N M
Nx(a) My(a) N;G) M. (@) VM ans M)

S (kr) = (k’ — 2123') tJo (kr) — kJ, (kr);

4= V4= '

Q (k) = (12 —5) ¥, k) — 7, Gory;
Fi(#) = kRJ\ (kR) —F R, (kR);

E,()) =kRY,(kR)—FRIY, (kR), - o
— K3 kJy (kR) — (—1)'kJo (kR )] (k = a, B);

N, (k) = (0?
M, (k) = (0® — £ [RY (ER) — (—1)R,Y o (kR)} (i =1, 2). \
. k%ﬂ
i
|
]
]
I
|
i
|
|
I
|
2 My
i
I
|
|
! l
) /
!
\\~
%)
02 wR,

0 ol

In the case of Yos We obtain the following stresses in an elastic plate /325
PR

+ __ PR, {[Y; (wR;) — l"flv Yo (le)] [l :_v wrdy (wr) 4+ J4 (wr)] — (21)

% = 73
— [ @R — R 1y @R[ Vo) + Vi (on)]} e,

(22)

where :
8 =[¥1(@R) — 12 ¥y @Ry [ R — Ry Ry —
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—[¥1@R) — 22 vo (@R[ @R) — 2R 1, ). (22)

Passing to the limit in (22) in the case w - 0, we obtain a result
which corresponds to the static problem.

*

The figure shows the stress distribution Ogg O the profile r = Rl of an

aluminum plate as a function of the frequency w. The solid line in the figure
designates the stress %0 in an elastic plate, and the dashed line designates

the stress in a thermoelastic plate.

The computations were performed for 1 = 0 with the following parameter

values: v = 0, 3, R2 = 10, y = 0.01. 1In the case w - 0, the dynamic stresses
1 (st)
decrease, asymptotically approaching the static value Ogg  * In the case

w % 0.198, major resonance occurs in an elastic plate, whereas the amplitude
remains limited in a thermoelastic plate, due to thermoelastic damping.
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_ ' INFLUENCE OF CONCENTRATED EFFECTS ON SHALLOW SHELLS /326

/‘.
( Yu. A. Shevlyakov, V. P. Shevchenko 4,

(Dnepropetrovsk) N 6 7 :_ 24 5 ‘t@

Comparatively little research (Ref. 1, 2, 4, 10, 11) has been devoted to
the problem of the influence of concentrated forces on shallow shells. The
authors in these studies confine themselves to only examining shells of a
particular type, subjected to the influence of a normal concentrated force.

In these studies, the solution of the problem indicated above is presented in
double or single trigonometric series, and due to this fact it is difficult to
calculate certain internal stresses due to the poor convergence of the series.

The influence of concentrated bending moments and tangential forces has
not been investigated in the literature. By employing the two-dimensional
integral Fourier transformation and the theory of generalized functiomns, we
obtained a particular solution of a system of differential equilibrium equa-
tions of shallow shells having constant curvature, subjected to the influence
of any concentrated effects. In the case of a shallow spherical and cylindrical
shell, the solution obtained has a closed form.

Equilibrium equations. The equilibrium equations of a shallow shell
having constant curvature may be represented in the following form in rectan-
gular coordinates x, y

l—v & 1+v o A4y Ow 1 —vs
LR y’+ ‘au TR, ax = ER %

1+v ow I—v o l+7w ow . l—vt :

2 axay+Tyt+ 2 ' R '£=" V| (1)
‘ 12 3
VW+h,R,ll+Rv+l(l+V)lw—h,R’[(l+v)a—';+

,+(1+xv)%‘l’=§, |

We may determine the components of the internal stresses aécording to the /327
following formulas (Ref. 7)

Eh v Ay Y, _ ow !
T,= 1—v3(0x+ 9 Ry w)’ M; = — (0X2+ aJ’) i
Eh [dv ou 14 _ 0w ou\
2=1—v=(0—y+v$— "R ) Mz__D(dJ’—}' _3?)' ‘ (2)
Eh .
S= 2(l+v)(6x+ ) H=—-D(1— ")m'
Q1=—D Vzw» Q=—D @V’w-

We shall employ the following notation below: u, v, w, X, Y, Z —— com-
ponents of displacement and surface loading; X = RZ/R sy R, and R, -- main
Eh3 11 2

radii of curvature; D = -~ shell thickness;v -- Poisson coeffici-

12(1 - w0
ent. The general solution (1) consists of the solution of the homogeneous
system obtained from (1) and a particular solutinn,

The problem of finding a solution of the homogeneous system will not be
examined here. We would only like to indicate that (1) may be reduced to a
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single differential equation of the eigth order by introducing the displacement

function.

Let us obtain the particular solution of system (l). Subjecting (1) and

(2) to a two-dimensional integral Fourier transformation (Ref. 8)

Fom =g | § F0x gy expi (e + mg) deay,

we obtain

(a) For (1):

—(e+ 1) e+ i = - L2V

R Eh
— e (o4 e = LT
(E’+n’)’5+,;,i,-ll ++ AR+ w+

+ ;','::T’ A + itu + (1 4 hv) imo) = _[Z.).

(3

(all the functions with the dash above indicate the Fourier transform of the

corresponding function);

(b) For (2):

Er |.- - vl — _
__m[lEu-{—vmv—.}-)‘—;;'Tw]; M1=D(E’+v~q’)w;

~

1

.Eh |, - o -1 —= ) —

= — 12 6+ it 4 LENG) W = D oty
Eh 2= . -
— gy 80 -+ inul;  H=D(1—v)tnu;

S
Q=—Dit(®+ ) w G =—Din@+w.,

I

Let us now examine a series of particular cases:

A. X=Y=0.

(4)

Determining u, v, w from (3) and substituting their values in (&), after

certain simplifications we have

U= o - ) @+ @+ by — 1)

T= e M@Y= 0B+ (M)
, 5=§"%W+fﬁ.
7‘;=-—%--§-n’(&’+w); M1=%(i’+n’)’(i’+vn’);
Tom— i Zo@t vy M= Z @+ 00+
S=2 Zuern A=(0—nEn@E-+on

Q=—2&@ 4+ Q=—Fn@E -+

(5a)
(5b)
(5¢)
(5d)
(5e)
(5£)

(5g)
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where

A=+ R @+ A |
pe=20-9 .y,

h’R:

X 5’[0+V)E’+(21+1v—1)*z’]’+2(1+V)y" e

RDD 8@+ E’-i-n’)’ '_
X e+ v—NE+0 )0+ vt @y — ]

RD S @+ -

(l+")’x &

: Eh (E’+1|’)"
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(6c)
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e

Ty= Ran
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s’"R—’B T X | ;
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@7 ‘
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The expressions for M , ﬁz, H, (_21, (_22 may be readily determined from (4)
(6a) - (61).

C. X=17=0.
We thus have

=Y al@n =D+ 0EEHEEy=NEF A I

RID SEFwr |
I | (72)
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1—v

201495t +— 1 | (7b)
T e i
B SR N ESCLN | (7e)
RD"
Ty B Ym'l(2+v—ne'+(1+2x+2xv~v>e=n'+x(l+mw
RD T RN
i — et —Ey, (79)

NGEE T
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S=—_FEt ¥ #@v—Neta4n—r4 v) 41 - (H—M )

R:D A @+ r (7€)

' —7EE—
@+

~

(7e)

We may readily determine the values of ﬁl’ ﬁz, H, 61, 62 from (4) and (7a) -

(7f). Let us represent (Ref. 9, 12) the unit concentrated force by means of
the generalized function (Ref. 3)

P=3(x—x)3(y—ya), ®)
where § is the delta function; Xgs Yo — coordinates of the point at which the
concentrated force is applied. For purposes of simplicity, we shall assume
X, =y, = 0.

0 0

Employing the inverse transform formula for the Fourier transformation
(Ref. 8)

10 9) = 3= [ [ P&, expt—i (&x + g1 didn, %)

we obtain the expressions for the inverse transforms u, v, w, ..., Q2. However,

this is difficult to accomplish in the general case. Therefore, let us in-

vestigate several particular problems arising from the method under considera-
tion.

Shallow spherical shell. In this case, we must set X = 1 in (1) - (7f).
Applying the inversion formula (9) to the expressions obtained and the theorem
of residues, after an entire series of simplifications we obtain:

(a) TFrom (5a) - (5f)
u=— l+vR[ k—xu'(kr)];

2zEh (103)

l v k ] I
= — 5 R[ Tu (k’)] | (10b)
w= k’D v, (Rr); (10¢)
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T,=—E;{"':”’+—”—.["—’(ul—i-v;)+”—'k(u:+vi)]}=

. Rixy k* xy . ‘
S“—?A'T’Fq' o

Mﬁ=%$.;%§;qum+§kwﬁ—qﬂ+%w;
M*‘_‘_l—;.l";:_/'z[ m—v)+% > k(u) — v,')]+2l*u.;}
H=‘—'—;—;—'-’;'¥u¢; Q.—-—°;/—2' Z (4 v ‘
Qz=;—n'%'%(“n+"0' |

(b) From (6a) - (6f)
. 1 Y ¢4 l . . 1
(2;*;;‘11 [153 vo - T ';‘/‘5(“1 -Ux)]—-%lnr;

(l4—vP xy , xy '
2whhw“r /#“‘“¢
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noe e P - A
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2r )
L —v2 [ — 1 '
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ETT " '
l—v2[x® — .
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+omr 7;/—7(1“—0‘) kR roe

' l—v2lys — a2 X2y, I—v2 3x_’y:£
H=m[!£—-’_-‘——"!-vz+‘ﬁ'kvz]+—,m' re ’

14y 1 [y ‘ 3 . e
Q= 2:,;R S I R ORI
QE_—!E;S,%:iyulv

(c) From (7a) - (7f)

o 1 .
U= (121|:+E;)’ [:!rla 0 + ‘:;q,/‘(ul l)] ’
' . X . 14 .
v=— (12:-52 [kyr” %= / vl v')]_ =R
14-v _kﬁ r).
~ R (& + %)
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(10d)
(10e)
(10£)
(10g)

(10h)

(101)

(11a)
(11b)
(11c)
(11d)
(11e)

(11£)

(11g)

(11h)
(111)
(113)

(11k)

(12a)
(12b)

(12¢)



T1—1+V r

m

3uty —
= 75[ (u,+va)+—(ux+vx)]+zz | (12d)
T3=_1+V(__"_;ﬂuz+‘-'—yku;)—2ln° ;%; j (12e)
14 [ — xy! 1. x,
S=— ( Fr S k“ﬁ)"ﬁ"ﬁ' (12f£)
1=t ly—p 1—v
Mx— -nk‘R_. = — o k)/2[ (ux 01)+
+ 2 'y—,-s—y’(us—vﬂ)] lQ_:Rvk:kﬁ = (U — vy); (12g) /[332
] — V2% — 3x? 1 —v2 !
M2=’.nchy, re -‘/+ 8xR kV2[ U —o) + |
2y e 3 v v
+3xyrs y (us_va)] (;;; )k :/2 L (m—vy); | (12h)
o =2 B 3ayt | 12— xyt ol i
H=—Zgg-——+ 2nk2R[ bt kv”]' e
Q1=-%F'§1‘Fuz: ‘ (123)
1 v 1 2 2 . AN 1} 1
Q= ._27%? -V—i[%(ul—vl)-kf?k(ux—vi)].- | (12k)

The following notation is introduced in (10a) - (12i)
u, (Z) + ivn (Z) = i_nKn (Z V{)' 2= kr; 3= xt + y!.

where Kn(z/gy is a modified Bessel function of the second kind (Ref. 5). The

theory of generalized functions (Ref. 3) is employed here to calculate certain
divergent integrals. We shall show that

. bs‘e*ﬂlﬁfllydn=-flnr+c, (13)
where C is an Euler constant.

Let us investigate the generalized function (Ref. 3)

1 0, '
ey = {5F 20 (14)

The generalized function x~1 will be the derivative of this function. Further
simple transformations (Ref. 3) lead us to (13).

Employing the well known results of the theory of generalized functions
and fundamental solutions of an elliptical system of differential equations
with constant coefficients, we may readily obtain a solution of the problem
in the case when a unit bending moment acts on the shell.

It is known (Ref. 9, 12) that the unit bending moment may be regarded as
a derivative of the delta function. Consequently, in this case a solution is
obtained by simple differentiation of (10a) - (12i) with respect to the corres-
ponding variable. Regarding (10a) - (12i) as influence functions, we obtain
the solution for case of arbitrary loading.
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In the case when symmetrical loading acts on the shell, the method of /333
integral Hankel transformation (Ref. 8) represents a more effective method for
obtaining the particular solution. In (13) this method is employed to obtain
particular solutions for the case of loading of a shallow spherical shell by
loads applied over the circular regions.

Shallow cylindrical shell. We must set A = 0 in (1) - (7f). Procedures
similar to the preceding ones lead to the following results:

(a) From (5a) - (5g)

U= _S:tk-:-RvD [f‘ (uo +vo)—'fa (uo Uo)] 47tszDs‘(flv°+
. + fz"o) dx; _ (15a)
x ¥
v= ’8‘:,;]%5% (fata + fovy) dx — ms‘ (Fr0o — fauo) dy —

xy ’ .

(o + Vo) — fo (v — uo))dx dy; ' (15b)
oo
W= 4,:,,05 [fs (o + v)) — f¢ V(Uo — Uy)]dx; » (15¢)
0 :
» T,= SnszD[(flvo+fauo)+ (fa“l—fcvx)] L (154)
T,= anszD[(f'vo + faug) — -(faux ‘—fdvl)J ’ (15e)
S= 81::;’;?0 = (fss — faon)s . . (15£)
M, = —ho) =1 E (o fa)s (158)
| M, = ’+v(fx“o fzvo) + — ‘—v (favx +f¢“1)- o (15h)
H=- | (151)
Ql—E{(fs(uo—vo)'i‘f;(“o'i'vo)l+—(fg(u1+01)+ . 1
+f:(u1—vx)l}‘ ' ‘ (153)
Ql_'— '—[f(ul+vl)+fa(ul—'vl)l ) | (15k) /334
(b) From (6a) - (6f)

U=w-—z:—‘—“gT+‘y‘)(f1uo"’zUo)—(l,{:_£—h)" % (fatts + fovy) + (16a)

+'27’%7,‘8‘”4(”0‘*‘Uo)’l‘fs(vo—”o)]dxi 1

'v= ——Q:‘-—E;)— . _(fcul+fsvl)+ 2"EhS[fl(u°+v°)+
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X y. ) [

+ [ (v — uy)) dx“.g;'zl;g—zbjj(flvo'l'fzuo)dxdy; \
: 00
' W, =-—u, |

T, = l+; 2 (f|”1+fsvl)+l;',:v "‘%';T(ftun"'favx)‘i'

4,‘{fc(uo+vo +fa(vo"‘uo)+ V2(fluo"fzvo)} ‘

T =—|—4?{’, (f.ul‘i‘favl)'*‘ﬁ * ,z (,lul +favl)]

— 3211 o+ v + Fy (G0 — ) + £ VB (g + )]
S=— ‘+"{ Tl (s + 09 + o (v — )1 — L VB (g —
— o). |
M, = '8’;,2}'; = sy — foy) + ﬁ(fsul cvx)]

v

4,th = V- (flvo + fauo)v
M, = lS:IzVR’ [kr‘ (fsttr — Fiv) + = ﬁ(faux — fv) +

+ fs (o + vo) + fo (o — vo)] 1t x V‘-) (fivo + f;ut')).

8xkR °
H=— nle:k}ﬁlfa(vz +uz)+f.(uz—v,)1 +4 Vé(f,u' +

1 —v)t
1) G2 |

Ql=lsT+Rv{x—.- ﬂ(fxvo'i'fz“o)"'r_’ V2(fx(“1 —u)—

— 165 o) = [ —Fos + £ ]
‘ Qs=-ls;—R‘(ftul+fsvl)—j18-,tI; xy(fluz = favy)s I
(¢) TFrom (7a) - (75)

U, =0, W,=—0,; : : ‘
— 1
=€ Z:;gh-*- 2 (Frtto — f3v0) + { 4:-57,) (’(ul +.fsv1) +

+ IQtE?kS[fa(uo—vo)—fc (1o + o)l dx — ‘
gy .
nEhSS(f‘U" + fauo) dydy + ﬂEhSSS‘f’ (4o + o) —
~> — fo(vo— uo)1 dxdy d!lv ,
To=12 LoV (g —fov0) — S5 e 2 ifo (o) + |

!

+ 3 (0, —u,)) + g‘,;j'y‘(fsul_fdvl)dx; :

T, = "’*‘”k”|f.(ul+v.>+f=(ul—-v,)1—m kS (fouy +
+fsv,s)o

(16b)
(16c)

(16d)

(16e)

(16f£)

(16g)

(16h)

(161)

(163)

(16k)

(17a)

(17b)

(17¢)

(174d)
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S=— l+v[ (f4u1+f301)+,, V—(fcux +favx)l+

i{i V2 (fiuo— Fo00) + fa (4o + vo) + f, (vo‘—"o)]; : (17e)
M =— ?Gtk;; Lyv2 (Fivo — foug) + :G:k;; [fa (ug +vy) —

— (vz—uz?l—;‘%‘g%(favx +fan)de, (17£)
My= S0t 8 (g o) — = 0 —
—fo 0y — )l — ﬁjl (oo +fadde; (17g)
= { O SR |
+ t2p [ﬂ—(hvo + fatte) — Fa (uo—vo) + f5 (4o + vo)] ; (17h)
Q= 3sz‘ L(Fy01 + Fos) —%}% . x—y(fxuz — Fv3); A (174)
Q,=—;,+,;{——,/z<flvo+f u)+ % Z5th (e — o)) —
~h (i + o} + m[fluo—fzvo—-;(f.ux +ho)]- (173) /336

Here we have

f1=ch.’£’_" !3. f,=sh"_‘ . f’;{; o (18a)

fs=sh% cos = ch k;; | (18b)
kr : 18

u, =ker (ﬁ) v, —kel (V’ﬁ) (18¢)

ker, (2) + i kei, (2) = i7"K, @/ ); 2 =—=, | (18d)

V"}
where Kﬁ (z/i) is a modified Bessel function of the second kind. When calcula-

ting the integrals, we employ the theory of generalized functions, as was done
above (Ref. 3).

Rectangular plate. 1In this case R2 = o, k =0.
In (10a) - (12f) or in (15a) - (17j), let us pass to the limit in the case

k > 0 and R2 »> «, Employing the values of the functions (18a) - (18d) for

small values of the argument, we obtain the following after certain simplifica-
tions:

(a)

w—fLﬂMn

l—vx’ M, l+v

Inr— l—vx 1 (19)

=

l— 1 .
el Qt——’; ,..Q, —5 A

Ml=— lnr+
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(b)

[ v 4~ LI ‘
= B G, O ew
14 V) .
| | .‘.’—(4th a | (20b)
. s
Ti=iilza+nb-3—] n=—gil2a+94h- |
_1+y']; S (20¢)
S=—gk [2(1+ g+ (204)
(c)
S I T | (21a)
U="5GE "/’ :
3—v) (149 (14 x
v= 80N, L. 5 | (21b)
Tl,__._.__.._[2(l+v)-—-—l+v] | (21¢)
2 :
=—‘L’t.;"'-[2(l+v)!”—,+l—v]. i (21e)

The expressions obtained for stresses and displacements coincide with the /337
well known solution of Love.

In conclusion, we would like to note that from (10a) - (10f) and (15a) -
(17j) we may readily obtain the asymptotic values of displacements and internal
stresses close to the point at which the concentrated force is applied (Ref. 9)
which have a simpler form.
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TINVESTIGATION OF THE BRITTLE

FRACTURE OF SAMPLES WITH STRESS

CONCENTRATORS - £,

A A
&Y&YumaL.mRawh{Aw

i’r\oV) ,N67;245{|’5

It is well known that the strength of samples made of brittle materials

'’

having cuts is considerably less than

the strength of smooth samples having

the same cross-section, due to a sharp local increase in stresses in the vic-
inity of the cuts. For ideally brittle and homogeneous materials, this de-
crease in strength is taken into account by the theoretical coefficient of the

stress concentration kT (Ref. 2, 4).

However, there is significant discrepancy

between the theoretical and the so-called effective coefficient of stress con-
centration k3 determined experimentally. This discrepancy is primarily re-

lated to the non-uniformity and deffective nature of the structure, which is
inherent to all materials to a certain extent. Structural imperfections may
produce significant, and a rapidly damped

Figure 1

local disturbance of the stress state.
In a completely similar manner, high
local and rapidly damped stresses arise
for the stress concentrators which we
derived. Therefore, when the structure
is correspondingly non-uniform, artific-
ial concentrators having specific dim-
ensions can have only a slight influence
upon the strength of an element, or may
have absolutely no influence upon it.

In this report we shall deal with the
decreased sensitivity of a material to
the stress concentration characterized

: : k-1
by the coefficient q = —2—__ . Thus,
ke = 1
T

in actual designs for strength, the non-
uniformity of the structure must be
taken into account, along with allowance
for the stress concentrators applied.
For this purpose, this article advances

a macroscopic hypothesis of brittle fracture (Ref. 1) corresponding to a

structural imperfection in integral temms.

may be neutralized within the limits of a certain specific volume contained in
a sphere having the radius p. We may intrepret the sphere having the radius p
as the minimum volume of the given material which -~ on the basis of the laws
of statics -- has mechanical properties which may be determined by customary
tests. The value of the parameter p depends on the magnitude of the structural
nonuniformities of the material, their nature, and the distribution demsity.
The larger is p, the more coarse-grained and nonuniform is the structure, and
the greater are the microdefects in the given material. The parameter p pro-
vides the basis for determining the macrodeformationsof a real body, which are
related to the macrostresses by Hooke's law. Thus, the hypothesis of brittle

fracture may be formulated as follows.
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volume when the macrostresses reach the
separation resistance limit of the
given material, which may be determined
when smooth samples are subjected to
tension. Consequently, the concentration
coefficient of macrostresses must co-
incide with the effective stress con-
centration coefficient obtained experi-
mentally, which will provide the basis
upon which the research results below
are analyzed.

This article investigates the in-
fluence of the stress concentration on
the supporting capacity of samples made of
brittle microscopically nonuniform mat-
erials.

The material used for the study was
gray pig iron which had sufficient brit-
tleness and a very nonuniform structure
produced by graphite inclusions which
represented natural stress concentrators. After normilization or hardening in
oil, the gray pig iron had minimum plastic deformation (no more than 0.2%).
Tests were performed for torsion (Ref. 3), which showed that the samples chosen
for the study were quite brittle.

Figure 3

Strength of plates with circular holes under tension. The test was per-
formed on plates made of gray pig iron, with the brand name SCh 12-28 (the
microsection x 200 is shown in Figure 1) with circular holes having a different
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diameter (0.7; 1.0; 1.4; 2.5; 3.0; 5.0; 6.0; 10.0 and 16.0 mm). The plate
dimensions (120 x 400 x 2 mm) were selected so that the influence of its edges
upon the stress state at the hole was negligibly small. The plate was rup-
tured in special clamps which prevented their fracture when being mounted
and which provided a uniform loading distribution. The experimental results
shown in Figure 2 (the small circles are for the first group of samples, and
the dots are for the second group of samples) clearly indicate the dependence
of the breaking load on the hole dimensions.

1] . - i
(.7 |
y
azs 363 S| =64
- 240 t”"
N — ~ p-asej
aso \\\‘ ; :
\ ) a £=0,36
‘\\\\\
s
a‘d ‘\\\‘ ﬁ'0
T
’ 5 , 10 5 20 2
Rx

Figure 4

The breaking load was also determined on the basis of the macrostress
hypothesis according to the following formula (Ref. 1)
a

] 1)
°p= -k-. (
where % is the resistance of the material to separation; k -- macrostress /341
concentration coefficient )
b= 2val
B ED DI TSR
3+ Hla 4 2502 4 40s° 4 4224 | 2408 4 8a¢ (2)
+ (T F 2a I 2270 *
N
& = 7.

As may be seen from formulas (2), the macroscopic concentration coefficient
depends both on the structural nonuniformity of the material (p), and on the
size of the hole (R). A comparison of the experimental data with the
theoretical data enables us to determine the structural strength parameter for
the material being studied, which is o = 1.4 mm (00 ~ 17 dyne/mmz).
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The results of the experimental research provide good substantiation of .
the general pattern of the plate strength change as a function of the concen-
trator radius, which was predicted by the macroscopic hypothesis of brittle
fracture.

As analytical calculations as well as experimental data have shown, holes
whose diameter is significantly less than the parameter p have hardly any in-
fluence upon the plate strength. When the hole diameter increases, the effec-
tive coefficient of stress concentration k5 rapidly increases, and then slowly

approaches the theoretical value kT = 3.

Strength of bands with hyperbolic cuts under tension. The influence of
stress concentration upon strength, with allowance for structural nonuniformity,
was also investigated for bands with hyperbolic cuts under uniaxial tension.

Two groups of bands with the dimensions 44 x 240 X 2 mm were prepared,
respectively, from two different melts of gray pig iron, with the brand name
SCh 24-48 (the microsection x 200 is shown in Figure 3). Cuts of a hyperbolic
profile (Figure 4) which may be described by the equation

l/(x’— 64) R,
y= ~—a
with different radii of curvature at the apex (RK = 0.5; 0.6; 0.8; 1.1; 1.6;

2.0; 2.5; 4.0; 8.0 and 16.0 mm) for a constant width of the minimum transverse
cross-section 2a = 16.00 mm, were drawn on a copying machine within an accuracy

of + 0.05 mm. The bands were subjected to fracture in order to determine the
breaking load. This load was also determined analytically. For this purpose,

the displacements were found from the stress functions of Neyber (Ref. 2), and

then the macrostresses were determined in bands with hyperbolic cuts under

tension. We may obtain the breaking load as a function of the resistance to
separation Og? the geometry of the concentrator, characterized by the parameter /343

K, and the structural parameter p from (1). We may determine k as:

2[E+'+"’(sin=6— 1 ) shu chu + vy ] ‘ (3)

b= 2 14 =2 shu + cos® V"’+"7(2—"])7'
where n(14v) (arc cig» + 1_.'—-:_:7)

sh"-‘=1-lxs[l/n’(l—n)’+(§+n)’—n(l—n)—%’]; | 7 (42)
ch’h=1+',.an'0—7:)’+(’-‘21+n)'—n(1—n)+12’+1]; (40)
' - o 1 x3 (4c)

cos’v:1_:,:[]/’7’(1_71)’4"(%'*‘."]) +Tz(l——'n)+?];
sin?o = 1.,‘.,:[—]/7.’(1 -—n)’+(§+n)’ +ul—n+3+ l]; (4d)
*=V§;-. 1="41 | (4e)
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where RK is the radius of curvature at the concentrator apex.

Figure04 shows the change in the breaking load referred to the separation

. . a
resistance _B, as a function of ——

% Ry

for the values p = 0.36 and p = 0,56 mm.

Figure 4 shows the values obtained experimentally: the small circles —-
for the first group, and the dots for the second group of samples. These
represent the mean values for no less than three tests.

The structural parameter of the strength p = 0.37 mm (oo = 27 dyne/mmz)

may be determined by comparing the experimental data with theoretical data.
We should stress the good agreement between the experimental data and the
theoretical curve.

The research reveals the following.

1. The nonuniformity of the structure is the most important factor which
~ determines the strength of elements made of brittle materials, containing
articifial stress concentrators. This factor may be considered analytically
on the basis of the macroscopic hypothesis of brittle fracture, which has been
experimentally corroborated.

2. A comparison of the mechanical and metallographic research shows that
the coarser is the structure —— particularly, graphite inclusions ~- the
larger is the structural strength parameter, and, consequently, the smaller is
the influence of artificial stress concentrators on the element strength. The /344
structural nonuniformity also specifies the strength limit of the material:
for p = 1.4 mm, oy = 17 dyne/mm2, and for p = 0.37 mm, 0y = 27 dyne/mm2,
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